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How to read this book

This book follows a construction. We begin with a distinction that can be repeated and ask
what is required to preserve its finite records. We build arithmetic and show that each stage
of the number tower, from the tallies through the ratios to the line, is the unique solution of
its task; for the line this uses countable choice. We examine the rules by which its statements
can be proved, identify the additional principles needed for stronger decisions, and compare
the resulting rules with Peano arithmetic and Heyting arithmetic. The final part connects
finite descriptions with finite physical records.

Elementary algebra and experience following a proof are enough to begin. Parts I and II intro-
duce the logical language they use; prior study of category theory is unnecessary. Chapter 9
is a more demanding introduction to a small dependent type theory. Its examples give the
main argument, while its final soundness proof requires a slower reading of substitution and
reduction. The chapter provides a route through those details rather than assuming they are
already familiar.

Part IV requires finite-dimensional complex linear algebra: orthonormal bases, eigenvalues,
positive matrices and tensor products. Its control arguments also use differentiation, inte-
gration and limits of matrix exponentials. Appendix C explains the notation and the specific
moves used here; it is a companion to that background, not a replacement for a first course.
The central proofs are part of the text, and each physical construction states the operations it
assumes.

Read the examples before the theorem statements. In each theorem, notice the hypotheses:
they identify the circumstances in which its conclusion is forced. In each proof, ask where a
hypothesis is used. That habit is especially useful when the book compares a construction
with a stronger logical principle. An additional principle matters only if it permits a step that
was previously unavailable, and that has to be proved. Chapter 6 shows that, with induction
on every formula, one of the book’s three named rules, in the form the arithmetic language
admits, permits nothing new, while another is exactly as strong as excluded middle.

The dfoundation concerns actual mathematics: the structures that distinction and its consistent
development require. Making that claim precise requires us to state the finite constructions
with which we begin, the reasoning available for studying them, and the conditions attached
to each extension. Those details are the argument.

The companion volume, The Structure of Reality, develops the physical forcing chain. The
present volume gives the mathematical construction room to be taught on its own. Its physical
chapters identify the finite bridge and the resources its constructions use.

The four parts can be read at different speeds. Part I develops the arithmetic carrier and its
extensions. Part II makes proof rules and their logical resources explicit. Part IIl compares
forms of construction and examines the difference between arbitrarily precise approximation
and exact decision, including what completeness of the line costs. Part IV asks what finite
records and specified physical apparatus can preserve. Read these parts in order on a first
pass; each uses distinctions made by the preceding one.
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Appendix C explains the proof moves and matrix notation used along the way. Appendix D
collects the arithmetic rules, and Appendix E is a notation guide and glossary. Selected exercise
solutions are in Appendix F. Appendix G provides routes back to the main arguments. The
two technical appendices supply the finite-control construction and the count identity used
in the physical chapters.

The book brings several kinds of argument together. The arithmetic laws, signed differences
and ratios reconstruct standard mathematics. The initiality and categoricity arguments have
their classical antecedent in Dedekind [2], and the limits of first-order characterization go
back to Skolem [3]. Their role here is to show, step by step, what the starting construction
determines.

The d-calculus [1] supplies the arithmetic and recognition framework. The book then makes
the strength of particular conclusions visible through exact rule systems, separating models and
two-direction comparisons with logical principles. Those comparisons price the book’s own
three rules, one classification under six combinations of supplied information and requested
answer, and the exact decisions and completeness properties of the continuum. The six prices
of that classification are pairwise different: for each pair, a model of intuitionistic second-order
arithmetic satisfies one and refutes the other. With excluded middle, the rules prove exactly
the theorems of Peano arithmetic, and with no added principle exactly those of Heyting
arithmetic. The final chapter compares a richer language of functions with the rules and
with Peano arithmetic. Its proofs compile into derivations by the arithmetic rules, so for
sentences built from =, 1, — and V it proves nothing that those rules cannot derive without
an added principle. These claims belong to the specified languages and representations; the
surrounding constructive tradition is described in [4, 5, 6, 7].

The physical chapters use established matrix and dilation theory [9, 10, 11]. Their particular
task is to connect complete finite descriptions to the stated register, controls and error account-
ing, and to derive a recorder bound for the specified conserved charges. The conservation
argument belongs to the line of work begun by Wigner and Araki and Yanase [13, 14]. The
point of including these different arguments is to make their connections checkable, with
each result’s own premises kept in view.
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Part1

Distinction becomes arithmetic



Chapter 1
A distinction that can be repeated

Suppose we record arrivals by making a mark. Before anyone arrives, there is no mark. The
first arrival adds one. The next arrival adds another. We can change the pen, the shape of the
mark, or the name we give the record. What must survive those changes if the record is still
to count the same arrivals?

The question is small enough to answer completely. It is also the beginning of a much larger
question: how much mathematics is already determined when we insist that distinctions can
be made, retained, and repeated faithfully?

We begin with the record itself. We need a starting record and an operation that adds one step.
We then ask what their finite repetition constructs. The arithmetic operations will come later.
At this point, even the familiar decimal numerals would conceal more than they explain.

1.1 Start, then take one more step

Write 0 for the starting record. Write S for the operation that takes one further step. The
first few expressions are

05, 5(05), 5(5(05)), S(S(S(05))).

Each expression says how it was built. The last expression, for example, starts at 05 and
applies the step three times. Nothing in this notation specifies the material of a recorder or
the duration of an event. Those are questions about a realization. Here we are constructing
the finite records that a faithful realization must distinguish.

Definition 1.1 (The finite distinction orbit). The orbit INs consists of the finite expressions
generated by these two rules:

1. 05 is an expression.

2. If a is an expression, then S(a) is an expression.

There are no further ways to construct an expression. Equality is equality of the constructed
expressions: the starting expression is different from every step expression, and two step
expressions are equal exactly when their inner expressions are equal.

The final sentence matters. A device might return to an earlier state after several updates.
Such a device can read the orbit, but its states do not retain every distinction made in the
orbit. We will study identifications of records later. First we need the object before any such
identification.

Two facts can now be read directly from the construction.
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0s > 5(05) 5(5(05)) ——— -

Figure 1.1. The orbit is generated from a start by finite repetition of a step. The arrows describe
construction. No period or identification has been imposed.

Proposition 1.2 (A start is not a step; steps preserve distinction). For all a,b € Ny,

05 = S(a), S(a) = S(b) = a=0.

Proof. The expression 0y is built by the first rule. An expression S(a) is built by the second.
The equality of expressions does not identify these different outer forms, so 05 = S(a).

If S(a) = S(b), both expressions have the same outer constructor. Equality of these expressions

therefore requires equality of the expressions to which that constructor was applied. Hence
a=nb O

The second property is called injectivity of the step: different inputs cannot become the same
output after one step. It is the elementary form of preserving a distinction. The first property
says that stepping never produces the starting record. Together they tell us how to compare
constructed records without assuming arithmetic in advance.

1.2 Why a proof can follow the construction

A finite expression has a finite construction. To establish a property of all expressions, it
is enough to establish it at the start and show that one further step preserves it. The proof
follows the only two ways an expression can be formed.

Proposition 1.3 (Induction on the orbit). Let P(a) be a property of orbit expressions. Suppose
that

1. P(05) holds;

2. for every a € Ng, P(a) implies P(S(a)).
Then P(a) holds for every a € N.

Proof. Take an expression together with its finite construction. If it was built by the starting
rule, the first premise supplies the property. If it was built by applying the step to an earlier
expression, the property of that earlier expression and the second premise supply the property
of the new one. Applying this reasoning along the finite construction establishes the property
at its final expression. These are all the construction rules, so they cover every expression in

the orbit. ]

This proof makes a background commitment visible. We are reasoning about finite inductively
generated expressions and are allowed to follow their construction. That is the setting in
which the orbit has been defined. The resulting induction principle belongs to that setting.



The § Foundation Jonathan Washburn

We have not produced a language, a notion of finite construction, or the rules for reasoning
about it from an absence of all rules.

Keeping this point explicit helps us ask a sharper question. Given this construction, which
further structures are determined? And when a stronger conclusion needs a further principle,
where does that principle enter? Much of this book is devoted to making those dependencies
visible.

1.3 A familiar notation, with a proved translation

The expressions become cumbersome quickly. We would like to use ordinary natural-number
notation without losing the construction it abbreviates. For that purpose, construct two maps.

The first map, r : Ng — IN, reads an orbit expression as its ordinary natural-number index:
r(0s) = 0, r(S(a)) = r(a) + 1. (1.1)
The second map, e : IN — INg, expands an index into an orbit expression:
e(0) = 0, e(n + 1) = S(e(n)). (1.2)

Here N is the usual natural-number system used in the surrounding mathematics. Introducing
it here provides a comparison with familiar notation. The orbit itself was already specified by
its finite construction.

Theorem 1.4 (Reading and expansion are inverse). For everyn € IN and a € Ny,
rem)=n,  e(r(a) =a.

Consequently, reading and expansion give mutually inverse identifications between the two
carriers.

Proof. First prove r(e(n)) = n by induction on n. At zero,
r(e(0)) = r(0s) = 0.
Suppose r(e(n)) = n. Then the recursive rules give
r(e(n+1)) = r(S(e(n)) =r(e(n)) +1=n+1.

This proves the first identity.

For the second identity, use induction on the orbit. At the starting expression,
e(r(05)) = e(0) = 0s.
If e(r(a)) = a, then
e(r(S(a))) = e(r(a) + 1) = S(e(r(a))) = S(a).

The orbit induction principle therefore proves e(r(a)) = a for every a. The two identities are
exactly the assertion that the maps are inverse. O
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The result allows notation to become lighter without becoming ambiguous. When it is useful,
we can write 15 for S(05) and 25 for S(S(05)). These names refer to particular expressions.
They do not add operations or impose equations on the orbit.

The proof also shows what a successful change of representation should provide. A proposed
correspondence must do more than assign labels. It must tell us how to go in both directions
and establish that no information is lost on either return journey. Here both directions are
explicit.

1.4 From an orbit to a realization

The constructed orbit and a physical tally answer different questions. The orbit specifies the
finite records. A tally implements a way of representing them. To examine that representation,
we need to say what the tally does at the start and what it does after one more step.

This leads to the next chapter’s central construction. Let another system have a starting point
b and an update s. There is an evident way to read the orbit into it: send 05 to b, then send
each additional orbit step to one application of s. What is less obvious, until proved, is that
these two requirements leave no other reading.

That uniqueness does not yet say that the target retains every distinction. We will prove the
unique reading first, then identify the additional conditions under which it is a one-to-one
correspondence. This order keeps the force of each premise visible.

Questions to work through

1. In the proof of Proposition 1.2, which part uses the fact that the two constructors have
different outer forms, and which part uses equality of their inner expressions?

2. Reproduce the two induction steps in Theorem 1.4 without looking at the proof. Explain
why the first induction runs over IN and the second over INj.

3. Which background rule is used to pass from the two construction cases to a statement
about every finite orbit expression?



Chapter 2
Why a faithful tally has one structure

A tally need not look like a string of marks. It can use words, positions, or some other family
of states. To compare it with the orbit, the relevant data are a starting state and a rule for the
next state. We can ask for a translation that respects those data before asking whether the
translation is faithful.

The distinction between those two questions is essential. Every pointed step system receives
a unique reading of the orbit. Only a system that preserves distinctions and contains no
unreachable extra elements is necessarily another presentation of the whole orbit.

These mapping arguments have a classical antecedent in Dedekind’s treatment of arithmetic
[2]. We give the construction and its proof so that the conditions behind uniqueness remain
visible.

2.1 The data a translation must preserve

Definition 2.1 (A pointed step system). A pointed step system is a carrier M, a designated
element b € M and a function s : M — M. We write it as (M, b, s).

At this stage there are no further conditions. In particular, we have not said that s is injective,
that b is different from every output of s, or that every element of M is generated from b.

Definition 2.2 (A structure-preserving map). A map f : INs — M preserves the starting
point and the step when

f(0s) =0, f(S(a)) = s(f(a)) foreveryae Ng. (2.1)

The second equation says that the order of translation and stepping does not matter. We may
take a step in the orbit and translate the result, or translate first and take a step in the target.
Both routes must agree.

a S(a)

f(a) $(f(a))

S

Figure 2.1. Preserving the step means that both routes have the same result. The equation f(05) = b
separately fixes the starting point.
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2.2 There is exactly one reading

The required map can be constructed directly. Define Ry, : INg — M by recursion:

Rym(0s) =b,  Rp(S(a)) = s(Ry(a)). (2.2)

To evaluate Ry on an expression, follow the construction of the expression. Start with b and
apply s once for each outer step. The expression is finite, so this instruction specifies its value
through a finite recursive construction.

Theorem 2.3 (The unique reading of the orbit). For every pointed step system (M, b, s), there
is exactly one map f : Ns — M preserving the starting point and the step.

Proof. The recursively constructed R, satisfies both equations in (2.1), so such a map exists.

For uniqueness, let fbe any map satisfying those equations. We prove f(a) = Ry(a) by
induction on a. At the starting expression,

f(05) = b = Ry(0s).

Suppose f(a) = Ry (a). Preservation of the step and the recursive rule give

f(5(@) = s(f(@)) = s(Rp(a)) = Rp(S(a)).

Induction proves equality at every orbit expression. Thus every permitted map agrees with
Ry, and there is exactly one. ]

This property is called initiality. The orbit is initial among pointed step systems because every
such system receives exactly one structure-preserving map from it. The name abbreviates the
theorem; the content is the existence and uniqueness just proved.

Notice what the proof used. It followed the construction of the source orbit. It required no
injectivity, separation or induction property in the target M. The map therefore exists even
when the target identifies some of the records. Initiality tells us that the reading is determined.
It does not tell us that the reading loses nothing.

2.3 What makes the reading faithful?

There are two possible failures to exclude. First, two different orbit expressions might receive
the same target value. Second, the target might contain elements that no orbit expression
reaches. The first is a failure of injectivity; the second is a failure of surjectivity.

The hypotheses below address both.

Definition 2.4 (A faithful generated step system). A pointed step system (M, b, s) is faithful
and generated when:

1. The step is injective: s(x) = s(y) implies x = y.

2. The start is not a step: s(x) # b for every x € M.
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3. Induction holds on the target: for every property P of elements of M, if P(b) holds and
P(x) implies P(s(x)) for every x, then P(y) holds for every y € M.

The third condition quantifies over properties in the surrounding mathematics. It is the full
generation principle used in the argument below, and it cannot be weakened to the properties
expressible by formulas of an arithmetic language. Skolem constructed systems with a start, a
step, addition and multiplication that satisfy every first-order arithmetic sentence true of the
natural numbers, every instance of induction for such formulas included, and that nevertheless
contain elements no tally reaches [3]. In such a system the property used in Lemma 2.6, “is
reached from the orbit,” cannot be written as a formula of that language.

Lemma 2.5 (No two orbit records are merged). If (M, b, s) is a faithful generated step system,
then Ry is injective.
Proof. We prove that Ry (a) = Ry(c) implies a = ¢, using induction on a.

First let a = 05. If ¢ = 0g, the conclusion is immediate. If ¢ = S(d), the assumed equality
becomes

b = s(Ry(d)),
contrary to separation of the start from every step. Thus ¢ must also be 0.

Now suppose the result has been proved for a, and consider an equality Ry,(S(a)) = Rps(c). If
¢ = 0g, this equality says s(Ry(a)) = b, again contradicting separation. The remaining case is
¢ = S(d). The equality then reads

s(Ry(@) = s(Rpy(d)).

Injectivity of s gives Ry(a) = Rp/(d). The induction hypothesis gives a = d, and hence
S(a) =S(d) =c

These cases exhaust the possible forms of ¢ at each induction step. The reading is therefore
injective. u

The argument tells us exactly where each condition works. Separation rules out a comparison
between the start and a step. Injectivity removes a common outer step so that the comparison
can be reduced to earlier expressions. No assumption about reaching every target element
was needed.

Lemma 2.6 (Every target element is reached). If (M, b,s) is a faithful generated step system,
then Ry, is surjective.
Proof. Apply target induction to the property

P(y) <= thereisanae Ngwith Ry/(a) = y.

The property holds at b, witnessed by 05, since Ry/(05) = b. Suppose it holds at x, witnessed
by an expression a. Then

Ry(S(@)) = s(Ry(a)) = s(x),

so S(a) witnesses the property at s(x). Target induction now gives the property at every
y € M. This is surjectivity. O
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Here the target’s generation principle does all the work. We chose the property “is reached
from the orbit,” proved it at the start, and showed that it survives a step. The principle then
excludes any extra target element outside the reading’s image.

2.4 The exact uniqueness result

A bijective structure-preserving map is an isomorphism of pointed step systems. It identifies
their elements while preserving the specified start and step. The preceding results now fit
together.

Theorem 2.7 (Uniqueness of a faithful generated tally). For every faithful generated step
system (M, b, s), the canonical reading Ry : N5 — M is bijective. It is the unique bijective map
preserving the starting point and the step.

Proof. By Lemma 2.5, the first two hypotheses make R, injective. By Lemma 2.6, the third
makes it surjective. It is therefore bijective and already preserves the structure by its con-
struction.

Any other bijective structure-preserving map is, in particular, a structure-preserving map.
The uniqueness established in Theorem 2.3 forces it to equal Ry;. Thus the isomorphism is
unique. [

The result is stronger than saying that some convenient labels can be matched. There is only
one matching compatible with the starting point and the step. Changing the names or the
carrier does not introduce a choice into that matching.

It is also more precise than the statement that every system with a step is arithmetic. A raw
step system always receives a reading. To identify its whole carrier with the orbit, we used
injectivity, separation and generation. The conclusion carries those conditions with it.

The conditions are not only sufficient. They are exactly what a bijective reading requires.

Proposition 2.8 (The faithfulness conditions are exact). Let (M, b, s) be a pointed step system.

1. Target induction holds exactly when Ry is surjective.

2. The system is faithful and generated exactly when Ry is bijective.

Proof. The proof of Lemma 2.6 used only target induction, so target induction gives surjectivity.
Conversely, suppose Ry is surjective, and let P satisfy P(b) and P(x) = P(s(x)) for every x.
Induction on the orbit proves P(Ry(a)) for every a, since Ry;(05) = band Ry(S(a)) = s(Ry(a)).
Every y € Mis some Ry(a), so P(y) holds.

Theorem 2.7 proved the forward half of the second assertion. Conversely, let Ry, be bijective.
The first assertion gives target induction. If s(x) = s(y), write x = Ry (a) and y = Ry(c); then
Ry (S(@)) = Rp(S(c)), so S(a) = S(c) by injectivity of Ry, and Proposition 1.2 gives a = ¢ and
hence x = y. If s(x) = b with x = Ry(a), then Ry(S(a)) = Ry (05), so S(a) = 0, contrary to
Proposition 1.2. []
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Injectivity of the reading needs less than the first two conditions. The proof of Lemma 2.5
used them only at elements the reading reaches, and there it needs them exactly: the reading
is injective precisely when the step is injective on reached elements and never takes a reached
element to the start. The converse is the argument just given for the second assertion, applied
to reached elements only, so that no surjectivity is needed to write them as Ry;(a) and Ry (c).
Add to the orbit one extra element * with s(x) = 05. The start is now a step, yet the reading is
still injective. What fails is surjectivity: nothing reaches *.

2.5 Where the force of the argument lies

There are three distinct achievements here. First, we constructed a map from the orbit into an
arbitrary pointed step system. Second, we proved that no other map preserves the specified
data. Third, for faithful generated targets, we proved that this map reaches every element and
merges none.

The first two give initiality. The third gives categoricity within the stated class of targets.
Their combination gives a unique isomorphism. Keeping these achievements separate makes
the theorem easier to use: a later construction may need only the unique reading, while a
change of arithmetic carrier needs the full correspondence.

This is a familiar kind of mathematical uniqueness theorem. Its role here is foundational: it
shows that the arithmetic carrier obtained from finite distinction is fixed up to its unique
structure-preserving correspondence. The further work is to construct operations on that
carrier and to identify what additional reasoning principles are needed for stronger statements.
The number of symbols used to describe the carrier does not answer either question. The
constructions and their proofs do.

Questions to work through

1. In Theorem 2.3, identify the exact induction hypothesis and the equation that uses
preservation of the target step. Which of the three target conditions in Definition 2.4
appears in this proof?

2. In Lemma 2.5, mark each use of separation and each use of injectivity. Explain why the
target induction principle is absent.

3. State the property to which target induction is applied in Lemma 2.6. Give the witness at
the start and the witness after a step.

4. Why does uniqueness among all structure-preserving maps imply uniqueness among
bijective structure-preserving maps?

5. In the system obtained by adding * with s(x) = 05, decide which conditions of Defini-
tion 2.4 hold. Exhibit a property for which target induction fails, and explain which
assertion of Proposition 2.8 this illustrates.

10



Chapter 3
Addition, multiplication, and order

A tally tells us how many steps have been taken. Arithmetic begins when we use one tally to
act on another. To add, start at one orbit position and take the steps recorded by the other.
To multiply, repeat an addition. To compare, remove matching steps until one of the records
reaches its start.

These instructions concern the expressions already constructed. We do not enlarge their
carrier or postulate a table of arithmetic laws. We define the operations, then prove what
the definitions require. The order of the proofs matters: a familiar identity cannot justify an
earlier step merely because we recognize it from ordinary arithmetic.

For the rest of this chapter, write 0 for 05 and 1 for S(0). The letters a, b, c denote elements of
INs. Products such as ab mean the multiplication defined below.

3.1 Addition follows the second record

Definition 3.1 (Addition). Define addition by the two recursive clauses

a+0=a, a+ S(b) = S(a +b). (3.1)

The second input controls the recursion. If it is the starting record, there is nothing to do. If it
has one more step, perform the earlier addition and then take one more step. Each recursive
call removes an outer step from that input, so evaluation ends on every constructed expression.

The definition is deliberately asymmetric. It gives a + 0 = a immediately, but it does not give
0 + a = a immediately. It tells us how to move a step out of the second input, but not out of
the first. Both missing facts have proofs.

Lemma 3.2 (Moving a step through addition). For all a,b € Ny,

0+a=a, S(a) + b = S(a+b).

Proof. For the first identity, induct on a. At 0 the identity is 0 + 0 = 0, which is a defining
clause. If 0 + a = a, then

0+ S(a) = S(0 + a) = S(a).

For the second identity, fix a and induct on b. At 0, both sides are S(a). If S(a) + b = S(a + b),
then

S(a) + S(b) = S(S(a) +b) = S(S(a + b)) = S(a + S(b)).
This is the required identity at S(b). [

11
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The second proof illustrates a recurring technique. An equation is easy to use when it matches
the argument on which the definition recurses. If it does not, first prove a lemma that moves
the construction into that position.

Theorem 3.3 (Order and grouping of addition). Addition is commutative and associative:

a+b=>b+a, (a+b)+c=a+{+c).

Proof. For commutativity, induct on a, keeping b arbitrary. At 0, the two sides agree by the
defining zero clause and Lemma 3.2. If a + b = b + a, then

S(a) +b=S(a+b) =50+ a)=>b+ S(a).

For associativity, induct on c. At 0, both sides reduce toa +b. If (a+b) +c =a+ (b + ¢), then

(a+b)+S(c)=5S((a+b)+c)
=S(a+ (b+0))
=a+Sb+c)
=a+ b+ 5(c)).

The first, third and fourth equalities use the recursive addition clause; the second uses the
induction hypothesis. [

We may now rearrange and regroup finite sums. The permission has been earned by these
proofs. It was not part of the definition of addition.

Proposition 3.4 (Cancellation). Ifa+b =a+c, thenb=c. Ifa+c=>b+c, thena =b.

Proof. For the first assertion, induct on a. At 0, remove 0+ from both sides by Lemma 3.2.
At S(a), the equality becomes S(a + b) = S(a + ¢). Injectivity of S givesa+ b = a + ¢, and
the induction hypothesis gives b = c. For the second assertion, commute the common right
addend to the left and apply the first assertion. [

Cancellation will do substantial work in the next chapter. When two signed descriptions
contain the same contribution on both sides of a comparison, it lets us remove that contribution
without changing the comparison.

3.2 Multiplication repeats an addition

Definition 3.5 (Multiplication). Define multiplication by

a-0=0, a-Sb)y=a-b+a. (3.2)

The second input again controls the recursion. The starting case performs no additions. Each
further step adds one more copy of a to the result. Thus the operation is built from the earlier
addition, just as addition was built from the step.

12
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Lemma 3.6 (The other argument of multiplication). For alla,b € Ng,

0-b=0, S(a)-b=a-b+b.

Proof. Induction on b proves the first assertion. Its base case is a defining clause. In the step,
0-SB)=0-b+0=0.

For the second assertion, again induct on b. At 0, both sides are 0. At the next step, the
induction hypothesis gives

S(a) - S(b) = S(a) - b+ S(a)
=(a-b+b)+ S(a)
=S((a-b+Db)+a)
=S((a-b+a)+D)
=(a-b+a)+Sb)

a-S(b) + S(b).

The middle rearrangement uses only the addition laws already established. [

Proposition 3.7 (Commutativity and the unit). For alla,b € Ny,
ab = ba, al =1la=a.
Proof. Induct on a for commutativity. The zero case follows from the two zero laws. In the
step,
S(a)b =ab+ b =ba+b=>bS(a).

For the unit, al = aS(0) = a0 + a = 0 + a = a. Commutativity gives la = a. O

3.3 Why multiplication distributes

To multiply by a sum, the second input asks for two successive groups of additions. We should
therefore obtain the sum of the two products. The following induction makes that explanation
exact.

Theorem 3.8 (Distributivity). For all a,b,c € Ny,

a(b+c) =ab+ ac, (a+b)c = ac + bc.

Proof. For the first identity, fix a, b and induct on c. At 0, both sides reduce to ab. If a(b + ¢) =
ab + ac, then

a(b+ S(c)) = aS(b+¢)
=alb+c)+a
= (ab+ ac) + a
=ab + (ac + a)
=ab + aS(c).

13
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The fourth equality is associativity of addition. For the second identity, commute the product,
apply the first identity and commute the two resulting products:

(a+b)c=cla+b)=ca+cb=ac+ bc.

Proposition 3.9 (Grouping of multiplication). For all a,b,c € N, (ab)c = a(bc).

Proof. Induct on c. Both sides are 0 at the start. At a successor,
(ab)S(c) = (ab)c + ab = a(bc) + ab = a(bc + b) = a(bS(c)).

The equalities use, in order, the multiplication clause, the induction hypothesis, distributivity
and the multiplication clause again. ]

This completes the dependency chain for the elementary algebra: recursive addition, ad-
dition laws, recursive multiplication, commutativity, distributivity and associativity. Later
expansions of products of sums depend on this chain.

3.4 The step determines both operations

We defined addition and multiplication by recursion, then proved their laws. The question can
be turned around. Suppose someone proposes other operations @ and ® on INs and claims
only a few familiar laws for them. Could they differ from ours? Not once adding one is
required to be the step.

Theorem 3.10 (A few laws force the operations). Let @ and ® be binary operations on IN.

1. If & is associative, anda® 0 = a and a ® 1 = S(a) for every a, thena®b = a+ b for all a, b.

2 Ifa®0=0,a®1=aanda®(b+c) =a®b+aQcforalla,b,c, thena®b = ab foralla,b.

Proof. For the first assertion, fix a and induct on b. At 0, the hypothesis givesa®0 = a = a+0.
Suppose a @ b = a + b. Since S(b) = b & 1 by hypothesis,

a®dSb)=adbd1)=(@db)®1=Sadb)=Sa+b)=a+S0D).

The equalities use the step hypothesis, associativity, the step hypothesis again, the induction
hypothesis and the addition clause.

For the second assertion, again fix a and induct on b. At 0 both sides are 0. The addition
clauses give b +1 = S(b + 0) = S(b), so if a ® b = ab, then

a®Sb)=a®b+1)=a®b+a®1=ab+a=aSDh).

14
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The hypotheses do separate work. Associativity cannot be omitted from the first assertion.
The operation that agrees with + when its second input is 0 or 1, and returns its first input
otherwise, satisfies the other two conditions. It gives 0 @ 2 = 0, and it is not associative:
(0@ 1)®1 =2, while0® (1@ 1) =0. The second assertion uses no commutativity.

These laws belong to a familiar list. A commutative semiring is a set with two associative
and commutative operations, an element neutral for the first and an element neutral for the
second, such that multiplying by the first neutral element gives that element and multiplication
distributes over addition. The theorems of this chapter show that Ng, with 0, 1, + and -, is a
commutative semiring.

Proposition 3.11 (The orbit maps uniquely into every commutative semiring). For every
commutative semiring A, with neutral elements 04 and 1 4, there is exactly onemap f : Ns — A
with

fO) =04 f(D=14  fla+b)=fl@+fb).  flab) = f(a)f(b).

Proof. Let fbe the canonical reading of Chapter 2 into the pointed step system (A, 04, x
x+14). Then f(1) = 04 + 14 = 1,4. For additivity, induct on b; the base case uses the neutral
element, and the step is

fla+350®) = f(Sa+b)) = fla+b)+14 = f(a) + f(b) + 14 = f(a) + f(S(b)).

Multiplicativity follows in the same way: the base case uses f(a)-04 = 04, and

f@s®) = flab+a) = f(@f®) + f(a) = f@(f®) +14) = f(@) f(S®)).

For uniqueness, any map g with these properties satisfies g(0) = 04 and g(S(n)) = gn + 1) =
g(n) + 14. Tt therefore preserves the start and the step of the same pointed system, and
Theorem 2.3 gives g = f. []

Corollary 3.12 (The only semiring whose unit step is the tally step). Let ®, ®, e and u make
INs a commutative semiring, with e neutral for ® and u neutral for ®. Ifa ® u = S(a) for every a,
thene=0,u=1,®=+and® = -.

Proof. The element e is 0 or a step. Suppose e = S(w). Then w @ u = S(w) = ¢, and
0=00e=00(wdu)=0dwW)Ddu=350w),

contrary to Proposition 1.2. Hencee = 0, and u = e ® u = S(e) = 1. The first part of
Theorem 3.10 now gives @ = +. The semiring laws give a® 0 = 0, a ® 1 = a and distributivity
over +, so the second part gives ® = -. O

The arithmetic of the tally is therefore not one convenient choice among several. Ask for a
commutative semiring on the orbit in which adding the unit takes one step, and exactly one
structure remains. The step carries that content: other commutative semiring structures on
INs keep its start and add differently, as the last question at the end of the chapter shows.

15
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3.5 Comparing two finite records

Comparison need not inspect a decimal numeral. The expressions themselves carry enough
information. Compare their outer forms. If both are steps, remove one step from each and
compare what remains.

Definition 3.13 (Finite comparison). Let L(a, b) have the values true or false, with recursive
clauses

L(0,b) = true,
L(S(a),0) = false,
L(S(a), S(b)) = L(a,b).

Write a < b when L(a, b) = true.

The cases are exhaustive. The first input reaches 0, or the second does, or both have a step
to remove. On each recursive call, an outer step is removed from both inputs. Every finite
comparison therefore ends with an answer. This fact will later distinguish finite arithmetic
from comparison of arbitrary continuum descriptions.

Theorem 3.14 (Agreement with the natural-number reading). Letr : Ns — IN be the reading
of Chapter 1. Then

r(a+0b) =r(a) +r(b), r(ab) = r(a)r(b),
and

L(a,b) =true < r(a) <r(b).

Proof. For addition, induct on b. At 0 the assertion reduces to r(a) = r(a). For the step, use
r(S(x)) = r(x) + 1 and the induction hypothesis:

r(a+ S(b)) = r(S(a+ b)) = r(a) + r(b) + 1 = r(a) + r(S(b)).

For multiplication, induct on b again. The zero case is immediate. In the step, the addition
identity just proved gives

r(aS(b)) = r(ab + a) = r(a)r(b) + r(a) = r(a)r(S(b)).

For comparison, follow its three recursive cases. At (0, b), the left side is true and 0 < r(b).
At (S(a), 0), the left side is false and r(a) + 1 < 0 is false. At (S(a), S(b)), remove the common
successor: r(a) + 1 < r(b) + 1 is equivalent to r(a) < r(b). The induction hypothesis identifies
this last comparison with L(a, b) = true. O

The theorem connects the constructed arithmetic with its familiar notation. It does not supply

the definitions retrospectively: the recursive operations and comparison were specified before
their readings were proved.

16
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3.6 Subtraction stops at the start

Removing matching steps also supplies a finite subtraction procedure. Define the truncated
difference a ~ b by

a=-0=aq,
0=S(b) =0, (3.3)
S(a) = S(b) =a~b.

There is no expression before 0 in this carrier. If the first input runs out before the second, the
procedure returns 0. This is a useful operation, but it does not retain a negative difference.

Proposition 3.15 (Reading a truncated difference). The natural-number reading of a = b is the
ordinary truncated natural difference r(a) = r(b).

Proof. Induct on g, treating b as arbitrary. If a = 0, the result is 0 whether b is 0 or a successor.
If a = S(c) and b = 0, both sides give r(S(c)). If b = S(d), both truncated subtractions remove
their common successor, reducing the assertion to the induction hypothesis at (c, d). [

The next chapter keeps both sides of a difference instead of stopping when one side runs out.
That change in representation is enough to make signed arithmetic possible.

Questions to work through

1. In the proof of commutativity of addition, identify the exact point where the lemma for a
step in the first argument is needed.

2. Reconstruct the cancellation proof without using the map r. Which property of the step
permits the induction to continue?

3. In the distributivity proof, mark each equality by its justification: definition, induction
hypothesis or an earlier theorem.

4. Explain why the comparison procedure terminates on the finite expressions. Which
part of that explanation would need replacement for an input given by an unending
approximation procedure?

5. Verify the operation described after Theorem 3.10: checka® 0 = aand a® 1 = S(a), then
locate the first step of the theorem’s proof that fails for it.

6. Exchange 1 and 2 in the natural-number reading and transport the ordinary operations
along the resulting bijection. Show that the result is a commutative semiring on INg
whose neutral element for addition is 0, compute 1 @ 1, and identify the hypothesis of
Corollary 3.12 that fails.

17



Chapter 4
Differences and ratios

Suppose one record counts contributions and another counts removals. Keeping only their
truncated difference loses information when removals exceed contributions. Keeping the two
records separately avoids that loss. It also creates a new problem: different pairs can describe
the same difference.

The same problem appears with ratios. Changing the unit of comparison can change both
parts of a fraction while leaving its value unchanged. Arithmetic must respect these changes
of description. Otherwise the result of a calculation would depend on how we happened to
write its inputs.

This chapter constructs the two extensions in that order. First we identify balanced pairs of
orbit records. Then we identify ratios by cross multiplication. At each stage we must prove
that the identification is consistent and that the operations preserve it.

4.1 Keep both sides of a difference

Definition 4.1 (A signed record and its balance). A signed record is a pair (g, b) of elements
of INy. Its first entry records the positive side and its second entry the negative side. Define

(a,b) ~(c,d) <= a+d=c+b. (4.1)
The right side uses only orbit addition. It does not subtract anything. It compares the first

positive side together with the second negative side against the second positive side together
with the first negative side. Equality of those totals is the condition for balance.

The notation (a, b) still names a particular pair. The notation [a, b] will name its class: all pairs
balanced with it. Before using classes, we must show that balance is an equivalence relation.
This means that a pair balances with itself, balance can be reversed, and two successive
balances compose.

Proposition 4.2 (Balance is an equivalence relation). The relation ~ is reflexive, symmetric
and transitive.
Proof. Reflexivity is the identity a + b = a + b. Symmetry reverses the equality a +d = ¢ + b.
For transitivity, suppose

at+d=c+b, c+f=e+d.

We must prove a + f = e+ b. Add fto the first equality, then use the second equality and the
addition laws:

(a+fH+d=(@+d)+f=@C+b)+f=(+f)+b=(e+d)+b=(e+D)+d.

Cancel the common addend d by Proposition 3.4. The result is the required balance. O

18
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Definition 4.3 (Constructed integers). The carrier Zs consists of signed records identified by
balance. Thus [a,b] = [c,d] exactly whena +d = ¢ + b.

This operation of forming classes is called taking a quotient. Here the word has no connection
with division. It means that an explicitly specified equivalence relation determines when
descriptions count as the same object. The equivalence proof is what makes the classes
coherent.

4.2 Operations must survive a change of representative

The natural candidate operations on pairs are
(a,b) + (c,d) =(a+c,b+d),
—(a,b) = (b,a), (4.2)
(a,b)(c,d) = (ac + bd, ad + bc).
The product places equal-sign contributions on the positive side and opposite-sign contribu-

tions on the negative side. Every entry is an orbit expression, so all three formulas construct
signed records.

To turn these formulas into operations on Zs, we must prove more: replacing an input by
a balanced pair must produce a balanced output. This requirement is called representative
independence.

Theorem 4.4 (Signed arithmetic is representative independent). Addition, negation and

multiplication in (4.2) preserve balance. They therefore define operations on Zs.

Proof. Suppose (a,b) ~ (a’,b"),soa+b" =a’ +b.

For addition of a fixed pair (¢, d), rearranging terms gives
(a+c)+W'+d)=@+b)+(c+d)=@ +b)+(c+d)=(@ +c)+ (b +d).

This is exactly the balance of the two sums. The same argument with the two summands
exchanged handles replacement of the other input.

For negation, the required equation is b + a” = b’ + a. It is the assumed balance with its sides
reversed and its summands commuted.

For multiplication by (c, d), the two sides of the required balance are
(ac+bd) + (a’d +b’c), (a’c+b’d) + (ad + be).
Group the terms in the first expression by their factors c and d:
(ac+bd)+(@d+bc)=(@+b)c+(b+a')d
=(a +b)+ b +a)d
=(a’c+b’d) + (ad + be).
The middle equality uses the given balance and its commuted form. The other equalities
use distributivity and the addition laws from Chapter 3. Exchanging the two factors handles

replacement of the second input. Replacing both inputs is now justified in two successive
steps, using transitivity of balance. O
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We may consequently write the same operation symbols on classes. In particular, set
0 =[0,0], 1=[1,0], —[a,b] = [b,a].

The role of the brackets matters. A pair and its negative usually differ as records, but their
sum has class 0 because its two entries balance.

4.3 The integer laws follow on the classes

Theorem 4.5 (The laws of signed arithmetic). Addition on Zs is commutative and associative,
has identity 0, and satisfies x + (—x) = 0. Multiplication is commutative and associative, has
identity 1, and distributes over addition.

Proof. Choose representatives x = [a,b], y = [¢,d], z = [e, f].

Commutativity and associativity of addition hold in each entry by the corresponding orbit
laws. Adding [0, 0] leaves both entries unchanged. Also

x+(—x)=[a+bb+a] =]0,0],

because a + b = b + a is the balance condition with [0, 0].

For multiplication, commutativity of the orbit product makes the two entries of xy equal to
the two entries of yx. Multiplying by [1, 0] gives [a, b] using the unit and zero laws.

To check associativity, expand both (xy)z and x(yz). After regrouping, each has positive entry
ace + bde + ad f + bc f
and negative entry

acf +bdf + ade + bee.

Every regrouping is justified by the associative and distributive orbit laws. Thus the represen-
tatives themselves agree.

For left distributivity, x(y + z) has entries
(a(c +e)+bd+ f), ald+ f)+blc+ e)).
Expansion gives
(ac+ae+bd+bf, ad+af+bc+be),

which, after regrouping, are the entries of xy + xz. Right distributivity follows by commuting
the product and applying left distributivity. O

These are the laws of a commutative ring. The name packages the identities we have just

proved. Subtraction is now defined by x — y = x + (—y); unlike truncated subtraction, it
retains a negative result.
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4.4 Reading the signed construction

We can compare the constructed integers with familiar integer notation. Let r be the natural-
number reading from Chapter 1, and define the reading of a pair by

I(a,b) =r(a) —r(b) inZ. (4.3)

Here the right side is a comparison with ordinary signed arithmetic. It was not used to define
the pairs, balance, or their operations.

Proposition 4.6 (The signed reading is faithful). Two signed records balance exactly when
their readings under I agree. The induced map I : Zs — Z. is bijective and preserves zero, one,
addition, negation and multiplication.

Proof. The addition reading of Theorem 3.14 gives

(a,b) ~ (c,d) <= r(a)+r(d) =r(c)+r)
= r(a)—r®) =r(c)—r(d).
The first equivalence also uses faithfulness of 7. The second is ordinary integer rearrangement.

Thus Iis well defined on classes and injective.

Every nonnegative integer n is the reading of [e(n), 0], where e is the expansion map from
Chapter 1. Every negative integer —n, for n > 0, is the reading of [0,e(n)]. This proves
surjectivity.

Preservation of zero and one follows by reading their representatives. For addition and
negation, expand the definitions:

I(la+c,b+d]) = (r(a) — (b)) + (r(c) — r(d)),
I([b,a]) = =(r(a) —r(b)).

For multiplication, the two orbit reading identities give

I([ac + bd, ad + bc]) = r(a)r(c) + r(b)r(d) — r(a)r(d) — r(b)r(c)
= (r(a) — r(B))(r(c) — r(d)).

Thus the operations agree under the reading. [

The proof distinguishes construction from comparison. The carrier and its laws were built
from orbit records; the bijection then identifies that construction with the usual integers. We
can use this faithful reading to check an integer identity without changing the constructed
objects.
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4.5 A ratio needs a nonzero denominator

A ratio record consists of a signed pair and a nonzero orbit denominator. Keeping the
denominator in INg places its sign in the numerator. We will write u, v, w for the integer classes
of the chosen numerator pairs, and abbreviate a ratio record by (u,d). The record retains
its actual pair; the abbreviation saves us from writing both of its entries in every formula.
The letters d, e, f denote nonzero orbit denominators, also read as the corresponding positive
integers when they occur in signed products.

Representative independence of signed arithmetic ensures that replacing a numerator pair by
a balanced pair does not change any cross comparison below. This is why the abbreviated
notation is legitimate.

Definition 4.7 (Cross equality). Two ratio records (u, d) and (v, e) are cross equal when
ue = vd. (4.4)

The equation is equality of constructed integers. Equivalently, before passing to signed classes,
the two scaled signed records balance.

The denominator restriction does real work. It ensures that a common denominator can be
cancelled in the proof that cross equality is transitive.

Proposition 4.8 (Cross equality is an equivalence relation). Cross equality on ratio records is
reflexive, symmetric and transitive.

Proof. Reflexivity is ud = ud; symmetry reverses a cross equality. For transitivity, suppose
ue = vd and vf = we. Multiply the first equality by fand the second by d. The integer laws
give

(e = ue)f = (vd)f = (vf)d = (we)d = (wde.

The common factor e is nonzero. Apply the faithful integer reading of Proposition 4.6, cancel
that nonzero integer factor, and use faithfulness to return to constructed integers. The result
is uf = wd, as required. [

The cancellation used here is ordinary integer cancellation. Its use is explicit: the preceding
proposition supplied an operation-preserving bijection, so an integer equality proved after
reading is also an equality of the constructed classes. No rational arithmetic has entered this
proof.

Definition 4.9 (Constructed rationals). The carrier Qs consists of ratio records identified by
cross equality. Write (u; d) for the class of (u, d).

The angle brackets keep this second quotient visually separate from the signed class [a, b].
Once the construction is understood, the familiar notation u/d can be used for (u;d).
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4.6 Constructing arithmetic on ratio classes

Define

(u;d) + (v;e) = (ue + vd; de),
—(u;d) = (-u;d), (4.5)
(u; d)(v;e) = (uv;de).

The new denominator is allowed: a product of two nonzero orbit positions is nonzero. This
follows either from their faithful natural-number readings or directly from repeated addition
of a nonzero position.

Theorem 4.10 (Rational arithmetic is representative independent). The operations in (4.5)
preserve cross equality.

Proof. Suppose ud’ = u’d and ve’ = v’e. These are the hypotheses for replacing (u,d) by
(w’',d’) and (v,e) by (v, ).
For addition, cross multiplication of the proposed outputs gives
(ue +vd)(d’e") = (ud”)ee’ + (ve’)dd’
= (u'd)ee’ + (V'e)dd’
= (e’ +v'd’ ) (de).

Thus the two sums are cross equal.

For multiplication,

(wv)(d’e’) = (ud")(ve’) = (W'd)(v'e) = (u'v’)(de).

For negation, ud’ = u’d gives (—u)d” = (—u’)d by negating both sides. All three operations
are therefore well defined on ratio classes. []

The formulas were specified as constructions. The theorem proves that they respect the
identification, which is the exact condition needed to lift them to classes. It does not by itself
show that no other construction could serve. Section 4.9 proves that uniqueness.

4.7 Why a reciprocal keeps the sign in the numerator

For a nonzero numerator u, let [u| denote its positive magnitude. This magnitude has a finite
construction. For a signed representative (a,b), remove matching steps and add the two
remaining truncated differences:

|(a,b)| = (a=b) + (b= a). (4.6)

Its natural-number reading is |[r(a) — r(b)|. To verify this, compare r(a) and r(b). In the first
order, the second truncated difference is zero and the first is r(a) — r(b); in the other order
their roles are reversed. The truncated-difference reading from the previous chapter therefore
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gives the stated absolute value. In particular, the magnitude is nonzero exactly when the
signed class is nonzero.

The sign is also decided by finite comparison: (a, b) is nonnegative exactly when L(b, a) is true.
This agrees with 0 < r(a) — r(b) by Theorem 3.14. No search through an infinite description is
involved.

Define the reciprocal on a ratio with nonzero numerator by

~ Kdsful),  u>o,

-1
wid)™ = (=d;ul), u<o.

(4.7)

Both cases have a nonzero orbit denominator. To make the operation defined on every class,
set 071 = 0. This last clause is a convention for the value of a total operation; the inverse
cancellation theorem retains its nonzero hypothesis.

Proposition 4.11 (The reciprocal is well defined and cancels). Cross-equal ratio records have
cross-equal reciprocals. For every nonzero q € Qs,

qq_1 = q_lq =1, 1=(1;1).

Proof. Suppose ue = vd with d, e positive. If u = 0, cancellation of the nonzero factor d gives
v = 0; both reciprocal records have zero class. The same argument in reverse shows that
nonzero numerators remain nonzero.

In the nonzero case, u and v have the same sign. Indeed, multiplication by a positive integer
preserves sign, so opposite signs would contradict ue = vd. If both are positive, the reciprocal
cross equation is dv = eu, the original equality reversed. If both are negative, it is (—d)(—v) =
(—e)(—u), again the same equality. This proves representative independence in all cases.

Now let ¢ = (u;d) be nonzero. For u > 0, its product with the reciprocal is (ud; du), cross
equal to (1; 1). For u < 0, the product is (u(—d); d(—u)), whose numerator and denominator
also agree. Commutativity gives cancellation in the opposite order. [

4.8 Checking the field laws

Theorem 4.12 (The rational field laws). The constructed rationals have commutative, associative
addition with zero and additive inverses; commutative, associative multiplication with one;
distributivity; distinct zero and one; and multiplicative inverses for nonzero elements.

Proof. Write three representatives as (u,d), (v,e), (w, f). For addition, commutativity ex-
changes ue + vd with vd + ue and de with ed. The two groupings of a three-term sum, after
expansion, have the common denominator de f and numerator uef + vd f + wde. The two
numerators agree by the integer laws, and the denominators agree by the orbit laws. This
proves associativity.

Adding (0; 1) leaves (u;d) unchanged. Adding its negative produces (0;d?), which is cross
equal to (0; 1).
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For multiplication, the two orders give uv over de, and the two groupings of three factors give
uvw over def. The integer and orbit laws justify all rearrangements. Multiplying by (1; 1)
leaves both parts unchanged.

For left distributivity, the representative of the left side is
(u(vf + we);def).
The representative obtained by adding the two products on the right is
(uvd f + uwde; def).

The second numerator and denominator are each the first multiplied by d, so cross multiplica-
tion proves equality. Commutativity supplies right distributivity.

Zero and one are distinct because their cross equality would assert 0 = 1 in the integer
construction, contradicting its faithful reading. Proposition 4.11 supplies the inverses of
nonzero elements. O

The construction has now reached a field using finite records, balanced identifications, cross
multiplication and explicit operations. It has not introduced a procedure for deciding every
possible mathematical question. The finite comparisons used here terminate because they act
on finite constructed data.

4.9 Each extension is determined by its task

The constructions of this chapter specified pairs, relations and formulas. A reader may ask
whether different choices would have served as well. Each extension answers a definite
question, and each is the unique answer.

Signed records make subtraction possible while keeping the orbit’s addition. Write «(n) = [n, 0].
A group is a set with an associative operation, written +, a neutral element and inverses; it is

a commutative group when the operation is also commutative. A map ffrom INginto a group
is additive when f(a +b) = f(a) + f(b) for all a, b.

Theorem 4.13 (Signed records complete the orbit’s addition). The map 1 is additive. For every
group G, commutative or not, and every additive map f : Ngs — G, there is exactly one additive
map g : Zs— G with g(u(n)) = f(n) for everyn. It is

8([a,b]) = f(a) = f(b).

Proof. Additivity of 1 is the addition formula [a, 0] +[b, 0] = [a+b,0+0] = [a+b, 0]. An additive
map sends 0 to the neutral element, since f(0) = f(0+ 0) = f(0) + f(0), and then f(a+ 1) =
f(a)+ f(1) shows, by induction on a, that f(a) is the sum of a copies of f(1). So every value of
£, and every negative of a value, is a sum of copies of f(1) or of —f(1), and any two such sums
commute. The computations below involve only these elements, so they may be rearranged
as in a commutative group, whether or not G is one. The formula for g is representative
independent: ifa+d = ¢ + b, then f(a) + f(d) = f(c) + f(b), so f(a) — f(b) = f(c) — f(d).
It is additive, because g([a + ¢,b +d]) = f(a+c) — f(b+d) = (f(@) — f(B)) + (f(c) — f(d)).
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Since f(0) is the neutral element, g(i(n)) = f(n) — f(0) = f(n). For uniqueness, every class
satisfies [a,b] = «(a) + (—u(b)), and an additive map h on Zs preserves negatives, because
h(x) + h(—x) = h(0) is the neutral element. So any such map takes [a,b] to f(a) — f(b). O

The pair (Zs, 1) is determined by this property up to exactly one isomorphism compatible with
the maps from the orbit: two pairs with the property map into each other, and uniqueness
forces both composites to be identities. The map matters, not only the carrier. The rationals
with n — ((n); 1), and the integers with n — 2n, both fail. In each, the element assigned to 1
has a half, and an additive map into the integers extending the natural-number reading would
have to send that half to an integer h with h + h = 1.

Corollary 4.14 (The constructed integers map uniquely into every commutative ring). For
every commutative ring R there is exactly one map Zs — R preserving 1, addition and multipli-
cation.

Proof. Let f : Ns — R be the map of Proposition 3.11, and let g be its extension given by
Theorem 4.13. It sends 1 = [1, 0] to 1, and it preserves products:

g(lac+bd, ad +bc]) = f(@) f(0)+ f(B)f(D) - f(@f(d)— f(B) f(e) = (f(@— fB))(f(c)— f(d)).

Conversely, if h preserves 1, addition and multiplication, then so does & < 1, because ¢ preserves
them, and h - 1 sends 0 to 0 because it is additive. Proposition 3.11 gives h o1 = f, and the
uniqueness in Theorem 4.13 gives h = g. ]

A field K has characteristic zero when 1 + --- + 1k, with one or more terms, is never Og.
Equivalently, the map f : INs — K of Proposition 3.11 sends every nonzero tally to a nonzero
element.

Theorem 4.15 (The constructed rationals come first among fields of characteristic zero). For
every field K of characteristic zero there is exactly one map Qs — K preserving 1, addition and
multiplication. It sends (u;d) to g(u)/ f(d), where f and g are the maps of Proposition 3.11 and
Corollary 4.14.

Proof. The denominator f(d) is nonzero because d is nonzero. If ue = vd, the ring map g gives
gw)fe) = gv)f(d), so g(w)/ f(d) = g(v)/ f(e): the formula is representative independent. It

preserves sums, since

glue +vd) _ gw)f(e) + gW)f(d) _ gw)  gv)

flde) fd)f(e) - f@ - fley
it preserves products in the same way, and it sends (1; 1) to 1. Conversely, let k preserve 1,
addition and multiplication. On the classes (u; 1) it preserves these operations as a function of
u, so Corollary 4.14 gives k((u; 1)) = g(u). The cross equality (u; d){(i(d); 1) = (u; 1) then gives
k((u; d)) f(d) = g(w). O

Two fields with this property are isomorphic by exactly one isomorphism of fields. The
ordinary rationals are one of them, so exactly one isomorphism of fields connects Q5 with
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them. The real numbers have characteristic zero but do not come first: a map from them into
the rationals preserving the operations would send v/2 to a rational whose square is 2.

The order used in this chapter’s sign test is also forced. Call a subset P of a commutative ring
a positive cone when it is closed under addition and multiplication, every element x satisfies
x € P, x =0or —x € P, and no element has both x € Pand —x € P.

Proposition 4.16 (Only one order fits the arithmetic). The classes of Zs read as positive
integers form a positive cone, and they form the only one. Likewise, the classes (u;d) with positive
numerator form the only positive cone of Q.

Proof. The displayed sets are cones: their readings are closed under addition and multiplication,
and the sign of an integer satisfies the other two conditions. For ratios, the sign of the
numerator is representative independent by the argument in Proposition 4.11.

Let P be any positive cone. The last condition with x = 0 shows 0 ¢ P. If x # 0, then x or —x
lies in P, and in either case x - x = (—x)(—x) € P. Hence 1 = 1 -1 € P, and by addition every
i(n) with n # 0 lies in P. In Zg these are exactly the classes read as positive integers. A class
read as negative has its negative in P, so it is not in P. Thus Pis the displayed cone. In Qg, also
(1;d) = (i(d); 1){1;d)? € P. A ratio with positive numerator, (u;d) = (u; 1)(1;d), therefore lies
in P, and a ratio with negative numerator does not, because its negative does. ]

The order is therefore part of the arithmetic rather than an additional choice. Any ordering
compatible with addition and multiplication in this sense is the one read from the finite
comparison. The line built from these ratios in Chapter 12 is determined by its task from the
other side: every Archimedean ordered field maps into it in exactly one way that preserves
the arithmetic and the order, once countable choice is granted (Theorem 12.24). Which further
conclusions require additional principles is the question of the next part.

Questions to work through

1. In the transitivity proof for balance, explain why equality of a + d and ¢ + b is more useful
than trying to subtract in IN.

2. Identify the two different tasks in defining an operation on classes: constructing its output
and proving representative independence. Locate both tasks for signed multiplication.

3. Explain precisely where a nonzero denominator is used in the transitivity proof for cross
equality.

4. Reproduce the two sign cases of the reciprocal proof. Explain why assigning 07! = 0
does not establish inverse cancellation at zero.

5. Show directly that the integers with n — 2n fail Theorem 4.13: take fto be the natural-
number reading and find the equation that has no integer solution.

6. Using only the three cone conditions, show that every positive cone of Qg contains (1; d)
for every nonzero d. Which condition excludes a cone containing —1?
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Part 11

What a proof is allowed to use
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Chapter 5

The language and the rules

The equation 1 4+ 1 = 2 can be read at two levels. We can calculate with the constructed
numbers and establish the equality. We can also write a finite argument whose permitted
steps are completely specified. The first activity concerns numbers. The second makes the
argument itself an object we can study.

This distinction matters when we ask what a result requires. A calculation may be valid, yet
conceal the use of a stronger principle in one of its steps. To expose that use, we need to say
which expressions are allowed, which inferences count as steps, and how those expressions
are interpreted.

We begin with arithmetic. This choice gives us a domain already constructed in Part I and a
small language whose rules can be stated in full. It also keeps two questions separate: what
the arithmetic structure is, and what a particular formal argument can establish about it.

5.1 Expressions are finite constructions

An arithmetic expression such as S(0)+S5(0) names a number. A statement such as S(0)+S5(0) =
S(5(0)) says something that can be proved. We call the first kind of expression a term and the
second a formula.

Definition 5.1 (The arithmetic language). Terms are built from variables xq, x1, ..., the symbol
0, and the operations S, + and -. Formulas are built from equalities of terms, the false formula 1,
conjunction A, disjunction V, implication —, and the quantifiers V and 3. Negation abbreviates
implication to falsehood:

Qo= @ —> L.

Each term and formula is a finite expression generated by these rules.

The symbols 1 and 2 remain abbreviations for S(0) and S(S(0)). An equality between two
terms is a formula; it does not assert that the two written expressions have the same shape.
Thus 1 + 1 and 2 are different terms, and 1 + 1 = 2 is a statement about their values.

We use positions for variables so that the treatment of quantifiers is exact. Immediately inside
a quantifier, x; denotes its newly bound variable. The earlier variables move up one position.
Inside two nested quantifiers, x; refers to the inner one and x; to the outer one. Ordinary
notation such as Vx¢(x) will be used when this binding convention is unambiguous.

Two operations on expressions are needed. Lifting inserts space for a new variable. Substitution
replaces a variable by a term. They must respect the distinction between a free variable and
one bound by a quantifier.
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Definition 5.2 (Lifting and substitution). To lift an expression by d at cutoff c, leave a variable
x, unchanged when n < ¢, and replace it by x,,; otherwise. Apply the operation to each
constituent expression; on entering a quantifier, increase c by one. Write ¢ 1 for lifting by one
at cutoff zero.

To substitute a term t at position k, replace x; by t, lower an index n > k to n — 1, and leave
an index n < k unchanged. Again act on each constituent expression. Under a quantifier,
substitute at k + 1 and first lift the free variables of t by one. Write ¢(t) for substitution at
position zero.

The lowering in substitution has a purpose: instantiating a quantifier removes its variable
position. The lifting under a quantifier prevents a free variable in the substituted term from
becoming bound accidentally. These operations are determined by the finite expression.
Neither asks whether a formula is true.

5.2 One complete argument
A context T is a finite list of formulas admitted temporarily as hypotheses. A judgment
'

says that a finite derivation of ¢ from those hypotheses has been given. A blank context is
written simply  ¢.

Here is the promised proof of 1 + 1 = 2. Two arithmetic rules supply
1+0=1, 1+S(0) = S(1 +0).

Equality substitution replaces 1 + 0 by 1 in the second formula. The whole derivation is
therefore
F14+0=1 F1+4+5(0)=5(1+0)
F1+5(0)=5(1)

equality substitution. (5.1)

The concluding formula is 1 + 1 = 2 after expanding the numeral abbreviations. There is no
induction in this argument, and there is no decision about an arbitrary formula. Its two leaves
are defining equations of addition.

For complete precision, the formula with a substitution position is 1 + S(0) = S(x). Filling
that position with 1 + 0 produces the second premise; filling it with 1 produces the conclusion.
This is the general equality rule in a small case.

5.3 The permitted inferences

We now give the rules behind judgments. Each displayed premise must itself have a finite
derivation. Temporary hypotheses appear to the left of -. A rule with no premises starts a
branch of the derivation tree.
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Hypotheses and equality

Any formula listed in I' may be used. Equality has reflexivity and substitution:
I't=s T+ o(t)
T o(s)

The terms and the formula with its substitution position are specified as part of the application
of the rule. A resemblance between formulas is not enough; the premise must be the indicated
instance.

F't=t,

The arithmetic structure

The start and the step satisfy

I'+S@) = S(u)

I'——(S(t) =0), Trr=a

The recursive operations supply four further formulas:
Fr—t+0=t, I'+t+S(u) =S+ u),
F'—t-0=0, F't-S(u)=t-u+t.

These are rules of the arithmetic language. Their validity in the constructed carrier was
established in Part I. Writing them as rules does not erase the construction that licenses their
interpretation.

Induction has the form

I+ ¢(0) '+ Vx(<p(x) — (p(S(x)))

T+ Vxo(x) 6-2)

Here the bound induction variable is fresh relative to the hypotheses. Other parameters of ¢
may remain free. The language permits this rule for every formula; the next chapter records
separately whether the formula itself contains a quantifier.

Combining and using propositions

Implication is introduced by discharging a temporary hypothesis and used by applying it:

Loy -4y | )
Tro—y Ty '
The comma means that the indicated hypothesis has been added to the context. For conjunc-

tion, proofs of both components give a proof of their conjunction; either component can then
be recovered:

F'o 'y F'oAy oAy
T-oAy T'¢ Ty

For disjunction, a proof of either component gives the disjunction. To use a disjunction, both
cases must lead to the same conclusion:

' '~y
ToVvy THeVy
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'tevy Ty TLyry
INEY '
Finally, from a derivation of L one may infer any specified formula. This is the rule for an
impossible case. None of these rules supplies a proof of ¢ vV —¢ for an arbitrary ¢.

Quantifiers and a genuinely arbitrary value

Universal introduction proves a formula at a fresh variable; universal elimination substitutes
a term:

'+ Ve

[+ Ve I+ o)
Every formula in I" 1 has been lifted over the fresh variable. The hypotheses therefore cannot
constrain that variable. This is the exact force of calling it arbitrary.

Existential introduction exhibits a witness. Existential elimination uses a fresh witness without
letting it escape into the conclusion:

I'Ho@®) I'tde Theryt

F'+-3¢’ Ty ’
The last condition matters. The conclusion must be the lifted form of a formula from the
original context, so it cannot depend on the particular witness chosen inside the branch.

Together these are the base arithmetic rules. A derivation is a finite tree assembled from
them, with matching premises at every junction. Its validity as a derivation is a question
about expressions and rules. To connect it to arithmetic truth, we still need an interpretation
theorem.

5.4 Reading the expressions as arithmetic

We use the ordinary natural-number reading proved faithful in Chapter 1. An environment
p assigns a natural number to each free variable position. Write [n, p] for the extended
environment with

[n,p](0) =n,  [n, pltk +1) = p(k).
The new variable receives n and the earlier assignments are retained.
Definition 5.3 (Evaluation and satisfaction). The value E/(t) of a term is defined recursively:
Ey(xi) = p(k), E,(0) =0,
E,(S(t)) = E)(t) + 1, E,(t+u) = Ejt) + Ey(u),
E(t-u) = E)()E,(w).
Write p k ¢ when the formula is satisfied. Equality is interpreted as equality of term val-

ues and L as falsehood. Conjunction, disjunction and implication are interpreted by their
corresponding constructive logical operations. Quantifiers are read by

pEVp << foreveryneN, [n,p]E o,
pEdp <« thereisn e N with [n, p] F ¢.

An environment satisfies a context when it satisfies every formula in it.

32



The § Foundation Jonathan Washburn

The formulas of the language are finite objects. The assertions that they are satisfied are made
in the surrounding mathematics. That surrounding reasoning is called the metatheory. It
supplies the finite inductive constructions, equality and logical reasoning being used to study
the language. We have made this background visible; we have not eliminated it.

Three identities ensure that manipulating an expression corresponds to manipulating its
interpretation.

Lemma 5.4 (Binding respects interpretation). For every formula ¢, termt, environment p and
natural number n,

[mplEet <= pEo, (5.3)
pE@t) <= [ENt),plFo. (5.4)

Replacing the induction variable by its successor correspondingly replaces its assigned value n by
n+1.

Proof. First check terms. Lifting a variable moves its position past the newly inserted entry,
so its value remains its previous assignment. Substitution at position k has three cases: the
variable is x, is below k, or is above k. Its value is respectively the substituted term’s value, the
unchanged earlier assignment, or the assignment shifted down one position. These are exactly
the environment changes specified by the operations. Zero is unchanged; the successor,
sum and product cases follow by applying their evaluation clauses to the already established
identities for their constituent terms. This proves the term identities by structural induction.

Now induct on formulas. An equality uses the term identities on both sides. Falsehood is
unchanged. Each propositional connective applies to the corresponding already established
interpretations of its components. Under a quantifier, the new bound position receives its
own value and the cutoff increases by one. For substitution, lifting the inserted term keeps its
value independent of this newly bound position. Thus the extended environments agree at
position zero and at every later position. For a universal formula this argument applies to
every assigned value; for an existential formula it applies to its witness, in both directions.
These are all the formula constructors, proving the two equivalences.

For the final assertion, the inserted term S(x;) has value n + 1 when x; has value n. The other
free positions remain fixed by the lifting and substitution convention. Apply the substitution
identity. O

This is the bookkeeping behind the freshness conditions. Its purpose is to make the soundness
proof about the same assignments before and after a rule is applied.
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5.5 Why every permitted step preserves truth

Theorem 5.5 (Soundness of the base arithmetic rules). Suppose a finite derivation of T + ¢
uses the base rules listed in this chapter. If p satisfies every hypothesis in T, then p k .

Proof. Induct on the derivation tree, keeping the context and environment arbitrary. For each
final rule, the induction hypotheses say that its premise derivations preserve satisfaction in
their respective contexts. We check every kind of rule.

Hypothesis and equality. A selected hypothesis is true because the whole context is satisfied.
Reflexivity evaluates to equality of a value with itself. For substitution, the first premise gives
E,(t) = E/(s). The second, by Lemma 5.4, gives satisfaction of the hole formula with E,(t) in
its first position. Replace that equal value by E,(s) and use the same lemma in reverse.

The arithmetic rules. A successor value is not zero, and equality of successor values implies
equality of the preceding values. The four operation equations evaluate to the recursive
arithmetic identities. Thus these rule conclusions are satisfied. In the injectivity rule the
premise supplies the required equality of successors.

Implication. To introduce an implication, assume the antecedent is satisfied. The augmented
context is then satisfied, so the induction hypothesis for the branch gives the consequent.
This proves the interpreted implication. To eliminate one, the premise interpretations give an
implication and its antecedent; applying the former to the latter gives the consequent.

Conjunction, disjunction and falsehood. Conjunction introduction combines the two satisfied
components; either elimination selects the required component. A disjunction introduction
supplies its proved side. In disjunction elimination, the interpreted disjunction gives one of
its two alternatives. Add that alternative to the satisfied context and apply the induction
hypothesis for the corresponding branch. Both branches have the same concluding formula.
If the premise is falsehood, its interpreted truth is impossible, and the falsehood rule is sound.

Universal quantification. For introduction, choose an arbitrary natural number n and extend
p to [n, p]. Every lifted hypothesis is satisfied by (5.3). The induction hypothesis therefore
gives the body of the universal formula at n. Since n was arbitrary, the universal statement is
satisfied. For elimination, apply the interpreted universal statement to E,(t), then use (5.4) to
obtain the desired instance.

Existential quantification. Introduction uses E,() as its witness; the substitution identity
supplies the body at that witness. For elimination, the first premise supplies a witness n. The
extended environment satisfies the lifted original hypotheses and the existential body. The
branch induction hypothesis gives i 1 in this environment. Equation (5.3) then returns ¢/
under the original p. This is where the restriction on the conclusion of existential elimination
is used.

Induction. The first premise gives the body at zero. The second gives, at every n, an implication
from the body at n to the body at n + 1; Lemma 5.4 identifies the successor instance. Induction
in the surrounding natural-number mathematics now gives the body at every n. This is
precisely satisfaction of the universal conclusion. The context remains satisfied throughout
because its formulas do not acquire the fresh induction variable.
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Every base rule has been covered. Since the derivation tree is finite, the induction reaches its
conclusion. O]

The last case shows the scope of the result plainly. Soundness of the object-language induction
rule was proved using induction in the metatheory. This is a proof about the stated language
in its stated arithmetic interpretation. It is not an internal proof, written in that language, of
its own unrestricted soundness.

The proof also shows which facts about the natural numbers it used. The arithmetic rules
needed the recursive identities, separation of the start from every step, and injectivity of the
step. The induction rule needed induction. The remaining cases used only that quantifiers
range over the numbers. Section 5.7 uses this observation to show what each family of rules
supplies.

5.6 The same induction, now inside the language

Chapter 3 proved 0 + a = a about the constructed operation. We can now display an object-
language proof of its universal formula. Set ¢(x) to 0 + x = x. The base is the rule 0 + 0 = 0.
For the step, temporarily assume 0 + x = x. The recursive rule gives

0+ S(x) = S(0 + x).

Equality substitution changes the right side to S(x). Discharge the temporary hypothesis and
generalize the fresh variable to obtain

Vx(O +x=x > 0+S(x) = S(x)).
Apply (5.2). The conclusion is
FVx(0+x = x). (5.5)

Soundness now reads this finite derivation as a true arithmetic statement. The formula on
which we inducted was the equality 0 + x = x, with no quantifier inside it. The quantifier in
the conclusion does not change that fact. This distinction will matter for the induction record
in the next chapter.

5.7 What each family of rules supplies

Besides the four recursive equations, which define the operations, the arithmetic rules fall into
three families. Separation is the rule =(S(¢) = 0): a step never returns to the start. Injectivity
is the rule from S(t) = S(u) to t = u: equal successors have equal predecessors. Induction is
rule (5.2). They are the object-language counterparts of the three conditions of Definition 2.4.
We can now ask what each family contributes that the others cannot.

Begin with what needs no induction at all. The defining equations already settle every closed
calculation.

Proposition 5.6 (Closed calculations need no induction). Let ¢ be a quantifier-free formula
with no free variables. If ¢ is true, then - ¢ has a derivation that uses no induction rule. If ¢ is
false, then = —¢ has such a derivation. Neither derivation uses an additional principle.
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Proof. First, every closed term is provably equal to the numeral of its value, with no induction.
Proceed by recursion on the term in the metatheory. A numeral needs nothing; for S(¢),
substitution replaces t by its numeral 71, and S(#) is the numeral n + 1. For a sum, equality
substitution replaces the summands by their numerals m and 7; then n uses of the successor
equation for addition and one use of its zero equation turn m + 7 into m + n. Products are
treated the same way with the multiplication equations, using the case of sums. Symmetry
and transitivity of equality, each one use of equality substitution together with reflexivity,
combine these steps.

The values of closed terms can be computed and compared, so each closed quantifier-free
formula is either true or false. We prove both claims together by induction on ¢. Take an
equation t = s with values m and n. If m = n, both sides are provably equal to the same
numeral, so t = s follows. If m < n, assume t = s, hence m = f. Injectivity, applied m
times, gives 0 = n — m. The right side is a successor, so separation refutes it; discharging the
assumption proves —(t = s). The case m > n is symmetric. Falsehood is refuted by L — L,
which discharges the hypothesis L. A true conjunction combines two derivations, and a false
one refutes the false component. A true disjunction introduces its true side, and a false one
refutes both sides by disjunction elimination. A true implication has a true consequent or a
false antecedent, and either gives the implication; a false one has a true antecedent and a false
consequent, which together refute it. No step introduces an induction rule. [

So every closed instance of a familiar law, such as 0 + 7 = 7, m + i1 = Ai + m or ~(S(A) = i),
has a derivation with no induction. The universal statements are a different matter. To show
that something cannot be derived, we need an interpretation in which the permitted rules
still preserve truth while the statement fails. The proof of Theorem 5.5 supplies one almost at
once, because the particular facts about the natural numbers entered only at the arithmetic
rules and at induction.

Definition 5.7 (A structure for the arithmetic language). A structure M consists of a carrier, an
element 0, an operation Sy, of one argument, and operations +,;and -3, of two. Environments
assign elements of the carrier to variable positions. Evaluation and satisfaction are given
by the clauses of Definition 5.3 with M in place of IN, and quantifiers range over the carrier.
Write M, p k ¢.

Theorem 5.8 (Soundness in other structures). Let a finite derivation of T' - ¢ use the base rules,
and let p be an environment in a structure M that satisfies every formula of T. Then M, p k ¢ in
each of the following cases.

1. The derivation contains no induction rule, and M satisfies the six arithmetic rules: Sy(a) #
0a Spr is injective, and the four recursive equations hold for all elements.

2. The derivation contains no separation rule, and M has exactly one element.

3. The derivation contains no injectivity rule, and M is the Boolean structure on {0, 1} with
S(a) =1, a+ b = max(a,b) and a - b = min(a, b).

Proof. Lemma 5.4 holds in every structure, with the same proof, because that proof used
only the evaluation clauses. Now repeat the proof of Theorem 5.5. The hypothesis, equality,
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propositional and quantifier cases go through unchanged, with quantifiers ranging over the
carrier of M. Only the arithmetic rules and induction need attention.

In the first case each arithmetic rule is true in M by hypothesis, and the induction case does
not arise.

In the second case every equation is satisfied, so reflexivity, substitution, injectivity and the
four recursive equations all hold. Induction holds as well, since its base already gives the body
at the only element. Separation is the one rule that fails, and it does not occur.

In the third case check the equations directly:

a+0=a, a+ S(b) = max(a,1) = 1= S(a +b),
a-0=0, a-S(b) = min(a, 1) = a = max(min(a,b),a) =a-b+ a.

Separation holds because S(a) = 1 # 0. Induction holds because the base gives the body at
0, and one use of the step gives it at 1 = S(0), the only other element. Injectivity fails, since
5(0) = S(1), and it does not occur. O

The first case is the interesting one. Let W consist of the natural numbers together with two
further elements a and b. On natural numbers the operations are the usual ones. In addition,

S(a) = a, S(b) = b, a+n=a, b+n=0b, x+a=x+b=b>

for every natural number n and every element x. A product is 0 when either factor is 0, the
usual product when both factors are natural numbers, and b in every other case.

The six arithmetic rules hold in W. No element steps to 0, and S is injective because a and b
are fixed points that no natural number reaches. For x + 0 = x there is nothing new to check.
For x + S(y) = S(x + y), the new cases are of two kinds: if xis a or b and yis a number, both
sides are x; if yis a or b, then S(y) = y and both sides are b. The rule x - 0 = 0 is built into the
table. For x - S(y) = x - y + x, both sides are 0 when x = 0; when x # 0 and x or yis a or b,
both sides are b. In W, three familiar laws fail:

S(a) = a, O+a=b=+a, a+0=a#xb=0+a.
Corollary 5.9 (What only induction supplies). None of the formulas
Vx=(S(x) = x), Vx(0 + x = x), VxVy(x+y=y+x)

has a derivation from the base rules without an induction rule. Each has a derivation whose
induction formulas are all quantifier-free, and each of their closed instances has a derivation
with no induction.

Proof. An induction-free derivation of any of them would make it true in W, by the first case of
Theorem 5.8; the displayed values refute each one. The derivation of Vx(0+x = x) is (5.5). For
Vx=(S(x) = x), induct on the quantifier-free formula —(S(x) = x): separation gives the base,
and in the step injectivity turns S(S(x)) = S(x) into S(x) = x, contradicting the hypothesis.
Commutativity follows the proofs of Lemma 3.2 and Theorem 3.3, with each induction on
an equation in which the other variable is a parameter. The closed instances are covered by
Proposition 5.6. [

37



The § Foundation Jonathan Washburn

The other two cases of Theorem 5.8 complete the picture. Every equation holds in the one-
point structure, so no derivation from no hypotheses that avoids separation proves any formula
=(t = s), not even —(S(0) = 0). In the Boolean structure, S(S(0)) and S(0) both have value 1,
so no derivation from no hypotheses that avoids injectivity proves =(S(S(0)) = S(0)). With all
three families present, each of these statements has a derivation with no additional principle
and only quantifier-free induction. Each family therefore supplies a statement that the other
two cannot:

Family removed A structure satisfying the rest A statement lost

separation one element =(S(0) = 0)
injectivity the Boolean structure —-(S(S(0)) = S(0))
induction w Vx—(S(x) = x)

The same method shows that the statement “every number is zero or a successor”, Vx(x =
0v3y(x = S(y))), needs induction. Let C consist of the natural numbers together with a second
chain ¢y, ¢, cs, ..., with S(cr) = cr41- Set x + ¢y = ¢y and x - ¢y = ¢, for every element x, and let
the recursive equations x+0 = x, x +5(y) = S(x+y), x-0 = 0 and x-S(y) = x-y+ x determine
every other sum and product. Every element is reached from 0 or from ¢, by steps, so this
defines both operations, and the four recursive equations hold by construction. Separation and
injectivity hold because S moves one place along each chain. The element ¢ is neither zero nor
a successor, so the statement fails in C, and by the first case of Theorem 5.8 it has no derivation
without induction. It has one by induction on the formula x = 0 v 3y(x = S(y)), which
contains a quantifier. The structure W, by contrast, satisfies the statement, since a = S(a) and
b = S(b). Corollary 5.9 therefore survives when the statement is added as a hypothesis. In this
language, then, induction supplies the passage from all the instances of a law to the universal
law itself.

Remark 5.10. Chapter 6 adds rules for excluded middle and two related principles. Every
formula has a decided truth value in the one-point and Boolean structures, so those rules are
true there, and the second and third cases of Theorem 5.8 extend to derivations that use them.
Corollary 5.9 also extends, with or without the hypothesis that every number is zero or a
successor. With excluded middle in the metatheory the added rules are true in W. Without it,
one reads disjunction and existence in W through double negation. Induction-free derivations
remain sound under that reading, with or without the added rules, and because equality in
W is decidable the reading agrees with ordinary truth on the three universal formulas of the
corollary. With that hypothesis and the excluded-middle rule, the induction-free rules present
Robinson’s arithmetic, so Robinson’s arithmetic proves none of the three formulas.

We now have both sides of the connection. A derivation gives a finite record of permitted
reasoning; an interpretation gives arithmetic content to its expressions; soundness proves
that the first preserves the second. The next task is to retain this connection when the rules
are enlarged.
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Questions to work through

1.

In (5.1), identify the hole formula and the two terms substituted into it. Which rule
supplies each premise?

. Explain why a fresh variable may receive an arbitrary value in the universal-introduction

case of the soundness proof. Where is the same fact used for existential elimination?

Locate the two inductions in the soundness argument: induction on the derivation and
the induction used to interpret the induction rule. What is the object of each?

In (5.5), distinguish the formula used for induction from the formula finally proved.
Does the first contain a quantifier?

Check the six arithmetic rules in the structure W. Once S(a) = a, which values can x +a
take, given the rule x + S(y) = S(x + y) at y = a? Why would a structure with only the
one new element a fail to refute Vx(0 + x = x)?

Give an induction-free derivation of 0+S(S(0)) = S(5(0)). Explain why no induction-free
derivation of Vx(0 + x = x) exists, although every instance has one.

Which rule fails in the Boolean structure? Explain why no derivation from no hypotheses
that avoids that rule can prove =(S(5(0)) = S(0)), and give a derivation that uses it.
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Chapter 6

The price of an additional principle

Consider the formula
(0=0)Vv—(0=0).

One way to obtain it is to invoke excluded middle: every formula holds or its negation holds.
Another way is to prove 0 = 0 by reflexivity and then introduce the left side of the disjunction.
The second argument never asks for a decision about an arbitrary formula.

The conclusion is identical. The resources used by the two arguments are different. If we
record the first argument faithfully, excluded middle appears in its record. It would be a
mistake to infer that the conclusion therefore requires excluded middle. The second argument
has already answered that question.

This chapter makes resource accounting precise. We will distinguish the principles a derivation
uses, the conditions under which its conclusion is true, and the separate work needed to prove
that a principle is unavoidable for a whole mathematical assertion. We then carry out that
work for the three additional rules themselves. With induction on every formula they generate
exactly two theories, which we name; without induction, or with induction on quantifier-free
formulas only, they mark four strengths.

6.1 A witness, a decision, and a double negation

To establish 3n P(n) constructively, one supplies a value of n together with the required
evidence for P(n). To establish ——3n P(n), one gives a contradiction from the assumption that
there is no such value. The second form does not itself display a witness. A rule that converts
it to the first is therefore a substantive addition to the permitted steps.

Similarly, deciding each individual instance P(n) does not include a specified bound on where
a successful instance might occur. Finite inspection of initial values and a decision about
the entire unbounded predicate are different tasks. This difference motivates the following
principles.

Definition 6.1 (Three named additional principles). Excluded middle, abbreviated EM, states
Pv =P for every proposition P.

The limited principle of omniscience, in the predicate form used here and abbreviated LPO,
states

[Vn (P(n) v —|P(n))] — [(Hn P(n)) v (Vn —|P(n))]. (6.1)
Markov’s principle, abbreviated MP, states

[Vn (P(n) v —|P(n))] — [—|—|3n P(n) — dn P(n)]. (6.2)
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Here n ranges over the natural numbers and P is an arbitrary predicate in the surrounding
mathematics.

EM concerns every proposition. LPO concerns a family with an individual decision for every
member and returns a global alternative. MP uses such individual decisions together with a
double-negated existence assertion to obtain existence. Stating these principles separately
lets a theorem say which one it actually uses.

There is also an object-language version of each principle. To the arithmetic rules of Chapter 5,
we may add the schemas

I'-oV-e, EM, (6.3)

I+ (Vx(p(x) vV —p(x))) LPO, (6.4)
= (@Ex(x)) v (Yx—0(x))),

[+ ——3xe(x) = Ixp(x), MP, (6.5)

where the MP rule is permitted only when ¢ is quantifier-free. These are schemas over the
finite formulas of the arithmetic language. Definition 6.1 concerns propositions and predicates
in the metatheory. The latter principles suffice to interpret the former rules; the two levels
should not be silently identified. Section 6.7 shows how far apart they are. With induction
on every formula, the MP schema permits nothing new and the LPO schema proves every
instance of the EM schema. As principles about arbitrary predicates in the metatheory, the
three keep the separate strengths they have in constructive mathematics [4].

Why does the object-language MP rule omit an explicit premise giving individual decisions?
Its restriction supplies that premise.

Lemma 6.2 (Quantifier-free formulas can be decided). If ¢ contains no quantifier, then for
every environment p,

(pE@)V-(pEo).

Proof. Induct on the formula. For equality, evaluate the two terms and compare their natural-
number values. Falsehood has the negative answer. For a conjunction, decide its two compo-
nents: both positive answers give the conjunction, and a negative answer to either refutes
it. For a disjunction, a positive answer to either supplies a side; two negative answers refute
both possible sides.

For an implication A — B, first decide B. If B holds, the implication follows. If B does not
hold, decide A. A proof of A then refutes the implication, since applying it would prove B; a
refutation of A proves the implication by eliminating the impossible antecedent. These are all
cases because the formula has no quantifier. ]

The lemma decides a fixed finite formula at a fixed environment. By itself it says nothing
about an existential formula, which has infinitely many instances. The restriction on the
MP schema is part of its mathematical statement, and replacing it by an unrestricted schema
would change the rule being studied. The restriction also has a consequence that is not visible
here. In this language an existential formula over a quantifier-free body can be decided by a
finite search, and Section 6.7 shows that the restricted rule therefore permits nothing new
once induction on every formula is allowed.
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6.2 A ledger for a finite argument

The word cost in this part of the book means a recorded logical resource. It is neither
elapsed time nor an energy quantity. The later physical chapters introduce their own physical
resources with their units and hypotheses.

Definition 6.3 (The four-entry ledger). A ledger is a tuple
O = (e, &, m;i), e, t,m,i € {false, true}.

The first three entries record use of EM, LPO and MP. The final entry records whether an
induction formula with a quantifier was used. The empty ledger has all four entries false.
Ledgers combine by taking the Boolean inclusive-or separately in each entry; write this
combination as O; U O,.

A base rule contributes no entry of its own, with one stated exception: an induction rule
contributes the final entry when its induction formula contains a quantifier. An EM, LPO
or MP rule contributes its corresponding entry. At a rule with premises, combine all their
ledgers and the rule’s own contribution.

This defines the ledger of a finite derivation by following its tree. An entry says that the
resource occurred at least once. It does not count how often it occurred. In particular, using
the same resource twice does not change its Boolean entry after the first use.

Proposition 6.4 (Resources cannot disappear in combination). A named principle present in
either input ledger is present in their combination. Moreover,

01U02:@ — Olz(Z)andOz:@,

where @ denotes the empty four-entry ledger.

Proof. Each output entry is the inclusive-or of the corresponding input entries. It is true
whenever either input is true, and false exactly when both inputs are false. Apply this
observation to all four entries. O

No rearrangement of the surrounding base rules erases an occurrence already recorded in a
premise. Removing a resource requires changing the derivation itself, for example by replacing
a branch with a proof that avoids the additional rule.

6.3 No added principle is not the same as an empty ledger

We need two descriptions. A derivation is posit-free when it uses none of the three additional
principles. Its first three entries are then false. A derivation has an empty ledger only when
its fourth entry is also false. Thus empty-ledger proofs restrict the induction formulas to the
quantifier-free tier, while posit-free proofs may use induction on quantified formulas.

In this accounting convention, the verdict “forced” tests the first three entries. It is accompanied
by the induction tier. The verdict is relative to the stated base rules and to this alphabet of
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additional principles. Reading it as “no background assumptions of any kind” would discard
the language, the base rules and the metatheory that made the argument possible.

The distinction can be seen directly in examples already available. The proofof 1+ 1 = 2
has no induction and an empty ledger. The proof of Vx(0 + x = x) uses induction, but its
induction formula is the quantifier-free equality 0 + x = x. Its ledger is also empty.

For a contrasting induction, let ¢ be Vy(y = y), independent of the induction variable x. Its
base follows by reflexivity and universal introduction. Its step is the identity implication
¢ — ¢, generalized over x. Induction gives VxVy(y = y). This derivation posts the final
entry because ¢ contains a quantifier, even though no EM, LPO or MP rule occurs. The record
describes this particular use of induction; it is not a claim that this trivial conclusion needs
that use.

6.4 The record agrees with the derivation

There are two ways to obtain the resource record. One is to carry it through each valid
inference while verifying the premises and conclusion. The other is to ignore those formulas
and simply inspect the rule labels and induction formulas in the whole tree. The latter
inspection by itself does not establish that the tree is a valid derivation. On a valid tree, the
two records agree exactly.

Theorem 6.5 (Agreement of resource accounting). For every accepted finite derivation, its
threaded ledger equals the ledger obtained by inspecting its rule occurrences. Consequently its
first three entries are false if and only if the tree contains no EM, LPO or MP rule. Its induction
entry is true if and only if it contains induction on a formula with a quantifier.

Proof. Induct on the tree. At a hypothesis, equality-reflexivity or arithmetic leaf, both records
are empty. At an additional-principle leaf, both contain exactly its named entry. A one-premise
base rule carries its premise ledger unchanged in both accounts. A two-premise rule combines
the two records by L; disjunction elimination combines its three records. The induction
hypotheses identify every premise record, so the combined records agree.

At an induction node, both accounts combine the base and step records. They then inspect
the same finite formula: if it is quantifier-free, neither adds an entry; if it has a quantifier,
both add the final entry. This covers all rules and proves equality of the two accounts.

For the consequences, an inclusive-or over finitely many occurrences is false exactly when all
its inputs are false, by repeated application of Proposition 6.4. Therefore absence of the three
posit entries is equivalent to absence of their three rule kinds. The same reasoning, with the
induction formula test, gives the characterization of the final entry. ]

The acceptance hypothesis cannot be dropped when interpreting the record as a proof’s

resources. A tree with mismatched premise formulas can have a perfectly clear list of rule
labels. That list does not repair the invalid inference.
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6.5 Soundness with the prices attached

A ledger has a semantic use as well as a syntactic one. It tells us which additional metatheoretic
principles suffice to justify a derivation.

Theorem 6.6 (Conditional soundness). Let a derivation of I - ¢ have ledger O. Assume the
metatheoretic EM principle if its EM entry is true, LPO if its LPO entry is true, and MP if its MP
entry is true. Every environment satisfying I' then satisfies ¢.

Proof. Use the derivation induction of Theorem 5.5. All base-rule cases are unchanged. The
principle assumptions required for a premise are available because a true premise entry
remains true in the conclusion ledger, by Proposition 6.4. It remains to check the three new
leaves.

At an EM leaf, apply the supplied EM principle to the proposition p F ¢. This gives precisely
the interpretation of ¢ vV —¢.

At an LPO leaf, suppose the interpreted premise says that each instance of the body is decidable.
Apply the supplied LPO principle to

P(n) defined by [n, p] k.

Its existential alternative is the interpretation of J¢; its universal negative alternative is the
interpretation of V—¢. This is the required implication.

At an MP leaf, the rule requires the body to be quantifier-free. Lemma 6.2 supplies a decision
for each instance of the same predicate P(n). The supplied MP principle then converts the
double-negated existential premise into the existential conclusion.

The induction entry requires no further principle in this semantic theorem: the surround-
ing natural-number mathematics already supplies induction on the interpreted formula, as
explicitly used in the base soundness proof. Its use inside the derivation remains recorded. [

Corollary 6.7 (Soundness without the three additional principles). For a posit-free derivation,
conditional soundness requires none of EM, LPO or MP. This holds at either recorded induction
tier.

Proof. All three principle entries are false, so none of the three conditional assumptions in
Theorem 6.6 is required. O

This establishes sufficiency, with the source of each permission visible. It does not say that
every conclusion with an EM-labelled proof is unprovable without EM. The opening example
proves the contrary. The assumptions in Theorem 6.6 can also be weakened: Corollary 6.15
shows that an MP entry requires no principle at all, and that an EM or LPO entry requires only
the metatheoretic LPO for the predicates that formulas define, which is the least assumption
under which every derivation with such an entry is sound.
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6.6 A route’s price and a theorem’s exact strength

The two proofs of (0 = 0) vV =(0 = 0) give a useful complete comparison. The EM-rule proof
has ledger

(true, false, false; false).

The reflexivity-and-disjunction proof has the empty ledger. Both have the same conclusion.
The record is exact about each tree, but the first record overstates what is necessary to prove
that conclusion.

The rule occurrence also retains more information than its Boolean entry: it specifies the
particular formula to which the principle was applied. In this case that formula is 0 = 0,
whose positive side is already provable. Forgetting the formula and retaining only the name
EM loses the reason that this occurrence can be discharged.

There is a second limitation. The named alphabet in this chapter contains three principles. It
is a useful way to report their use, but three names need not mark three strengths, and no
fixed alphabet can distinguish every intermediate principle someone might formulate. Over
the base rules with induction on every formula, the three names mark exactly two strengths
(Theorem 6.11). A conclusion’s intrinsic logical strength is a question about derivability and
reductions over a specified base, not merely about which names a chosen record can print.

To prove an exact logical cost, two directions are needed. First, derive the mathematical
assertion using the proposed principle. Second, show that the assertion itself yields that
principle over the same retained base. The second direction is a reversal. It supplies the lower
bound that inspection of one proof cannot supply.

6.7 What the three rules cost

We now apply the two-direction test to the three rules themselves. Say that a rule reduces to a
set of rules when every instance of its schema has a derivation, from no hypotheses, whose
additional rules all belong to that set. A rule that reduces to a set can be removed from any
derivation. Replace each of its leaves by the derivation of the same instance, with the leaf’s
hypotheses added to its context. A derivation stays valid when unused hypotheses are added,
each lifted wherever a quantifier rule lifts the context; an induction on the derivation proves
this, because no rule requires a hypothesis to be absent. The conclusion and the context of
the whole derivation do not change. Its ledger can change in the induction entry, since some
replacement derivations below use induction on formulas with quantifiers.

The answers depend on which induction rules the replacement derivations may use. We first
allow induction on every formula.
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The restricted Markov rule permits nothing new

The MP rule applies only to a quantifier-free body. In this language such a body cannot
describe a search whose outcome is unknown. The reason is a fact about polynomials.

Lemma 6.8 (Quantifier-free formulas are eventually constant). Let ¢ be quantifier-free and let
p be an environment. There is a number B, computed from p by evaluating terms, such that

[n,plee < [B,plE@  foreveryn> B.

Proof. Fix p. Each term t has the value

p(n) = ¢y + e+ - + g

under [n, p], for natural-number coefficients ¢; that do not depend on n. Induct on t: the
variable x; gives the polynomial n; another variable and 0 give constants; S adds one to c;
sums and products of such polynomials are again such polynomials. Each coefficient is the
value of a term in the other variables, built by the same recursion.

Let B be one more than the sum of all coefficients of both sides of every equation in ¢. If every
coeflicient is 0, every equation holds at every n and there is nothing to prove. Otherwise
B > 2. For n > Bevery coefficient is less than n, so ¢y + ¢jn + -+ + ¢ is the base-n expansion
with digits cg, ..., c. Base-n expansions are unique. Hence an equation ¢ = s holds at such an
n exactly when t and s have the same coeflicients, after the shorter list is padded with zeros.
That condition does not mention n. Each equation in ¢ therefore has one truth value for all
n > B, and so does every combination of equations by A, Vv, = and L. ]

Take, for example, ¢(x) to be x + x = y, with x the searched variable and y a parameter. The
left side has coefficients (0, 2) and the right side has (y), so B=y + 3. Whenn > y + 3 the
digit lists (0, 2) and (y, 0) differ, and the equation fails. Whether some n satisfies it is settled
by checkingn =0,1,...,y + 3.

Theorem 6.9 (The restricted Markov rule costs nothing). Let ¢ be quantifier-free, let p be an
environment, and let B be the bound of Lemma 6.8.

1. p £ 3¢ holds exactly when [n, p] £ ¢ for somen < B. It is therefore decided by finitely many
applications of Lemma 6.2.

2. Consequently p ¥ =3¢ — ¢ holds with none of EM, LPO or MP in the metatheory.

3. Every instance of the MP schema has a derivation from the base rules, with induction on
every formula permitted, and with no EM, LPO or MP rule. The derivation constructed below
uses induction on formulas that contain quantifiers.

Proof. For the first assertion, a witness n > B can be replaced by B, by the lemma; then
examine n = 0, 1,..., B, deciding each instance by Lemma 6.2. For the second, run that search.
If it finds an instance, the existential holds. If it finds none, the first assertion gives —3¢p, which
contradicts the double-negated premise, and the impossible case gives the conclusion.
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The third assertion carries out the same argument inside the language; we give its outline.
Write x < m for 3z(x + S(z) = m), and let T be the term whose value is B. The derivation
proves, by inductions, that every term equals its polynomial form in xq; that two polynomial
forms whose coefficients lie below the base are equal exactly when their coeflicients are;
that o(T + z) and ¢(T) are equivalent for every z; and that for every bound m, either some x
satisfies ¢ or no x < m does. The last of these is an induction on a formula with quantifiers.
Apply it at m = T. In the second case decide ¢(T). If it holds, Tis a witness. If it fails, it fails at
every T + z, and every x is either below T or of the form T + z, a fact also proved by induction.
Together these give (Ix¢(x)) vV (Vx—¢(x)). The second alternative contradicts the premise
——3x¢(x), so the MP instance follows. H

The theorem explains why, once induction on every formula is allowed, the restriction leaves
nothing for Markov’s principle to do in this language. Markov’s principle concerns a search
that is decidable at each step but whose stopping point is unknown, such as the search for the
step at which a computation halts. A quantifier-free body comes with a bound, computed
from its parameters, beyond which nothing changes, so its search is bounded in advance. No
quantifier-free formula 6(e, n) can therefore say that n codes a halting computation of the
program with code e on input e: a search up to the bound would then decide whether that
program halts, and no program decides that [8]. Programs and their numerical codes are
treated in Chapter 10. Describing a computation with only 0, S, + and - requires quantifiers.
For the same reason, a version of LPO restricted to quantifier-free bodies would decide nothing
new in the interpretation: its conclusion is settled by the same finite search. The principle
of Definition 6.1, which applies to every decidable predicate of the metatheory, is a different
matter.

The LPO rule proves excluded middle

The LPO rule has no such restriction. Its premise asks for a decision of every instance, and
the rule itself supplies decisions for quantified formulas, one quantifier at a time.

Theorem 6.10 (The LPO and EM rules prove the same formulas). Permit induction on every
formula. For every formula ¢ and every context T, the judgmentT +~ ¢ V —¢ has a derivation
from the base rules and the LPO rule, with no EM or MP rule. Conversely, every instance of the
LPO schema has a derivation from the base rules and the EM rule, with no induction.

Proof. Start with equality. Induction on x, with the induction formula Vy(x = y v =(x = y)),
proves

FVxVy(x =y Vv -(x =y)). (6.6)

The base and the step each split into cases according to whether yis 0 or a successor. An
induction on y with a quantifier-free formula performs that split, since its step does not use
its own hypothesis. In the base, 0 = 0 holds by reflexivity and —(0 = S(y)) by separation. In
the step, =(S(x) = 0) holds by separation; for S(x) and S(y), the hypothesis decides x = y, and
its two answers give S(x) = S(y) by substitution and —(S(x) = S(y)) by injectivity.

Now prove I' - ¢ v —¢ for every formula ¢ and every context I' together, by induction on ¢.
Allowing every context matters, because the quantifier cases pass to a lifted context.

47



The § Foundation Jonathan Washburn

Equations are instances of (6.6). Falsehood takes the right alternative, L — L. For a conjunction,
disjunction or implication, apply disjunction elimination to the decisions of its two components
and argue by cases, exactly as in the proof of Lemma 6.2.

An existential formula 3. The induction hypothesis in the lifted context, followed by universal
introduction, gives Vx (¢ V —/). This is the premise of the LPO rule at ¢, which returns
(3xy) v (Vx—1). In the second case existential elimination turns Vx -y into —3x .

A universal formula V. From Vx (i V =) obtain Vx (= vV =—), since { gives =—1/. The LPO
rule at =/ returns (IAx ) v (Vx——)). A witness of -/ refutes Vx /. In the other case decide ¢/
at an arbitrary x: the negative answer contradicts ==/, so ¥ holds, and universal introduction
gives Vx.

Only the LPO rule introduces a principle in these derivations. For the converse, the EM rule at
Jx ¢ gives (Ix ) V ~Ix ¢, and ~Ix ¢ gives Vx—¢: assume ¢ at a fresh x, introduce the existential,
and reach a contradiction. The premise of the LPO instance is not even used. [

The only inductions in these derivations are those in the proof of (6.6), and they serve only the
equations. The MP rule can do that job instead. For an equation t = s,let fbet = sV ~(t = s),
placed under a quantifier whose variable does not occur in it. The formula -—~fhas a derivation
with no added rule: from = we obtain —(¢ = s), hence f, a contradiction. So =—3x fis derivable,
and the MP rule at the quantifier-free f returns 3x f, hence . Thus excluded middle also
follows from the LPO and MP rules together, with no induction at all.

Two strengths, or four

Theorem 6.11 (The price of each rule when induction is unrestricted). Allow induction on
every formula. Then:

1. MP reduces to the empty set of rules;
2. EM reduces to LPO, and LPO reduces to EM;

3. neither LPO nor EM reduces to MP, and in particular neither reduces to the empty set.

Give MP level 0 and LPO and EM level 1, and give a set of rules the largest level of its members,
or 0 if it is empty. A rule reduces to a set exactly when its level is at most the level of the set.

Proof. The first two assertions are Theorems 6.9 and 6.10. For the third it suffices to treat
LPO: if EM reduced to MP, so would LPO, since LPO reduces to EM. We sketch the argument,
which uses Kleene’s realizability interpretation [4].

A realizer of a formula is a number coding a program that carries computational evidence for
it. Any number realizes a true equation, and nothing realizes a false equation or L. A realizer
of 3x 1 supplies a witness and a realizer of the instance; a realizer of v y says which side
holds and realizes that side; realizers of ¥ — y and Vx1i are programs that convert realizers of
¥, or numbers, into realizers of y, or of the instances. Every base rule preserves realizability,
so every derivation from the base rules is realized by a program read off from the derivation.
So is every MP instance: given a realizer of -—3x¢, search n = 0, 1, 2, ... for an n satisfying the
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quantifier-free ¢; the double negation guarantees, in the classical metatheory used for this
argument, that the search stops.

Now let 6(e, n) say that n codes a halting computation of the program with code e on input
e. As we saw after Theorem 6.9, § must contain quantifiers. The LPO instance at 6, closed
over e, has a realizable premise: 6 can be written so that checking a proposed computation
record, and producing a realizer of each true instance, is a finite computation. A realizer of the
instance would therefore compute, from e, which alternative holds, that is, whether program
e halts on input e. No program does that [8]. So no derivation from the base rules and MP
proves this instance.

For the final statement, check each set of rules against each rule using these facts, together
with the observation that a rule reduces to any set that contains it. O

In constructive mathematics the principles of Definition 6.1 form a chain of strictly increasing
strength, MP below LPO below EM [4]. For the rules over this language, with induction on
every formula, the chain collapses in two places: MP costs nothing, and LPO costs as much as
EM. The theorem also leaves no freedom in assigning prices. Suppose each rule receives a
degree in an ordered system with a least element and joins, so that a rule reducing to a set
never has a degree above the join of the set’s degrees, the empty set having the least element
as its join. Then MP must receive the least degree and LPO must receive the degree of EM.
The two-level chart is the finest such assignment: every other one is obtained from it by
exactly one map that preserves the least element, joins and the degrees of the rules.

Remark 6.12 (Heyting arithmetic and Peano arithmetic). The two strengths have standard
names, and both identifications are proved against presentations written with no ledger. The
base rules of Chapter 5, with induction for every formula, have the language, the successor,
addition and multiplication laws and the induction of Heyting arithmetic, the intuitionistic
first-order theory of 0, S, + and - [4], and we use that name for the posit-free derivations.
Chapter 8 shows that they are exactly the translations of derivations in the usual presentation
of Heyting arithmetic, up to the way the injectivity of the successor is written (Corollary 8.12).
In particular, from every finite context, the posit-free derivations prove exactly what Heyting
arithmetic proves. With the EM rule added they correspond to Peano arithmetic, the classical
theory. Theorem 8.11 in Chapter 8 proves this second identification: from every finite context,
the derivations whose LPO and MP entries are false prove exactly what Peano arithmetic
proves. Together with Theorem 6.11 this covers every combination of the three rules, with
induction on every formula permitted. If MP may be used but neither EM nor LPO, removing
the MP leaves of a derivation gives a posit-free derivation of the same judgment, so the
derivable judgments are those of Heyting arithmetic. If EM or LPO may be used, removing the
MP leaves and exchanging LPO leaves for EM derivations, or EM leaves for LPO derivations
when only LPO is permitted, shows that the derivable judgments are exactly those of Peano
arithmetic. The two theories differ, by the third assertion of Theorem 6.11.

Without any induction rule, the picture changes.

Proposition 6.13 (The price of each rule without induction). Consider only derivations that
contain no induction rule. Then EM reduces to LPO and MP together, and each of LPO and MP
reduces to EM. LPO does not reduce to MP, MP does not reduce to LPO, and EM reduces to neither
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of them alone. The three rules therefore mark four strengths: no rule; MP; LPO; and EM, which is
equivalent to LPO and MP together.

Proof sketch. The positive reductions are derivations already given. EM yields each LPO
instance by the converse half of Theorem 6.10, and each MP instance by deciding 3x¢. LPO
and MP together yield EM by the remark after Theorem 6.10. None of these derivations uses
induction. The realizability argument above shows that LPO does not reduce to MP, and
hence that EM does not.

The remaining separations use a model with two stages, and the argument uses a classical
metatheory. The later stage is IN. The earlier stage has the numbers 0, 1, 2,... and a primed
copy 0’,1’,2’, ...; erasing the prime maps it onto IN. The successor of n” is (n + 1)’. A sum
or product is computed from the erased values and carries a prime when either argument
does, except that x - 0 = 0. These operations satisfy the six arithmetic rules, and erasing
primes preserves 0, S, + and -. A formula holds at the earlier stage in the usual way, except
that an implication or a universal statement must also hold after the passage to IN. Every
induction-free derivation with no EM or MP rule holds at the earlier stage; the LPO rule holds
there because every number in IN is the image of an element. But 0’ = 0 v =(0” = 0) fails
there. The elements 0’ and 0 differ at the earlier stage, yet (0’ = 0) does not hold, because
the two become equal when the prime is erased. So Vx(x = 0 vV =(x = 0)), a universal closure
of an EM instance, has no induction-free derivation using only LPO. The MP instance that the
remark after Theorem 6.10 uses to decide x = 0 fails at the earlier stage too, at x = 0", so MP
does not reduce to LPO. ]

Theorem 6.11 and Proposition 6.13 do not conflict: they concern different sets of permitted
derivations. Induction on quantified formulas decides equality, the job that MP did in the
remark after Theorem 6.10, and it derives every MP instance. Once MP costs nothing, the
reduction of EM to LPO and MP becomes a reduction of EM to LPO, and the four strengths
collapse to two. This is why the ledger records induction in an entry of its own: the price of a
principle can depend on the induction available.

The empty ledger permits induction on quantifier-free formulas only. That much induction
decides x = 0, by splitting into the zero and successor cases, but it does not decide equality in
general, and the four strengths persist.

Proposition 6.14 (The price of each rule with quantifier-free induction). Consider only
derivations whose induction formulas are all quantifier-free, that is, derivations whose ledger has
a false induction entry. Then the reductions are exactly those of Proposition 6.13: EM reduces to
LPO and MP together, each of LPO and MP reduces to EM, LPO does not reduce to MP, MP does
not reduce to LPO, and EM reduces to neither of them alone. Two explicit formulas witness the
separations from LPO: the MP instance

—Ix(x+y=2z)—> Ix(x+y=2)

has no derivation whose ledger has false EM, MP and induction entries, even with LPO permitted,
and therefore none with an empty ledger; nor has VxVy(x = y v ~(x = y)).

Proof sketch. The positive reductions are those of Proposition 6.13, whose derivations use no
induction at all. The realizability argument in the proof of Theorem 6.11 applies to every
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derivation from the base rules and MP, whatever its inductions, so LPO does not reduce to
MP, and hence neither does EM. It remains to show that neither MP nor EM reduces to LPO.
The two-stage model of Proposition 6.13 no longer serves, because quantifier-free induction
proves Vx(x = 0 V —(x = 0)). We use another model with two stages, again with a classical
metatheory.

The later stage P consists of the polynomials in ¢ with integer coefficients and nonnegative
leading coefficient, with 0, x = x + 1, sum and product of polynomials. A nonzero element of
Phas a positive leading coefficient, so leading terms never cancel: a sum has the larger degree
of its summands, a product of nonzero elements the sum of their degrees, and Pis closed under
the operations. Its elements of degree 0 are the natural numbers, and subtracting 1 from an
element of positive degree leaves an element of P. The six arithmetic rules hold: x + 1 = 0 has
no solution in P, adding 1 is injective, and the recursive equations are identities of polynomials.
Quantifier-free induction holds as well. Fix the other variables of a quantifier-free formula
¢(x). Each of its equations, read as an identity in x, either holds for every x or fails for all but
finitely many, because a nonzero polynomial whose coefficients are integer polynomials has
only finitely many roots. So ¢ takes one truth value at all but finitely many elements. If ¢(0)
holds and each ¢(x) gives ¢(x + 1), then ¢ holds at every natural number, so that value is true.
An element x of positive degree is reached by k steps from x — k, which lies in P and, for k
large, outside the finite exceptional set; hence ¢(x) holds too.

The earlier stage consists of the pairs (u, v) of elements of P that are equal or both of positive
degree, with the operations taken in each coordinate. Degrees never drop under sums, or
under products with a nonzero factor, and a zero factor gives (0, 0), so these pairs are closed
under the operations. The passage to the later stage keeps the first coordinate. It preserves
0, the successor, sums and products, and it is onto. Formulas hold at the earlier stage as in
Proposition 6.13: an implication or a universal statement must also hold after the passage.
The six rules hold there, and the LPO rule holds because the passage is onto. Quantifier-free
induction holds by the argument just given. Along the elements (u — k, v — k), as along the
natural numbers (n, n), each equation of the formula is eventually true exactly when its two
sides agree as polynomials in the induction variable in each coordinate, and after the passage
exactly when they agree in the first. So the formula eventually takes the same value along
both sequences; that value is true, and k steps carry it up to (u, v). Hence every derivation
whose ledger has false EM, MP and induction entries holds at the earlier stage.

Take y = (t,t*) and z = (t2,1). At the later stage x = t*> —t satisfies x +¢ = t2, s0 =3x (x +y = 2)
fails at both stages, and its negation holds at the earlier one. But no earlier pair (a, b) satisfies
(a,b) + (¢,t%) = (t,1), because b = t —t* has a negative leading coefficient. So the MP instance
fails at the earlier stage. Likewise x = y V —(x = y) fails there at x = (t,t) and y = (t,1?): the
two pairs differ, so x = y does not hold, and they become equal after the passage, so =(x = y)
does not hold either. O

The collapse to two strengths therefore needs induction on quantified formulas, the resource
that the fourth entry of the ledger records.
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What soundness needs

These theorems sharpen Theorem 6.6. That theorem assumes the metatheoretic MP for an MP
entry and the metatheoretic EM for an EM entry. Neither assumption is needed in that form.

Corollary 6.15 (The metatheoretic price of the three rules). Let a derivation of T - ¢ have
ledger O. If the EM or the LPO entry of O is true, assume the metatheoretic LPO of Definition 6.1
for the predicates n — ([n, p] £ ¥), one for each formulay and environment p; otherwise assume
nothing. Every environment satisfying I' then satisfies ¢. This assumption is the least possible.
If every derivation whose additional rules are all LPO rules is sound, or every derivation whose
additional rules are all EM rules is sound, then LPO holds for these predicates; and for them it is
equivalent to excluded middle for the propositions p k .

Proof. Follow the proof of Theorem 6.6. The base cases and the LPO leaves are unchanged,
and only the EM and MP leaves need new arguments. At an MP leaf, the second assertion
of Theorem 6.9 gives the interpreted instance with no principle. At an EM leaf we need
(p E @)V —(p E ). The metatheoretic LPO supplies this for every formula, by the argument of
Theorem 6.10 read in the metatheory, by induction on the formula and for every environment
at once. Equations are decided by comparing values, and the connectives preserve decisions.
For 3y, apply LPO to the predicate [n, p] k 1, which the induction hypothesis decides at every
n. For Vi, apply it to [n, p] £ =1/, and use the decision of each instance to pass from Vn—-—y
to Vny. Only predicates of the stated form occur, so LPO for them suffices, and the same
argument shows that it gives excluded middle for every proposition p F .

For the converse, the LPO instance at i is a derivation from no hypotheses whose only
additional rule is LPO. Its soundness at p is exactly LPO for the predicate [n, p] £ . The EM
instance at ¢ gives, in the same way, (p k /) V —(p F ); applied to 3¢, this excluded middle
decides whether some n satisfies [n, p] F ¢ or none does, which is LPO for that predicate. []

For the formulas of this language, then, interpreting a derivation never needs excluded middle
for arbitrary propositions. What the derivations with an EM or LPO entry need, taken together,
is exactly LPO for the predicates that formulas define, which is the same as excluded middle
for the propositions that formulas express. Excluded middle for arbitrary propositions is not
implied by LPO [4]; formulas of the arithmetic language are not arbitrary propositions.

The next chapter carries the two-direction test to a concrete structural question: which identi-
fications can a reader of repeated records make? Supplying an explicit identified pair, asserting
only that some pair must exist, supplying only a decision procedure and asking for a yes-or-no
answer, the full alternative or the parity of the index, and asking for a classification with no
decision procedure lead to different theorem statements, and their costs are proved in both di-
rections. Those costs are stated with metatheoretic principles: those of Definition 6.1, applied
to arbitrary decidable predicates, and the weaker omniscience principles of Definition 7.8. At
that level Markov’s principle is an assumption that the classification genuinely needs: the
classification implies it, and a model in Section 7.10 shows that intuitionistic second-order
arithmetic proves neither. The restricted arithmetic rule of this chapter, by contrast, costs
nothing once induction on every formula is allowed. The same section shows that no two of
the principles priced in the next chapter are equivalent.
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Questions to work through

1.

Write the two derivations of (0 = 0) v (0 = 0) and annotate each node with its ledger.
What does their comparison establish, and what would examining only the EM proof
fail to establish?

Reproduce the implication case of Lemma 6.2. Explain why deciding its finite compo-
nents does not decide an arbitrary existential formula.

Why does the quantified-induction example have a nonempty ledger while remaining
posit-free? Identify the tested formula rather than looking only at the conclusion.

In the proof of conditional soundness, identify the use of the MP rule’s quantifier-free
restriction. What premise of the metatheoretic principle does it supply?

. For ¢(x) given by x - x = y + y, find the coefficient lists and the bound B of Lemma 6.8.

Carry out the search for y = 8. Why does the lemma fail for the formula 3z (x = z + 2),
which contains a quantifier?

Derive an instance of the LPO schema from the EM rule. Where is existential introduc-
tion used, and what is the ledger of the result?

. Locate the inductions in the proof of Theorem 6.10. Show how one MP instance, at a

formula under a quantifier whose variable does not occur in it, replaces them for the
equation x = 0. What is the ledger of the result?

Explain why Theorem 6.11 and Proposition 6.13 are consistent. What does induction on
quantified formulas supply that separates them, and why does Proposition 6.14 show
that induction on quantifier-free formulas does not supply it?
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Chapter 7
What can recognize the same record?

A tally distinguishes successive counts. A reader of a tally may retain less. Two different
counts can receive the same reading. If the reader also respects addition, that loss of distinction
cannot occur arbitrarily: an identification must remain valid after the same further count is

added to both sides.

This requirement is strong enough to classify every possible pattern of identification. The
answer has a simple shape. Either every count remains distinct, or an initial segment is
followed by a repeating part. The mathematical content lies in proving that no other shape is
possible.

There is also a logical question. What information have we been given about the reader, and
what do we ask the classification to return? An actual pair of identified counts provides more
than the assertion that the reader cannot distinguish everything. A way to decide each pair
provides more than an arbitrary relation. Asking only whether the reader is faithful asks for
less than its index and period. Keeping these differences visible leads to six precise versions of
the classification. One needs no additional principle, and each of the other five is equivalent to
exactly one named logical principle. The six principles, counting the empty one, are pairwise
different over intuitionistic second-order arithmetic (Section 7.10), so no version sits at two of
them.

We use natural-number coordinates for the orbit in this chapter. The round-trip maps of
Chapter 1 preserve addition, so the results describe the same constructed arithmetic. No new
carrier is being substituted for it.

7.1 Identifications that respect addition

Definition 7.1 (An additive congruence). A relation x ~ y on the natural numbers is an
additive congruence if it is reflexive, symmetric and transitive, and satisfies

w~xandy~z = w+y~x+z

In particular, x ~ yimplies x + ¢ ~ y + t for every ¢.

The final implication follows by combining x ~ y with ¢t ~ t. Its direction matters. A
congruence permits us to add the same count to both sides. It need not permit cancellation. A
reader can lose distinctions as the count advances. Section 7.8 identifies the congruences that
do permit cancellation: they are exactly the ones that survive the passage to signed records.

For an addition-preserving reading r, define

x~y <= rx)=r(y).
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Equality of readings is an equivalence relation. Moreover, r(w + y) = r(w) + r(y), so equal
readings remain equal under addition. Thus the relation is an additive congruence. It is often
called the kernel of the reading: it records exactly which inputs the reading identifies.

Definition 7.2 (The index—period relation). Let i be a natural number and let p > 0. Define
X~ipy < x=yor(i<x i<y, xmod p=ymod p). (7.1)

The number i is the index; p is the period.

Before i, a count is identified only with itself. From i onward, counts with the same remainder
modulo p are identified. For example, the definition gives the repeating chain

i ~ip i+ p ~ip i+ 2p ~ip e

The displayed continuation describes repetitions of the same finite rule. It does not require a
completed physical record of all those counts.

Proposition 7.3 (The family is well defined). For each i and p > 0, relation (7.1) is an additive
congruence. Furthermore,

n~jpntp < i<n (7.2)

Proof. Reflexivity uses the equality alternative. Symmetry follows by reversing equality or
equality of remainders. For transitivity, an equality alternative lets us replace one endpoint
directly. If both relations use the second alternative, all necessary endpoints lie at or beyond i,
and equality of remainders is transitive.

For addition, if both input relations are equalities, their sums are equal. If at least one uses
the second alternative, both corresponding sums are at least i. Equality of remainders of the
inputs gives equality of remainders of their sums, since the remainder of a sum is determined
by the remainders of its summands. This proves compatibility with addition.

Finally n and n + p are distinct because p > 0, and they have the same remainder modulo p.
Their relation therefore holds exactly when n is at least i. []

7.2 How a period reaches an earlier collision

The difficult part of classification is to rule out irregular behaviour. We cannot simply cancel
a large common addition in a congruence. Instead, we use an existing repetition to bring two
chains together.

Say that a positive number d is a period at x when x ~ x + d. Addition compatibility and
transitivity immediately give

x ~x+kd (k € N).
The same period also holds at every later point: add n — x to the relation when n > x.

Lemma 7.4 (Moving a period back to a collision). Supposed > 0, p > 0, x ~ x +d, and
y~y+pwithy >x. Thenx ~ x + p.
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Proof. Choose a natural number k with M = x+kd > y. One explicit choice isk = [(y—x)/d]+1.
Repeating the first relation gives x ~ M. Translating the second relation from yto M gives
M ~ M + p. Translating x ~ M by p gives x + p ~ M + p. Symmetry and transitivity now
combine the three relations:

X~M~M+p~x+p.

No cancellation of a congruence was used. [

Lemma 7.5 (A least period controls every collision). Suppose p > 0,a ~ a+ p, and p is the
least positive period at a. Every positive period at any point is a multiple of p. Also, if x < y and
X ~ y, thenx ~ x + p.

Proof. Let e > 0 be a period at some x. Translate that period to a + x, which lies at or beyond
a. Apply Lemma 7.4, using the existing period p at a. The resultisa ~ a +e.

Divide e by p: write e = gp + r with 0 < r < p. Repeating the p-period gives a ~ a + qp. After
adding r, this becomes a +r ~ a + e. Together with a ~ a + e, it givesa ~ a+r. If r > 0, this
contradicts minimality of p. Therefore r = 0, so p divides e.

For the final assertion, y — x > 0 is a period at x. Translate the p-period from a to a + x, and
apply Lemma 7.4 with the existing positive period y — x at x. It yields x ~ x + p. O]

These two lemmas explain why an apparently local collision determines the shape of every
later one. Their hypotheses contain the periods they use; neither proof searches for a period
without evidence that one exists.

7.3 The constructive classification

Theorem 7.6 (The classification with an explicit collision). Let ~ be an additive congruence.
Suppose we have a decision procedure for each assertion x ~ y, and are given a ~ b witha + b.
Then there are unique natural numbersi and p > 0 such that ~ is exactly ~; p,.

The information in the hypothesis is concrete. The procedure decides individual pairs, and
the supplied pair shows that at least one identification occurs. We will use two finite searches
whose endpoints are supplied by that pair.

Construction and classification. Reverse a and b if necessary so that a < b. Search the integers
1,...,b — afor the least p such that a ~ a + p. Every test is decidable, and the last candidate
succeeds because a + (b — a) = b. Thus p exists, is positive and is the least positive period at a.

Next search 0, ...,a for the least i such thati ~ i + p. Again every test is decidable, and a
succeeds. This i is also the least index among all natural numbers with that property: any
smaller index would have occurred in the same search.

We prove equality of the two relations. Suppose first that x ~ y. If x = y, the equality
alternative of (7.1) applies. If they differ, arrange x < y by symmetry. Lemma 7.5 gives
X ~ x + p, so minimality of i gives i < x < y. The positive gap y — x is a period at x, hence a
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multiple of p. Consequently x and yhave the same remainder modulo p. This is the second
alternative of (7.1).

Conversely, equality is always a congruence relation. For the second alternative, arrange
x < y. Equal remainders mean y — x = kp for some natural number k. The relationi ~ i+ p
translates to a p-period at xbecause i < x. Repeating it k times gives x ~ x+kp = y. Symmetry
handles the opposite ordering. Thus the relations agree at every pair. [

Uniqueness. Suppose the same relation has two descriptions, with parameters (i, p) and (i’, p”).
The relation i ~ i+ p, read in the second description, implies that p’ divides p: its two unequal
endpoints have equal remainders modulo p’. Reversing the descriptions shows that p divides
p’. Positivity gives p = p’.

With the period fixed, equation (7.2) identifies the index. Since i’ ~ i’ + p, the first description
gives i < i’. The second description similarly gives i’ <i. Hencei =1i’. [

The classification proof separates the search from the structural argument. Once a least
positive period at a and the least index for that period are supplied, Lemma 7.5 and the two
relation inclusions establish the answer. The decision procedure is used to find those values
from the explicit collision.

7.4 What changes when the collision is not supplied
Now replace the displayed collision by a negative statement:

S[Vx,y(x ~y = x=1y)|. (7.3)

This says that the congruence is not equality. Constructively, it does not yet hand us a pair to
start the two searches.

From here on, decidable means that a procedure giving a positive or negative decision is
supplied. We use Markov’s principle in the corresponding form: for a predicate with such
pointwise decisions, =—3n P(n) implies 3n P(n). This makes explicit the decision data behind
the instance decisions discussed in Chapter 6.

This is the principle of Definition 6.1, applied to an arbitrary decidable predicate. It is not
the arithmetic MP rule of Chapter 6. That rule applies only to quantifier-free formulas of the
arithmetic language, and Theorem 6.9 shows that each of its instances is settled by a bounded
search and, with induction on every formula permitted, is derivable from the base rules. A
decidable predicate here is any predicate that comes with decisions, and at this level Markov’s
principle is genuinely needed. The reversal below shows that the classification implies it,
and Section 7.10 gives a model of intuitionistic second-order arithmetic in which Markov’s
principle fails and the classification of the next theorem fails with it. That system therefore
proves neither.

Theorem 7.7 (The classification from negative nontriviality). The following assertion is
equivalent to Markov’s principle, over the constructive mathematics retained here:

For every decidable additive congruence satisfying (7.3), there existi and p > 0 for which the
congruence is ~; p.
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Markov’s principle suffices. Let B(k) assert that there are distinct related x,y < k. This is a
finite search, so the given pairwise decisions decide B(k). There cannot be no such k. Indeed,
if none existed, any related pair x, y would have to be equal: if it were unequal, it would appear
below k = x + y + 1. This would contradict (7.3). We have therefore established ——3k B(k).

Markov’s principle gives a successful k, and hence an explicit distinct related pair. Theorem 7.6
applies. []

The converse is more informative. It shows how an arbitrary search question can be stored
inside a congruence. Any procedure or principle that grants the stated classification must
then be able to answer that question in the required sense.

The classification implies Markov’s principle. Let 8(n) be any decidable predicate, and assume
——3n6(n). Define

Xx~py < x=yordk <min(x,y) k). (7.4)

This relation is decidable by bounded search. It is reflexive and symmetric. For transitivity,
equality alternatives are immediate. If x ~y yand y ~g z are both witnessed by successful
indices, compare x and z. If x < z, the first witness lies below both x and z; if z < x, the
second does. Thus x ~p z. For addition compatibility, a successful witness below a related
pair remains below the corresponding pair of sums. If both relations are equalities, the sums
are equal. So this is an additive congruence.

It cannot be equality. If it were, any successful n would give n ~y n+1 and hence the impossible
equation n = n + 1. That would refute 3n6(n), contradicting its double negation.

Apply the asserted classification to obtain i, p with p > 0. The period relation givesi ~g i+p. Its
equality alternative is impossible. Its other alternative supplies a k with (k). We have obtained
JkO(k) from its double negation, for an arbitrary decidable predicate. That is Markov’s
principle. O]

The theorem concerns the assertion for every congruence of the specified kind. It does not say
that each particular classification needs MP. When an explicit collision is already available,
the constructive proof applies directly.

7.5 What a decision procedure alone can buy

Keep the pairwise decision procedure, but supply neither a collision nor the assertion that
the congruence is not equality. What may we then ask of the classification? Three questions
are natural. Is the congruence equality? Which of the two alternatives holds: equality, or an
index—period description? And, more modestly, if there is a description, is its index odd or
even?

Each question has its own exact price. The prices are principles about binary sequences, and
no two of them are equivalent over intuitionistic second-order arithmetic (Section 7.10). We
state them here; Chapter 12 meets them again on the continuum.
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Definition 7.8 (Omniscience principles for binary sequences). Let « : N — {0,1} be a
binary sequence; its value at each specified index is decidable. The weak limited principle of
omniscience, WLPO, states that every binary sequence satisfies

(Vn, a(n) =0) or —(Vn, a(n) =0).
The limited principle of omniscience, LPO, states that every binary sequence satisfies
(Vn, a(n) =0) or (3n, a(n) =1).

The lesser limited principle of omniscience, LLPO, concerns sequences with at most one value
equal to 1. For each such sequence it states

(Vk, a(2k) =0) or (Vk, a(2k+1)=0).
The binary form of Markov’s principle states, for every binary sequence,

MPpy, : —(Vn,a(n) =0) = In,a(n) = 1.

A decision procedure for a predicate on the natural numbers is the same information as the
binary sequence of its answers. So the binary LPO is the predicate form of Definition 6.1
for predicates that come with decisions, and MPy;, is equivalent to the form of Markov’s
principle used in Theorem 7.7, since =(Vn, a(n) = 0) and =—3n, a(n) = 1 imply each other.
WLPO decides whether the all-zero assertion holds, without producing an index. LLPO, given
at most one event, names a parity class free of events; it need not say whether an event occurs
in the other class.

For a decidable congruence ~, all three questions can be put to one sequence. Let
p-(k)=1 <« therearex,y<kwithx # yand x ~ y. (7.5)

Each value is a finite search, decided by the supplied procedure. The sequence is all zero
exactly when ~ is equality. A related pair x # y makes f_(x + y + 1) = 1. Conversely, if
the sequence is all zero and x ~ y, decide whether x = y; the answer x # y would make
f-(x+y+1)=1,s0x =y. Only the decidability of equality between two counts is used.

In the other direction we reuse the congruence ~g of (7.4), whose construction did not use the
double-negation hypothesis. Given a binary sequence ¢, take 8(n) to be a(n) = 1. Then ~y is
a decidable additive congruence, and

~p isequality < Vn, a(n)=0. (7.6)
An event at n relates n and n + 1. Without events, only the equality alternative of (7.4) remains.

Theorem 7.9 (Three questions with a decision procedure). Over the retained constructive base:

1. The assertion that every decidable additive congruence is equality or is not equality is
equivalent to WLPO.

2. The assertion that every decidable additive congruence is equality or equals some ~; , with
p > 0 is equivalent to LPO.
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3. The assertion that, for every decidable additive congruence, either every index—period
description of it has odd index or every such description has even index, is equivalent to
LLPO.

Moreover, with no added principle, the assertion in (2) is equivalent to the conjunction of the
assertion in (1) with the assertion of Theorem 7.7.

Equality has no index—period description, so both alternatives in (3) hold for it vacuously. The
uniqueness argument of Theorem 7.6 uses neither the decision procedure nor the collision, so
a congruence has at most one description, and (3) asks for one parity bit and nothing more.

The equality test is WLPO. Assume WLPO and apply it to f_. If the sequence is all zero, ~
is equality. If it is not all zero, ~ cannot be equality, since equality would make it all zero.
Conversely, given a binary sequence a, apply the assertion to ~y. By (7.6) its two alternatives
are exactly the two alternatives of WLPO for «. [

The full alternative is LPO. Assume LPO and apply it to .. If the sequence is all zero, ~ is
equality. Otherwise LPO supplies k with f_(k) = 1. The bounded search at k now produces
an explicit pair x # y with x ~ y, and Theorem 7.6 gives the description.

Conversely, apply the assertion to ~y. The equality alternative gives Vn, a(n) = 0 by (7.6). In
the other alternative, i ~y i + p with p > 0. These counts are unequal, so the definition of ~y
supplies k < i with a(k) = 1. Either way we have the conclusion of LPO.

For the final assertion, the equality test in (1) leaves two cases. The positive case is the first
alternative of (2). In the negative case the congruence satisfies (7.3), and the assertion of
Theorem 7.7 gives a description. Conversely, (2) gives (1) at once, because an index—period
congruence is not equality. It also gives the assertion of Theorem 7.7, because for a congruence
that is not equality its equality alternative is excluded. [

The last part is the catalogue’s copy of Proposition 12.9: deciding the alternative is deciding
whether there is anything to find, followed by finding it.

The parity of the index is LLPO. The forward direction needs a sequence with at most one
event that records the parity. Call a pair x < ythe first collision of ~ when x ~ y, no related
pair x” < y" has y’ < y, and no x” < x satisfies x” ~ y. Two first collisions must agree: each
would otherwise violate a leastness condition of the other. Whether a given pair is the first
collision is a finite check. For b € {0, 1} define

y@2y+b)=1 < some x < ywith x mod 2 = b forms the first collision (x, y).

Each value is decided by finite search, and uniqueness of the first collision gives at most one
event.

Suppose ~ equals ~; . A related pair x < y satisfies i < xand x + p < y, because the gap
y — x is then a positive multiple of p. Hence the first collision is (i,i + p), and y has its event
at 2(i + p) + (i mod 2). Now apply LLPO to y. If every even entry is zero, no description has
even index, so every description has odd index. If every odd entry is zero, every description
has even index.
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Conversely, let @ have at most one event. If (k) = 1, the congruence ~g identifies two counts
exactly when they are equal or both at least k; that is ~ ;. Apply the assertion to ~4. In
its first alternative, an event at an even place 2j would give the description ~y;; with even
index; so a(2j) # 1, and since « is binary, a(2j) = 0 for every j. The second alternative gives
a(2j + 1) = 0 for every j in the same way. These are the two alternatives of LLPO. Il

The larger element of the first collision is the half y of the position 2y + b, and the smaller
element is then the least count related to y. That is why one parity bit is all the sequence
needs to carry.

7.6 The unrestricted catalogue and excluded middle

Finally suppose no pairwise decision procedure is supplied. Ask for a catalogue that always
returns one of two mathematical alternatives: either the congruence is equality, or it has an
index—period description.

Theorem 7.10 (The full catalogue has exactly the strength of EM). The assertion
every additive congruence is equality or some ~;, with p >0

is equivalent to excluded middle over the retained constructive base.

Excluded middle suffices. Use EM to decide whether the congruence is equality. If so, take
that alternative. Otherwise EM gives a distinct related pair: denying the existence of any such
pair would make every related pair equal. Reverse the pair if needed to obtain a < b.

We need least numbers for predicates that may not have supplied decision procedures. EM
supplies the following least-number argument. If P(n) is known, use strong induction on
n. EM either gives a k < n with P(k), in which case the induction hypothesis gives a least
witness, or says no earlier witness exists, in which case n itself is least. Thus every inhabited
natural-number predicate has a least witness under EM.

Apply this argument first to positive periods at a, using b — a as a witness, and then to indices
carrying that least period, using a as a witness. The structural argument in Theorem 7.6 now
identifies the congruence as ~; ,. This proves the catalogue. [

The catalogue implies excluded middle. Let P be any proposition. Define
X~py < x=yorP. (7.7)

This is an additive congruence without first deciding P. Reflexivity uses equality; symmetry
and transitivity preserve an available proof of P or reduce to equality. For addition, if both
input relations are equalities, their sums are equal; otherwise a proof of P already supplies the
conclusion.

Apply the catalogue. In its equality branch, P would imply 0 ~p 1, and hence 0 = 1. Therefore
—P. In its index—period branch, i ~p i + p with p > 0. These numbers are unequal, so
definition (7.7) gives P. Either branch supplies a side of PV —P. Since P was arbitrary, excluded
middle follows. ]
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This proof does not turn EM into an executable decision procedure for every proposition. It
establishes an equivalence between mathematical assertions in the metatheory. The forward
proof keeps its least-witness claims at that level. The version with supplied pairwise procedures
and an explicit collision has the more concrete bounded searches. Between the two lies the
version of Section 7.5: the same alternative, asked of a congruence that comes with a decision
procedure but no collision, costs exactly LPO.

7.7 What the classification tells us about a reader

Return to an addition-preserving reading r from the orbit into an additive commutative monoid
V. Its kernel, x ~, y exactly when r(x) = r(y), is an additive congruence, and r is injective
exactly when its kernel is equality. A question about the reader is therefore a question about
a congruence, and the prices follow it.

The only new ingredient is the information carried by the target. If equality of values in V can
be decided, the kernel is a decidable congruence. Conversely, every additive congruence ~ is
the kernel of a reading: send x to its class in the quotient N/~, whose addition [x] + [y] =
[x + y] is well defined because ~ respects addition. Two classes are equal exactly when their
representatives are related, so equality of classes is decidable when ~ is.

Theorem 7.11 (The recognition dichotomy and its prices). Consider readings that preserve
zero and addition from the orbit into additive commutative monoids.

1. If equality in the target of r is decidable and r(a) = r(b) for given a = b, then the kernel of
ris ~; , for uniquei and p > 0. No added principle is used.

2. For readings into targets with decidable equality, each of the following assertions about
every such reading is equivalent to the principle named after it:

(a) the reading is injective or not injective: WLPO;
(b) the reading is injective or its kernel is some ~; , with p > 0: LPO;
(c) if the reading is not injective, its kernel is some ~; ;, with p > 0: MP;

(d) every index—period description of the kernel has odd index, or every one has even
index: LLPO.

3. The assertion that every such reading, into an arbitrary additive commutative monoid, is
injective or has an index—period kernel is equivalent to EM.

Proof. For (1), the kernel is a decidable congruence with the exhibited collision a ~, b; apply
Theorem 7.6.

For (2) and (3), compare each assertion with the catalogue assertion of the same price. A
reading supplies its kernel, which is decidable when equality in the target is, and injectivity
of the reading corresponds to the kernel being equality. A congruence supplies its quotient
reading x — [x], whose kernel is the congruence itself, and whose target has decidable equality
when the congruence is decidable. These two translations carry each reading assertion to
the corresponding catalogue assertion and back, with no added principle. Theorems 7.7, 7.9
and 7.10 now give the prices. ]
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The classical statement of the dichotomy, for arbitrary targets, therefore costs exactly excluded
middle. A reader whose outputs can be compared pays only LPO for the same dichotomy, and
nothing at all once a single collision has been observed.

The result concerns the reading’s identifications. It does not assert that every target object is
reached, that every physical device has this form, or that addition preservation can be omitted.
Those are different hypotheses. Chapter 8 will make the relationship between a quotient and
the range of a reading precise.

7.8 Signed records keep only the pure periods

A congruence permits adding the same count to both sides; it need not permit removing
one. The signed records of Chapter 4 show exactly when it does. An additive congruence on
Zs is defined as in Definition 7.1, with signed records in place of counts. Reading a count
n as the signed record [n,0], such a congruence = restricts to the relation x ~ y defined
by [x,0] = [y,0]. Call an additive congruence on the natural numbers cancellative when
x +z ~y+zimplies x ~ y.

Theorem 7.12 (Congruences of the signed records). Restriction is a bijection from the addi-
tive congruences of Zs onto the cancellative additive congruences of the natural numbers. A
cancellative congruence ~ extends by

[a,b] = [c,d] <= a+d~c+b, (7.8)

and this is its only extension. Among the index—period congruences, ~; ,, is cancellative exactly
wheni = 0.

Proof. A restricted relation is an additive congruence because [x + y,0] = [x,0] + [y, 0]. It
is cancellative because Zs has negatives: adding [0, z] to both sides of [x + z,0] = [y + z, 0]
gives [x,0] = [, 0]

Now let ~ be cancellative. Relation (7.8) does not depend on representatives. If (a,b) is
replaced by a balanced pair (a’,b”), so that a+b" = a’ + b, add b’ to both sides of a+d ~ ¢ + b.
The left side becomes (a’ +d)+b,so (a’ +d)+b ~ (c+b’) + b, and cancellation removes b. The
same argument handles the second pair and the reverse direction. Reflexivity and symmetry
are immediate. For transitivity, add ftoa+d ~c+bandbto c + f ~ e + d; the two results
chain to (a + f) +d ~ (e + b) + d, and cancellation removes d. Adding two instances of (7.8)
gives the instance for the sums, so the extension respects addition.

The extension restricts to ~, since [x,0] = [y, 0] means x + 0 ~ y + 0. Conversely, let =’ be
any congruence on Zg restricting to ~. Adding [b + d, 0] to both sides turns [a,b] = [c,d]
into [a + d,0] =" [c¢ + b,0], and adding [0, b + d] reverses the step. So =’ is relation (7.8). This
proves the bijection and the uniqueness of the extension.

Finally, if i > 0 then 0 +i ~; p P+, since both sums are at least i and have the same remainder
modulo p, while 0 and p are different and 0 < i, so they are not related. If i = 0, equal
remainders of x + z and y + z give equal remainders of x and y. [

Passing to signed records therefore erases the index. A congruence with index i > 0, which
keeps the counts below i apart, has no counterpart on the signed records; only the pure periods
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survive. The prices do not change, provided the parity question is asked of the period: every
description now has index zero, so the parity of the index costs nothing, while the parity of
the period costs exactly LLPO.

Corollary 7.13 (The signed catalogue). Let = be a decidable additive congruence on Zgs with
an exhibited pair of distinct related records. Then there is exactly one p > 0 such that

[a,b] = [c,d] < (a+d)mod p=(c+b)mod p.

No added principle is used. For congruences on Zs, each of the following assertions is equivalent
to the principle named after it:

(a) every decidable congruence that is only known not to be equality has this form: MP;

(b) for every decidable congruence, either every period p describing it in this form is odd, or
every such period is even: LLPO;

(c) every decidable congruence is equality or is not equality: WLPO;
(d) every decidable congruence is equality or has this form: LPO;

(e) every congruence, with no decision procedure, is equality or has this form: EM.

The parity of the index, asked as in Theorem 7.9, costs nothing here: every index—period description
of the restriction of a congruence on Zg has index 0.

Proof. Restriction carries a decision procedure for = to one for ~, and (7.8) carries one back.
Distinct related records [a, b] = [c, d] give the collision a+d ~ ¢+ b, with a+d # ¢ + b because
the records are distinct. Theorem 7.6 describes ~ as ~; ,,, cancellation forces i = 0, and (7.8)
gives the displayed relation. The period is unique because the description is.

For assertions (a), (c), (d) and (e), the forward directions follow in the same way from Theo-
rems 7.7, 7.9 and 7.10 applied to the restriction. By (7.8), = is equality exactly when ~ is: if ~
is equality, [a,b] = [c,d] says a + d = ¢ + b, which is equality of the two records, and if = is
equality, so is its restriction.

The reversals cannot simply reuse ~4: when the first witness of 0 is positive, ~g has a positive
index and is not cancellative. Read a signed record through the faithful integer reading I of
Proposition 4.6, and for a decidable 6 put

u=gv <= u=v, or0Bhasaleast witness n and (n + 1)! divides I(v) — I(u).

This relation is decidable: when u # v the difference I(v) — I(u) is nonzero, and a witness n
with (n + 1)! dividing it satisfies n < (n + 1)! < |I(v) — I(u)|, so the search is bounded. A least
witness is unique, so any two uses of the second alternative involve the same factorial; this
makes =y reflexive, symmetric and transitive, and it respects addition. If =y is equality, 0 has
no witness, since a witness gives a least one n by bounded search and then relates [0,0] to
the distinct record [(n + 1)!,0]. If =4 has a period p > 0, it relates [0, 0] to [p, 0], which needs
a witness. These two facts give MP from (a) and LPO from (d), exactly as in the proofs of
Theorems 7.7 and 7.9. Without a witness only the alternative u = v remains, so =y is equality
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exactly when 0 has no witness. For 8(n) given by a(n) = 1, the two alternatives of (c) at =g are
therefore the two alternatives of WLPO for a. For EM, take any proposition Pand letu =p v
hold when u = v, or when P holds and 2 divides I(v) — I(u). Its equality alternative refutes P,
because P would relate [0, 0] and [2,0]; a period p > 0 relates [0, 0] and [ p, 0], which requires
P

The parity question needs its own sequence, because the index of a restriction carries no
information. For (b), let y(2y + b) = 1 exactly when y is the least positive count with
[0,0] = [y,0] and b is the remainder of y modulo 2. Each value is a bounded search, and the
least such count is unique, so y has at most one event. If = is described by the period p, the
least such count is p, and the event sits at 2p + (p mod 2), which has the parity of p. Apply
LLPO to y. If every even entry is zero, no describing period is even; if every odd entry is zero,
none is odd.

Conversely, let « have at most one event. Put g(n) = 2n + 1 when n is even and g(n) = 2n + 2
when n is odd, so that g(n) > n and g(n) has the parity of n + 1. Let u =, vhold when u = v,
or when a(n) = 1 for some n such that g(n) divides I(v) — I(u). A witness n for a nonzero
difference d satisfies n < g(n) < |d|, so each pair is decided by bounded search. Since there is
at most one event, any two uses of the second alternative involve the same n; hence =, is an
additive congruence. It is equality when « has no event, and it is described by the period g(n)
when a(n) = 1. An event at an even place gives an odd period, and an event at an odd place
an even one. So the first alternative of (b), every period odd, gives a(2j + 1) = 0 for every j,
and the second gives a(2j) = 0 for every j. These are the two alternatives of LLPO.

Finally, the restriction of a congruence on Z;s is cancellative, so by Theorem 7.12 every
index—period description of it has index 0. The alternative “every description has even index”
therefore holds for every congruence, with no principle at all. O

7.9 One classification, six prices

We have also learned how to read a logical price correctly. One classification, of one kind of
object, has six exact prices. The price is fixed by what is supplied and by what is asked for:

Supplied Asked for Exact price
decisions and a collision the description none
decisions, and “not equality” the description MP
decisions the parity of the index LLPO
decisions equality or not WLPO
decisions equality or the description LPO
nothing equality or the description EM

Theorems 7.6, 7.7, 7.9 and 7.10 prove the rows. Theorem 7.11 gives the same table for readers,
and Corollary 7.13 all six rows for signed records, the parity row read on the period. The
reversals, rather than the presence of a label on one proof, establish these exact equivalences.
Each reversal stores an arbitrary sequence or proposition inside a congruence, so any principle
that grants the classification must answer that question.
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The equivalences place each form exactly at its principle, and the principles themselves are
different. No two of the six are equivalent, so no version of the classification is equivalent to
two of them. Each separation is a model of intuitionistic second-order arithmetic in which one
principle holds and the other fails. Three take their truth values in the open sets of a space:
the one-point compactification of an uncountable discrete set (Markov’s principle holds, LLPO
fails), the remainder f/IN \ IN (LLPO holds, WLPO fails), and SN itself (WLPO holds, MP and
LPO fail). The fourth takes its truth values in a chain (LPO holds, EM fails). In each of these
models every version of the classification has exactly the truth value of its principle. The next
section states the system and builds the models.

7.10 Why the six prices are different

An equivalence is proved by two constructions. A difference between two principles needs
something of another kind: a precise system of reasoning, and an interpretation of that system
in which every derivable sentence is true while one principle holds and the other fails. We
supply both. Interpretations of this kind are standard in constructive mathematics [4, 5]; the
work particular to this chapter is the check that the six versions of the classification behave
in them exactly as their principles do.

Definition 7.14 (Intuitionistic second-order arithmetic). The language has two kinds of
variable: x, y, ... for numbers and X, Y, ... for sets of numbers. Terms are built from number
variables with 0, S, + and -; the atomic formulas are equations t = u and memberships t € X;
formulas are built from these with L, A, V, = and quantifiers over both kinds of variable. A
derivation uses the intuitionistic rules for the connectives and for both kinds of quantifier,
reflexivity and substitution of equals, the six arithmetic rules of Chapter 5 as axioms, the
induction axiom

vx(o EX->Vx(xeX > S(x)€ X) > Vx(x € X)),

and the comprehension axiom 3XVx(x € X < ¢) for every formula ¢ in which X is not free.
This system is usually called HAS [4, 5].

Comprehension and the induction axiom together give induction for every formula. The
objects of this chapter become sets. A binary sequence is a set X with Vn(n € X v - n € X),
read as a(n) = 1 exactly when n € X. A relation on counts is a set of codes of pairs, using the
injective code (x+y)(x+y)+x for the pair (x, y). A relation is decidable when x ~ yv—(x ~ y)
for every pair, and a description by i and p says that the relation agrees with (7.1), with the
order and the remainders written by existential quantifiers. The five priced principles and
the six versions of the classification are then sentences of this language. Excluded middle is
VX(0 e X v -0 € X), which gives every instance P v —P through comprehension.

Definition 7.15 (Models of truth values). A system of truth values is a set H ordered by
strength, with a meet and a join for every family of elements and an implication = satisfying

anc<b < c<(a=0b).

Its least and greatest elements are 1 and T, and —ais a = L. A formula of Definition 7.14
receives a value in H under an assignment to its free variables. Numbers range over IN, and an
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equation has the value T when it holds there and L otherwise. Sets range over all assignments
A : N - H,and t € X has the value A(t). The connectives A, V and — are meet, join and =;
a universal quantifier is the meet of the values of its instances, and an existential quantifier
their join.

The open sets of a topological space form such a system. Meet and join of two open sets are
intersection and union, the join of a family is its union, the meet of a family is the interior of
its intersection, and U = Vis the interior of the union of V with the complement of U. So -U
is the largest open set disjoint from U. A chain is another example. For 0 <1< 2 < -+ < oo,
the implication a = bis T when a < b and b otherwise.

Lemma 7.16 (Derivable sentences are true in every model). If a sentence of Definition 7.14
has a derivation, its value in every system of truth values is T.

Outline. Prove more generally, by induction on derivations, that the meet of the values of the
hypotheses lies below the value of the conclusion under every assignment. The rules for A,
v and — hold because meet, join and = have exactly the corresponding properties, and the
quantifier rules hold because meets and joins of instances do. The arithmetic axioms and the
equality rules are facts about IN, whose equations have the values T and L. Comprehension
holds because the assignment sending n to the value of ¢ at n is one of the sets over which

set quantifiers range. Induction holds because, for every A, an induction on m shows A(0) A
Na(An) = A(n + 1)) < A(m). O

A principle whose value is not T in some model therefore has no derivation. If one sentence
has the value T and another does not, the implication from the first to the second has the
value of the second and has no derivation either. One model in which P holds and Q fails
shows that P and Q are not equivalent.

In the open sets of a space, a binary sequence is a sequence of sets A, Ay, ... that are both open
and closed, since A, V ~A, = T says exactly that the complement of A, is open. At a point x
the sequence reads a(n) = 1 when x € A,, so it varies continuously with the point. Write O
for the union of the sets A,. The value of 3na(n) = 1 is O, and the value of Vna(n) = 0 is —O.
At this sequence the principles say:

LPO:  Ois closed;
WLPO: the closure of O is open;
MP: O is the interior of its closure; (7.9)
LLPO: if the A, are disjoint, the union of the even-indexed ones and
the union of the odd-indexed ones have disjoint closures.

Excluded middle says that every open set is closed. To refute a principle it is enough to find
one sequence at which its condition fails. To verify one, the condition must hold for every
sequence, and also, inside each open part of the space, for the sequences decided only on that
part. Each of the three spaces below has a base of sets that are both open and closed, and this
reduces the second task to the first. If Wis such a set inside the part, the sets A, N W are open
and closed in the whole space, so they form a sequence decided everywhere, and a disjoint
one when the A, are disjoint on the part. Intersecting with the open set W preserves meets,
joins and implication, so the condition for that sequence, which the argument for the whole
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space supplies, gives the condition for the original sequence on W, and these sets W cover the
part. The chain is treated directly.

The models are built in ordinary classical mathematics, with the axiom of choice supplying
the ultrafilters. That is the usual setting of an independence proof. The question is what a
specified system derives, and the answer is established about that system from outside it.

The one-point compactification of an uncountable set

Let S be an uncountable set, for example the set of all sets of natural numbers, and add one
point co. The open sets are all subsets of S, together with the sets that contain co and omit
only finitely many points of S. The sets both open and closed are the finite subsets of S and
their complements.

Markov’s principle holds. Let O be a countable union of sets both open and closed. If one of
them contains oo, the complement of O is a finite subset of S, which is open, so O is closed and
equals the interior of its closure. Otherwise O is a countable subset of S. Each point of Sis
isolated, so the closure of O adds at most oo, and oo is not interior to it: every neighbourhood
of co contains uncountably many points of S, hence points outside O and outside its closure.
Again O is the interior of its closure. LLPO fails. Choose distinct points s, 51, ... of S and put
A, = {s,}. The even-indexed and the odd-indexed points form two infinite subsets of S, and oo
lies in the closure of both.

The remainder SIN \ IN

The points are the non-principal ultrafilters on IN. For B C IN let B* be the set of those that
contain B. These sets are open and closed and form a base, and by compactness every set both
open and closed has this form. Moreover B* N C* = (BN C)*, and B* is empty exactly when B
is finite.

LLPO holds. Let the disjoint sets be A, = By, so that B,, N B, is finite when m # n. Let B
be the union, over k, of By with its finitely many points in B; U B3 U - U Bgy,1 removed.
Then only finitely many points of each By lie outside B, and each B,,,,; meets B only in
its finite overlaps with By, By, ..., By,_o. Hence every even-indexed A, lies in B* and every
odd-indexed one in (IN \ B)*. These two sets are closed and disjoint, so they separate the
closures of the two unions.

WLPO fails. Split N into infinitely many infinite sets By, By, ..., put A, = By, and let O be their
union. If the closure of O were open, it would be open and closed, hence equal to B* for some
B, and each B,, would lie in B apart from finitely many points. Choose one point b, of BN B,
for each n. The set C = {by, by, ...} is infinite, lies in B, and meets each B, in a single point. So
C* is a nonempty open subset of the closure of O that meets no A, and so misses O. That is
impossible.
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The space fIN

Now take all ultrafilters on IN. The principal ultrafilter at n is an isolated point, which we
write n. The sets B of ultrafilters containing B are open and closed, they form a base, and B is
the closure of B. An open set Umeets N in a set B that is dense in U, so the closure of Uis B,
which is open. WLPO holds. For Markov’s principle and LPO, take A, = {n}. Then O = N,
whose closure is the whole space. So O is neither closed nor the interior of its closure, and
both principles fail.

Thechain0<1<2< - <o

In a chain, ~a = 1 foreverya # L,soaV—a = T only when ais L or T. A sequence decided at
the value T is therefore an ordinary binary sequence, and the classical mathematics in which
the model is built either finds a 1 in it or shows that it is all zero. A sequence decided only
below a smaller value d has, at each n, either the value L or a value at least d, and the same
dichotomy applies below d. LPO holds. Excluded middle fails at the value 1, since 1 v =1 = 1.

Model Holds Fails

one-point compactification MP LLPO, WLPO, LPO, EM
PN \IN LLPO WLPO, LPO, EM

PN WLPO, LLPO MP, LPO, EM

chain0 <1< - < o0 LPO, MP, WLPO, LLPO EM

Table 7.1. Four models of intuitionistic second-order arithmetic. In the first three the truth values are
the open sets of the space named. Each entry not checked in the text follows because in every model
EM implies LPO, LPO implies MP and WLPO, and WLPO implies LLPO.

Theorem 7.17 (The six principles are different). Over intuitionistic second-order arithmetic:

1. none of MP, LLPO, WLPO, LPO and EM is derivable, and no two of the six principles none,
MP, LLPO, WLPO, LPO and EM are equivalent;

2. in every system of truth values, each of the six versions of the classification in the table of
Section 7.9 has the same value as its principle;

3. consequently no version of the classification is equivalent to any principle other than its
own.

Outline. For (1), Table 7.1 supplies a model for each of the fifteen pairs. The empty principle
holds everywhere, and the one-point compactification refutes LLPO, WLPO, LPO and EM,
while SIN refutes MP. The one-point compactification separates MP from LLPO, WLPO, LPO
and EM; the remainder separates LLPO from WLPO, LPO and EM; SN separates WLPO from
LPO and EM; and the chain separates LPO from EM. Lemma 7.16 turns each model into the
stated failure of derivability. The implications in the caption hold in every model, by short
arguments. Excluded middle decides whether some a(n) = 1, and if none is, every a(n) = 0.
LPO’s alternative Ina(n) = 1 refutes Vna(n) = 0. WLPO applied to the even entries decides
LLPO, because an event at an odd place would make every even entry zero.
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For (2), the arguments of this chapter run inside a model. A relation is now an assignment of
a truth value to each pair. Below any value h at which it is an additive congruence, the pairs
whose value is at least 4 form an ordinary additive congruence, so the structural lemmas apply
there, and the first collision gives the description. The forward directions apply the principle
to the collision search S, and, for LLPO, to the first-collision sequence y. The reversals use
the congruences ~y and ~p, defined by the same formulas. Each version and its principle
therefore have the same value in every model.

For (3), let a version have price P and let Q be another principle. The model that separates P
from Q gives the version the value of P, so the version and Q have different values there, and
by Lemma 7.16 they are not equivalent. O

Two consequences follow. Markov’s principle is genuinely needed for the classification from
negative nontriviality: the system proves neither the principle nor that version. And the six
prices do not form a single ladder. EM, LPO, WLPO and LLPO decrease strictly in strength, and
LPO is WLPO and MP together, by the last assertion of Theorem 7.9; but Markov’s principle
is comparable with neither WLPO nor LLPO. The one-point compactification satisfies MP and
refutes LLPO, and SN satisfies WLPO and refutes MP.

Questions to work through

1. In Lemma 7.4, identify each use of addition compatibility and each use of transitivity.
Why would cancelling a common addition have been unjustified?

2. In the constructive classification, which supplied value bounds the search for the period?
Which bounds the search for the index? At what point is the pairwise decision procedure
used?

3. In (7.4), explain why an individual pair can be decided by finite search even though
Jn6(n) may not yet have a witness.

4. Trace both branches of the EM reversal. Which branch supplies P, and which supplies
—P? Why was no initial decision of P needed to define the congruence?

5. In the WLPO part of Theorem 7.9, show that ~y is equality exactly when 6 has no
witness. In the forward direction, where is the decidability of equality between two
counts used, and why does that use need no added principle?

6. Show that a decidable congruence has at most one first collision, and that the event of
y for ~; , sits at 2(i + p) + (i mod 2). Why does the sequence need to record only the
parity of the smaller element?

7. Show directly that ~; 5 is not cancellative. Describe the congruence on Zs whose
restriction is ~( 3, using the integer reading of its records.

8. In the reversal for the period parity in Corollary 7.13, let @ have its only event at n = 3.
Which records does =, relate to [0,0], and what is its period? Which alternative of
LLPO does the corollary’s assertion return? Why would the index parity of Theorem 7.9
be useless here?
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9. In the open sets of SN, take A, = {n}. Compute the values of Ina(n) = 1, of Vna(n) = 0
and of its negation. Read off from (7.9) why Markov’s principle and LPO fail at this
sequence while WLPO holds.

10. Show that in a chain every sequence decided at the value T has only the values L and T.
Why does this make LPO hold, and which value refutes excluded middle in the chain
0<1<2< < 00?
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Chapter 8
Changing the representation

A number can be written as a numeral or as a list of identical marks. Changing between these
descriptions should not change the answer to an arithmetic question. But that expectation
needs a proof. The translations must preserve the operations, and quantified statements must
range over corresponding objects in both descriptions.

We will construct the translations and prove what they preserve. There are three distinct
objects to keep in view: the arithmetic carrier, the interpretation of a formula, and the finite
derivation of that formula. A theorem about one does not automatically settle a question
about the others. We therefore take them in turn. We change the carrier and follow every
formula through the change, measure what survives when a translation runs in only one
direction, and compare the derivations themselves with those of an independently stated
proof system, Peano arithmetic, and with its intuitionistic counterpart, Heyting arithmetic.

8.1 An interpretation is fixed by its operations

Chapter 2 established a unique reading of the start-and-step orbit into any pointed step
system. The terms of Chapter 5 have a larger signature: variables, zero, successor, addition
and multiplication. The same structural method applies to this explicitly stated signature.

Definition 8.1 (A realization of the term signature). A term realization consists of a carrier
A, an assigned element v, for every variable position, an element 04, and operations

SAIA—>A, +A,'AIA><A—>A.

An interpretation preserving the signature sends each variable x;, to v,, sends 0 to 04, and
commutes with the three operations. No arithmetic law is assumed merely by giving these
operations.

Theorem 8.2 (Unique interpretation of terms). For every term realization, exactly one inter-
pretation preserves the specified signature. It is the structural evaluation

F(%x,) = Wy, Fs(0) = 04,
Fo(S()) = Sa(Fa(®)),
Fy(t +u) = Fp(t) +4 Fa(w),
Fy(t-u) = Fo(t) -4 Fa(w).

Proof. The displayed recursion gives an interpretation because every term is finite and each
recursive call concerns an immediate constituent term. It preserves the signature by its
defining clauses.

For uniqueness, let G be any signature-preserving interpretation and induct on the term. At
a variable and at zero, preservation specifies the answer. At a successor, preservation gives
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G(S(t)) = Sa(G(1)), and the induction hypothesis replaces G(t) by F4(¢). At a sum or product,
preservation expresses the result using the two interpreted constituents; the two induction
hypotheses replace them by their F4 values. Thus G(¢) = F4(t) in every constructor case. [

This theorem concerns expressions. It does not make every realization a model of arithmetic.
To interpret the arithmetic rules soundly, the operations must satisfy those rules. The next
construction supplies a concrete realization for which the necessary agreement is proved.

8.2 Arithmetic on lists of one mark

Let a list contain repetitions of a single mark «. The empty list is written [ |; placing a mark at
the front of u is written « : : u. There is no additional information in a list entry: every entry
is the same mark.

Definition 8.3 (The list arithmetic). Take finite lists of the single mark as the carrier. Define
zero to be the empty list, successor to prepend one mark, and addition to be concatenation,
written u +; v = u ++ v. Define multiplication by recursion on the second list:

up[1=11

u- g (e :v)y=@-pv)+ru

These operations act directly on lists. Concatenation joins the two lists; multiplication
appends one copy of the first list for every mark in the second. We can therefore compare
this construction with ordinary arithmetic after both descriptions have been specified.

Write L(u) for the length of a list. Write R(n) for the list of n repetitions of the mark.

Theorem 8.4 (The two translations are inverse). For every natural number n and every list u
of the single mark,

L(R(n)) = n, R(L(u)) = u.
Length preserves zero, successor, addition and multiplication:

L] =0, L(s :: u)=L(u) + 1, (8.1)
L(u+; v) = L(u) + L(v), L(u-p v) = L(u)L(v). (8.2)

In particular, lists of this one mark are equal exactly when their lengths are equal.

Proof. Induction on n proves L(R(n)) = n: the empty repetition has length zero, and one
further repetition increases length by one. Induction on u proves the other round trip. The
empty list is immediate. A nonempty list has the form « : : v, since there is only one mark.
Replicating its length produces « : : R(L(v)), which is « : : vby the induction hypothesis.

The start and successor equations are the definition of length. For concatenation, induct on
the first list. The empty first list leaves v, while removing one mark from a nonempty first list
reduces both sides by one and leaves the induction hypothesis.
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For multiplication, induct on v. At the empty list, both sides are zero. At « : : v, the definition
and the addition identity give

Llu-p (s ::v))=Lu-pv)+ L(u)
= L(u)L(v) + L(u)
= L(u)(L(v) + 1).

This is the required successor case.

Finally, equal lists have equal lengths. If their lengths are equal, their replications are equal,
and the second round-trip identity gives equality of the original lists. ]

Both carriers also satisfy the faithful-generation conditions of Chapter 2. A nonempty list is
not empty, equality of two lists with a mark prepended gives equality of their tails, and list
induction reaches every list. The corresponding facts for natural numbers were already used
in Part I. Thus the translation preserves the starting point and step as well as the recursive
arithmetic operations.

The one-mark condition is essential to this example. Its role is visible in the round-trip proof:
knowing the length reconstructs every entry because every entry has already been specified
to be the same mark.

8.3 Terms agree under corresponding assignments

A formula may contain variables, so carrier translations alone are insufficient. We must
translate the assignments to those variables. Let py assign natural numbers and let p; assign
lists. Call the assignments related when

L(pr(k)) = pn(k) for every position k. (8.3)

Evaluate a term on lists by the same recursive clauses as before, using the list operations just
defined. Write this value as E;;L (t), and the natural-number value as E})\L(t).

Lemma 8.5 (Evaluation commutes with the translation). For related assignments and every
arithmetic term t,

L(E, (1)) = E5 (0).

Proof. Induct on t. The variable case is (8.3). The zero case is L([ |) = 0. The successor case
follows from the length identity for successor and the induction hypothesis. For a sum, length
of concatenation is the sum of lengths; apply the two induction hypotheses. For a product,
use the multiplication identity in (8.2) and the same two induction hypotheses. These are all
the term constructors. O]
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t
list evaluatiy wimber evaluation

EL () 7 EN (1)

Figure 8.1. Related assignments make the two routes agree. The equation is proved for every term by
following its construction.

8.4 Truth is preserved in both directions

Interpret formulas on lists directly. An equality says that its list values are equal. The
propositional connectives keep their constructive readings. A universal quantifier ranges over
every finite list of the mark, and an existential quantifier supplies one such list as a witness.
Write this satisfaction relation as p; kp ¢.

Theorem 8.6 (Invariance of every arithmetic formula). If py and p; are related, then for every
formula of the language in Chapter 5,

PLEL® < PNEQ. (8.4)

Proof. Induct on the formula, with the two assignments arbitrary. For an equality of terms,
equal list values give equal lengths, and Lemma 8.5 gives equal number values. Conversely,
equal number values give equal lengths, which give equal lists by Theorem 8.4. Falsehood is
false on both sides.

For conjunction and disjunction, transport each component by its induction hypothesis. This
preserves both the pair of proofs and the chosen side of a disjunction. For an implication,
both directions of each component equivalence are needed. Given the implication in one
interpretation, transport an antecedent from the other, apply the implication, and transport the
consequent back. The reverse direction uses the same procedure with the roles interchanged.

For a universal formula, suppose first that its list interpretation holds. Choose any natural
number n and use R(n) for the new list variable. The extended assignments are related because
L(R(n)) = n. The induction hypothesis transports the body to the number interpretation at n.
Since n was arbitrary, the universal number interpretation holds.

Conversely, suppose the universal number interpretation holds and choose any list u. Use
L(u) for the new number variable. The extended assignments are related, and the induction
hypothesis transports the body at L(u) to the list body at u. This proves the list universal
statement.

For an existential formula, a list witness u becomes the number witness L(u); a number
witness n becomes the list witness R(n). In each direction the extended assignments are
related, and the induction hypothesis transports the witness’s property. This covers every
formula constructor. O

The quantifier cases are why a one-way preservation result would have been insufficient. We
needed every number to have a corresponding list and every list to have a corresponding
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number, with the assigned values related. The round trips supply exactly that information.
Section 8.5 measures what survives when only the first of them is available.

Corollary 8.7 (Validity is independent of these two presentations). A formula holds under
every number assignment if and only if it holds under every list assignment. Every closed
derivation with an empty ledger has a conclusion true in both presentations.

Proof. For a given list assignment, take the lengths at every position to obtain a related number
assignment. For a given number assignment, replicate each assigned number to obtain a
related list assignment. Apply Theorem 8.6 in each direction. For the last assertion, soundness
gives validity in the number interpretation, and the first assertion gives validity in the list
interpretation. [

8.5 What survives a one-way translation

The list carrier came with translations in both directions. Many structures come with only one.
Take a structure M for the arithmetic language, as in Definition 5.7: a carrier with an element
0, and operations Sy, +, and -y, in which formulas are read by the clauses of Chapter 5 with
quantifiers ranging over the whole carrier. Write M, o F ¢ when an assignment o of elements
of M satisfies ¢. Suppose that the six arithmetic rules of Chapter 5 hold in M as facts about its
elements:
Sm(x) # 0pr, Sp(x) = Su(y) = x =y,
x+pOp=x x+ySpu(y) =Su(x+py), X pmO0p=0r  xaSpu(y) =xmy+px

Nothing is assumed about induction in M. Write S"(0) for the term with n successors, the
numeral of n. Its value in M is v(n) = S},(0,,), and vp denotes the assignment k — v(p(k)).

Theorem 8.8 (The numerals form a copy of the numbers). Under these six conditions, v is
injective and satisfies

v(m + n) = v(m) +v(n), v(mn) = v(m) -pr v(n).

Consequently, for every assignment p of natural numbers and every quantifier-free formula :

1. M,vp E ¢ holds exactly when p k i;
2. if p E Ixy - Ax ), then M,vp £ 3xq - Ix Y

3. ifM,vp E Vxy - Yxi ), then p E Vx1 - V. U

Proof. The map v is the reading of the orbit into the pointed step system (M, 0,, Sy) con-
structed in Chapter 2, written in natural-number coordinates. Its injectivity is the argument of
Lemma 2.5. That argument used only separation and injectivity of the step, and its induction
runs over the numbers, not over M. For addition, induct on n: v(m + 0) = v(m) = v(m) +,; 0,
and

v(im+n+ 1) = Sy (v(m + n)) = Sy (v(m) +pv(n)) = v(im) +,v(n + 1).
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Multiplication follows the same pattern, using the addition identity at the successor step. By
induction on terms, every term evaluates under vp to the numeral of its value under p.

For (1), induct on the formula. An equation holds in M when two numerals are equal, which
by injectivity happens exactly when the two values are equal. Falsehood and the connectives
transport componentwise. For (2), induct on k: a witness n in IN becomes the witness v(n)
in M, the extended assignments are again related by v, and (1) transports the quantifier-free
body. For (3), instantiate each universal quantifier of M at numerals and apply (1). O

The two remaining directions fail, and one structure shows both. The structure Wof Section 5.7
adds two points a and b to the natural numbers. It keeps the operations of IN on numbers and
sets, for every number n and every element x,

S(a) = a, S(b) = b, a+n=a, b+n=b, x+a=x+b=b;

a product is 0 when either factor is 0, and b when neither factor is 0 and one of them is a or
b. Section 5.7 checks that the six conditions hold in W. For example, x + S(a) = x+a=0b =
S(b) =S(x+a),anda-S(0) =b=0+a=a-0+ a. The sentence Ix(S(x) = x) is true in W,
witnessed by g, and false in IN. The sentence Vx—(S(x) = x) is true in IN and false in W. So
existential statements need not come down, and universal statements need not go up.

The same two sentences settle the question for every pattern of quantifiers. A prefix is a finite
string Q;x; -+ Qg in which each Q;is V or 3 and each quantifier binds a new variable; placing
it before a quantifier-free formula ¢ gives a formula with that prefix. Say that a prefix goes
up when, for every structure M obeying the six conditions, every quantifier-free i and every
assignment p of natural numbers, the formula with that prefix that holds at p in IN also holds
at vp in M. Say that it comes down when the converse holds.

Proposition 8.9 (No other prefix transfers). A prefix goes up exactly when all its quantifiers are
existential, and comes down exactly when all its quantifiers are universal; only the empty prefix
does both. If a prefix contains a universal quantifier, some quantifier-free y gives a formula with
that prefix that is true in IN and false in W under every assignment. If it contains an existential
quantifier, some | gives one that is true in W and false in N under every assignment.

Proof. Theorem 8.8 gives the positive directions, the empty prefix by its first assertion. Suppose
the prefix contains a universal quantifier, and let x be its variable. Take ¢ to be =(S(x) = x).
Every other quantifier of the prefix binds a variable that i does not mention, so it changes
nothing, in IN or in W, because both carriers have elements. The formula therefore holds
exactly when Vx—(S(x) = x) does: in IN, and not in W, where S(a) = a. If the prefix contains
an existential quantifier with variable x, take 1 to be S(x) = x. The formula then holds exactly
when 3x(S(x) = x) does: in W, witnessed by g, and not in IN. O

The proposition is about all formulas with a given prefix, not about each formula separately.
A single universal sentence can go up. The sentence Vx(x + 0 = x) holds in every structure
obeying the six conditions, because it is one of them.

The failure has one source: the numerals miss a and b. In the list carrier the second round
trip supplied every list as the expansion of its length; here nothing supplies a numeral for
a. Supplying one is the work of the generation condition of Definition 2.4, which makes the
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reading reach every element by Lemma 2.6. The theorem shows how far the first round trip
reaches without it.

8.6 What happens to the proof and its ledger

Throughout this comparison, the formula and its derivation remain the same finite expressions.
We changed their interpretation. A rule labelled EM in a derivation is still that rule, and a
quantified induction formula still contains a quantifier. The resource scan of Theorem 6.5
reads those expressions; it does not read their interpreted number or list values. It therefore
retains the same record for this change of interpretation.

For example, the reflexivity-and-disjunction proof of (0 = 0) vV (0 = 0) remains the same
empty-ledger derivation. Its formula holds whether zero is interpreted as a number or as
the empty list. The alternative proof invoking EM still records that invocation. A change of
carrier does not remove an occurrence from a proof tree.

This is the exact scope of the accounting claim. Here the syntax and rules are fixed, the
carrier translation is explicit, and satisfaction is preserved and reflected for every formula.
Translating the tree into a different proof language is a separate task, and each such translation
needs its own correspondence theorem. Section 8.7 proves such a correspondence for the
standard presentations of Peano arithmetic and of Heyting arithmetic. It does not cover other
proof languages, or procedures for accepting trees in general.

8.7 A second proof language: Peano arithmetic

The standard first-order presentation of arithmetic is Peano arithmetic. It was formulated
with no ledger in view, so it is a fair test of what the rules of Chapters 5 and 6 describe. We
state it over the same terms and formulas, with the same lifting and substitution operations.

Definition 8.10 (Peano arithmetic). The axioms of Peano arithmetic are all instances, for
terms t and u, of

=(S(t) = 0), St)=Sw) > t=u,
t+0=t, t+S(u) = S(t + u), t-0=0, t-S(u) =t -u+t.

A derivation of I' -pp ¢ is a finite tree built from hypotheses in I', axioms, reflexivity, equality
substitution, the introduction and elimination rules for A, v, —, V and 3 with the freshness
conditions of Chapter 5, the rule for an impossible case, induction for every formula, and
excluded middle, I" -pp ¢ V —¢ for every formula ¢. No ledger appears in the definition.

The two systems differ in three visible places. Injectivity of the successor is an axiom here
and a rule there. Excluded middle is an ordinary rule here and a recorded additional principle
there. Induction is unrestricted in both, but only the rules of Chapter 6 record whether its
formula contains a quantifier. Deleting excluded middle from the definition gives the usual
presentation of Heyting arithmetic, the intuitionistic counterpart of Peano arithmetic.

Theorem 8.11 (The rules with excluded middle are Peano arithmetic). For every finite context
I" and every formula ¢, the following are equivalent:

78



The § Foundation Jonathan Washburn

1 T Fpa @

2. ¢ has a derivation fromI" by the rules of Chapters 5 and 6 whose ledger has false LPO and
MP entries.

Moreover, the translation from (1) to (2) produces a derivation whose EM entry is true exactly
when the Peano derivation uses excluded middle, and whose induction entry is true exactly when
it uses induction on a formula containing a quantifier.

Proof. From (1) to (2), translate the Peano derivation node by node. Hypotheses, reflexivity,
equality substitution, the connective and quantifier rules, the rule for an impossible case
and induction have identical counterparts. Five of the axioms are rules of Chapter 5 with
no premises. The injectivity axiom becomes a short derivation: assume S(t) = S(u), apply
the injectivity rule, and discharge the assumption. Excluded middle becomes an EM leaf. No
LPO or MP leaf is ever produced. By Theorem 6.5, the ledger of the result is read from its EM
leaves and its induction nodes, and these correspond exactly to the uses of excluded middle
and the inductions of the original tree, with the same induction formulas.

From (2) to (1), translate the derivation node by node in the same way. The injectivity rule
becomes the injectivity axiom followed by implication elimination, and an EM leaf becomes
excluded middle. By Theorem 6.5, the ledger hypothesis excludes LPO and MP leaves, so no
other case arises. Both translations preserve contexts, including the lifted contexts of the
quantifier rules, because the two systems share their formulas and their lifting and substitution
operations. [

Two consequences are worth recording. A Peano derivation that never uses excluded middle
becomes a posit-free derivation. By Corollary 6.7, every environment satisfying its hypotheses
then satisfies its conclusion, with none of EM, LPO or MP assumed in the metatheory. If, in
addition, its inductions are on quantifier-free formulas only, the translation has the empty
ledger.

Conversely, a posit-free derivation translates into a Peano derivation that never uses excluded
middle. The posit-free derivations are therefore exactly the translations of derivations in
Heyting arithmetic, the system obtained by deleting excluded middle from Definition 8.10, up
to one point of form that the next corollary states exactly.

Corollary 8.12 (The posit-free derivations are Heyting arithmetic). For every finite context T’
and every formula ¢, the following are equivalent:

1. @ has a derivation from T in Heyting arithmetic, that is, a Peano derivation that never uses

excluded middle;

2. ¢ has a posit-free derivation from .

Moreover, the translation from (1) to (2) in Theorem 8.11 turns every derivation in Heyting
arithmetic into a posit-free derivation, and every posit-free derivation has the judgment and the
ledger of such a translation. The two trees differ only where the posit-free derivation applies the
injectivity rule to a premise: the translation there derives S(t) = S(u) — t = u, by the injectivity
rule under a discharged assumption, and applies implication elimination.
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Proof. Restrict both translations in the proof of Theorem 8.11 to trees without excluded
middle. From (1) to (2), no EM leaf is produced, and no LPO or MP leaf ever is, so the result is
posit-free. From (2) to (1), a posit-free derivation has no EM, LPO or MP leaf, by Theorem 6.5,
so its translation never uses excluded middle. For the last assertion, translate a posit-free
derivation d into Heyting arithmetic and back. Every node returns unchanged except an
application of the injectivity rule, which returns as the injectivity axiom, rederived under a
discharged assumption, followed by implication elimination. That short derivation has the
same conclusion and the same context, and its only new leaf is a hypothesis, which adds
nothing to the ledger. The induction nodes and their formulas are those of d. So the result has
the judgment and the ledger of d. [

The theorem and its corollary compare proof systems over one language. They are not proofs
that any of these systems is consistent, and they say nothing about languages with further
types or symbols; Section 16.3 takes up that comparison for the typed language of Chapter 9.
What they settle are the names of the two fragments: allowing excluded middle and nothing
else, the rules of Chapter 5 prove exactly the theorems of Peano arithmetic, and allowing no
added principle, exactly the theorems of Heyting arithmetic. In both, the ledger shows where
the quantified inductions occur, and in the first, where the classical step occurs.

8.8 A quotient represents what a reading retains

Chapter 7 studied readings that can identify different counts. Their quotients provide a second
useful comparison of representations.

Let r preserve zero and addition from the orbit into an additive commutative monoid V. Its
range consists of the values actually reached by r. Its kernel identifies x and y exactly when
r(x) = r(y). Write [x] for the class of x under that kernel.

Theorem 8.13 (The kernel quotient and the range). The map
[x] — r(x)

is an addition-preserving bijection from the kernel quotient onto the range of r. If the kernel
is the index—period congruence with parameters i, p, the corresponding index—period quotient
represents that same range.

Proof. If x and y represent the same class, the definition of the kernel gives r(x) = r(y). Hence
the displayed map is well defined. It preserves zero and addition because r does. If two classes
have the same image, their representatives have equal readings and therefore belong to the
same kernel class; this proves injectivity. Every value in the range is r(x) for a representative
x, so it is the image of [x]; this proves surjectivity. If the kernel is the specified index—period
relation, replacing the relation by that equal description gives the corresponding quotient. [

The target of this bijection is the range, not automatically all of V. That distinction prevents
unused target values from being counted as information carried by the reading. It also explains
the role of the classification: the parameters describe precisely the retained identifications,
while this theorem connects their quotient to the values the reader actually reaches.
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8.9 The limits are part of the invariance theorem

The constructions in this chapter give positive reasons for independence from a notation. The
arithmetic operations were defined in two ways, the translations were specified, and each
connective and quantifier was checked under those translations. The resource record stayed
attached to the same finite derivation.

The hypotheses exclude concrete failures. Consider a carrier with one element, using that
element both as zero and as the successor of every element. It has operations for the term
signature, so the theorem giving a unique interpretation of terms applies. But its zero is
a successor. It therefore fails the faithful-generation conditions and does not supply the
arithmetic interpretation just proved invariant. A mere assignment of operations is not
enough.

The surrounding mathematics also remains present. Finite expressions, functions, equality,
recursion and the interpretation of quantifiers are the tools used to state and prove the
equivalence. We have proved a particular representation-independence result with those tools.
The next part examines the different kinds of recursive construction themselves, including
what becomes available when their rules grow stronger.

Questions to work through

1. In the list round-trip proof, identify the use of the assumption that the list has only one
possible mark. Which later proof depends on the resulting injectivity of length?

2. Explain both directions of the universal-quantifier case in Theorem 8.6. Which transla-
tion supplies the new variable in each direction?

3. Why does the implication case require preservation and reflection of its components,
rather than preservation alone?

4. In Theorem 8.13, locate the exact use of the kernel definition. Why is surjectivity onto
the range immediate, while surjectivity onto the whole target was not claimed?

5. Verify in Wthat x-S(y) = x-y+xwhen xisanumbern > 0and y = g,and whenx = y = a.
Why does Vx—(S(x) = x) fail in W while every numeral instance =(S(5"(0)) = S™(0))
holds there?

6. The one-element carrier at the end of this chapter has operations for the term signature.
Which of the six conditions of Theorem 8.8 fails there, and which conclusion of the
theorem fails with it?

7. Translate the Peano axiom S(t) = S(u) — t = u into a derivation by the rules of
Chapter 5 and record its ledger. Then translate a use of the injectivity rule back into
Peano arithmetic.

8. A Peano derivation of Vx (0 + x = x) uses induction on 0 + x = x. What is the ledger of
its translation? Compare it with the example in Chapter 6.
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9. For the prefix 3y Vx, write the formula that Proposition 8.9 uses to show that it does
not go up, and the one that shows it does not come down. Check each in N and in W.
Why does Vx(x + 0 = x) not contradict the proposition?
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Construction, iteration and the
continuum
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Chapter 9
Iteration, recursion and induction

Repeating an operation, using the position of a step, and proving a statement at every position
are different abilities. On the finite tallies constructed in Chapter 1, we have all three. That
can make their differences difficult to see. To separate them, we must ask what each rule
would permit on a carrier whose structure has not already been settled.

This chapter does that with two pictures. In the first, two distinct roots lead to the same
successor. An iterator works perfectly well there. In the second, two chains run alongside
one another. Indexed recursion works on both, although only one begins at the designated
start. These examples locate the work done by the stronger rules.

The conclusions concern a precisely specified language. We will give its rules, construct the
examples, and prove that the examples respect every rule they are meant to interpret. That
last step matters: an appealing picture alone cannot establish that a statement is underivable.

9.1 Three ways to proceed from a start

Write O for an orbit carrier, 0 : O for its designated start, and S : O — O for its successor
operation. At this point, these are a type and two operations. We have not assumed that S is
injective or that every element of O is reached from 0.

An iterator has a fixed target type B, a starting value b : B, and a step g : B — B. Its equations
are
I(B,b, g,0) = b, (9.1)
I(B,b, g,5x) = g(I(B,b, g, x)). (9.2)
The symbol = means equality by the computation rules of the language. The step sees the
previous result. It need not be told the position at which it is acting.

An indexed recursor still has a fixed target B, but its step receives both the position and the
previous result:

g: H(B — B).
x:0
Its equations are
R(B,b,g,0) =D, (9.3)
R(B,b, g,5x) = g(x,R(B,b, g, x)). (9.4)

The notation [, . denotes a dependent function type: a function takes an x : O and returns
a value of the type written after the product sign. Here that return type happens to be the
same B — B for every x.
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A dependent eliminator allows the target itself to depend on the position. Given a type
expression P(x), a value b : P(0), and

g [J(P&x) - P(sx)),
x:0

it provides E(P, b, g, x) : P(x), with equations

E(P.b,g,0) =b, (9.5)
E(P,b, g, Sx) = g(x,E(P,b, g, x)). (9.6)

When P(x) states a property, this is induction: supply a proof at the start and a method for
carrying a proof through one step, then obtain a proof at each position. When P(x) describes
a kind of data, the same rule constructs that data.

A family asks a different question at each position

Here is the family that will later separate indexed recursion from dependent elimination. Use
recursion to rebuild a position from the designated start:

c(x) =R(0,0,Az : 0.1y : O.Sy, x).

Its equations say ¢(0) = 0 and ¢(Sx) = S(c(x)). Now ask for an identity proof between the
rebuilt position and the supplied one:

P(x) = Idp(c(x), x).

The input x occurs in the question itself. At the start, the question is the identity of 0 with itself.
At a successor, an answer to the previous question can be carried through S. A dependent
eliminator would put those answers together into a proof of P(x) at every x. The construction
of the step proof is given explicitly in Lemma 9.5.

The two-chain picture will explain why the last step matters. Recursion can rebuild both
chains into the first one, so rebuilding an element of the second chain need not recover that
element. Having a recursive function cis therefore different from having the requested identity
proof at every input. A dependent function of type [],.oP(x) must return a proof of the
question belonging to the input it receives.

These displays already suggest two inclusions. Indexed recursion can ignore the position
and act as an iterator. Dependent elimination can use a constant family P(x) = B and act as
indexed recursion. The interesting question is whether either inclusion can be reversed.
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9.2 The language in which the question is exact

We use a small typed language. Its type expressions are generated by

o0, o  J]Bx). Idatw. DQ.
x:A

Here 0 is the empty type. An element of Id 4(¢, u) is an identity proof between two terms of
type A. The last form, D(¢), is optional; we will specify exactly when it is available.

A context is a finite list of typed variables. Each type in the list may use variables declared
earlier. A type family P(x) is a type expression in a context containing x; it is not an arbitrary
family borrowed from the mathematics in which we discuss the language. There are no
variables standing for types or type families, and no type whose elements are all types.
In particular, there is no universe inside this language. There is also no dependent-pair
constructor.

Terms consist of variables, 0, successors, functions, applications, identity proofs and their
eliminator, empty-type elimination, and the three orbit operations just displayed. We consider
three fragments: the iterator fragment permits |; the indexed fragment additionally permits R;
the dependent fragment additionally permits E.

The typing rules are as follows. The empty context is valid, and a valid context may be
extended by a type formed in it. The types O and 0 may be formed in every valid context.
A product type requires its domain A in the context and its codomain B(x) in the context
extended by x : A. An identity type requires A and two terms of that type. The type D(2),
when enabled, requires ¢ : O.

A declared variable has its declared type. The term 0 has type O, and S sends terms of type O
to terms of type O. Function introduction and application have the familiar rules
Ix: Art: B(x) T f:]l,.aB(x) THu:A
T'HAx: At : [[,.4B(x) T+ f(u) : B(u) ’

with the displayed types required to be formed. The notation ' -t : A says that the term ¢
has type A under the assumptions in T

Reflexivity supplies refl, : Id 4(x, x). The identity eliminator, called J, works as follows. Fix
x : A and a type family Q(y, p) in the context y : A, p : Ida(x,y). From d : Q(x,refl,) it
supplies

J(A,x,0,d,y,p) : O(y, p), J(A, x,Q,d, x,refl,) = d.

Thus a construction on an identity proof is specified at reflexivity and transported along that
proof. Empty-type elimination supplies a term of any formed type from a term of 0.

The typing rules for |, R and E require exactly the types of their arguments stated in the
preceding section, and x : O. All earlier variables in the context remain available as parameters.
Computation uses the six orbit equations, the Jequation, and function evaluation

(Ax + A.t)(w) = tlu/x].

An equation is available only in a fragment that permits its orbit operation.
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We optionally add the start discriminator, with equations
D(0) = 1dp(0, 0), D(Sx) = 0. (9.7)

It gives a type-level distinction between the start and a successor. The superscripts — and +
will mean that this discriminator is disabled or enabled, respectively.

For precision, raw conversion is the least equivalence relation containing the enabled com-
putation equations and closed under every expression constructor and capture-avoiding
substitution. It is defined on raw expressions: an intermediate expression in a conversion
chain need not be well typed. A typed equality requires both endpoints to have the stated
type; a type equality requires both endpoint types to be formed. A term may be converted
from A to B only through such a type equality. We do not turn an identity proof into a raw
conversion, and we add neither function extensionality nor an 1 equation.

The word “raw” deserves an example. As an expression, the function application (Ax : 0. x)(0)
rewrites to 0. But its function expects an input from the empty type, while the supplied 0
has type O. The application cannot be typed. A soundness proof cannot therefore justify
every intermediate raw rewrite merely by appealing to the typing of the original endpoints.
Section 9.8 handles this issue in two steps: typed expressions satisfy a safety condition, and
convertible safe endpoints reduce forward to a common expression without losing their
interpreted value. That is why the later proof needs both safety and confluence.

Finally, a substitution from a context I to a context A assigns to each declared variable of T" a
term of its substituted type in A. Substitution acts on types, terms and typed equalities. Only
the finitely many variables in the source context are required. These formation, introduction,
elimination, conversion and substitution rules constitute the whole calculus used below.

Definition 9.1 (Admissibility). A rule is admissible in a fragment if, whenever its premises
have derivations in that fragment, its conclusion has a derivation there too. For indexed recur-
sion and dependent elimination, we require a term with both displayed computation equations
as typed equalities, uniformly over every finite parameter context and every permitted type
expression.

This definition makes a negative result strong enough to be useful. It rules out every con-
struction from the available rules, including one we have not thought to try. A single instance
with derivable premises and an underivable conclusion refutes admissibility.

9.3 What indexed recursion immediately gives

The additional position argument in R has a direct use. Choose target O, base 0, and step
(x,y) = x. Define

pred(x) = R(0,0,Az : 0.1y : O.z,x). (9.8)
Then the computation rules give
pred(0) = 0, pred(Sx) = x.

The second equation is a left-inverse law for successor.
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Theorem 9.2 (Indexed recursion supplies injectivity). In either indexed fragment, with or
without D, there is a term of

TTTT (oS 5y) - do(x, ).

x:0y:0

Proof. The termin (9.8) is well typed because its step accepts two orbit elements and returns the
first. Given p : Idp(a, b), identity elimination applies pred to that path: use the family Q(z, q) =
Idp(pred(a), pred(z)) and the base refl,.q(;). This constructs a proof of Idp(pred(a), pred(b)).
Set a = Sx and b = Sy. The two predecessor computations convert the resulting type to
Idp(x, y). Abstracting over x, y, p gives the required term. No discriminator is used. [

The start discriminator gives a different fact.

Theorem 9.3 (The discriminator separates the start). In every fragment with D enabled, there
is a term of

H(IdO(O, 5x) — 0).
x:0

Proof. By (9.7), refly is a term of D(0). If p : Idp(0, Sx), apply identity elimination with family
0O(y,9) = D(y) and that base term. The result has type D(Sx), which converts to 0. Abstract
over x and p. The construction uses neither recursion nor induction. [

The two arguments identify two different resources. The predecessor retrieves the input of
a successor. The discriminator distinguishes the start from a successor. Neither argument
silently assumes the other fact.
9.4 An iterator can merge two roots
Consider distinct elements a, u, v;, v, ..., with designated start a and step

S@=vi=5w,  S)=vs1 (21)

The subscripts here are the finite natural numbers of the ambient mathematics. They are
being used to construct a model of the language; they do not add an induction rule to that
language.

V1 Va2 V3

Figure 9.1. Two roots with one common tail. Iteration can give both roots the same starting value, so
its equations do not detect the merger.

For any set B, any b € B, and any function g : B — B, define
I(a) = b, I(u) = b, I(v,) = g"(b). (9.9)
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Both roots satisfy I(Sx) = g(I(x)): each side is g(b). At a tail element, the equation is
g" () = g(g"(b)). Thus the iterator exists for every target and step, although successor is
not injective.

The discriminator can be interpreted too. Give D(a) and D(u) the one-element set, and give
each D(v,) the empty set. Then D(a) interprets Id(a, a), and every D(Sx) is empty. The extra
root u is allowed to share the start’s discriminator value; the discriminator equations never
require the converse implication D(x) = x = 0.

Theorem 9.4 (The iterator boundary). In the fixed calculus of Section 9.2, the iterator fragment,
with either choice of discriminator, has no closed term proving successor injectivity. Indexed
recursion is not admissible in it.

Proof. Interpret the orbit type by the merging structure. Interpret product types by sets of
dependent functions, the empty type by the empty set, and an identity type by a singleton
when its endpoints are equal and the empty set otherwise. The soundness proof in Section 9.8
verifies all the rules of the iterator fragment for this interpretation, in every finite parameter
context and with either choice of D.

If an injectivity term existed, apply its interpreted function to a,u and the identity proof
between S(a) and S(u). It would produce an element of the empty identity set between the
distinct elements a and u. This is impossible.

For indexed recursion, use the closed premises B = O, b = 0 and g(x, y) = x, all expressible in
the iterator fragment. An admissible recursor would give a function r with r(Sx) = x. In the
model this would require both r(v;) = a and r(v;) = u. Since a # u, no such function exists.
Soundness therefore excludes a term with the required equations. [

The first example answers a common temptation: the ability to repeat an operation does not,
by itself, make the underlying step reversible. The position argument in indexed recursion is
doing real work.

9.5 Recursion can leave a whole chain unreached

Now let
O = {0, 1} x N, 0o = (0,0), S@i,n) = (i, Sn).

There are two disjoint successor chains. Only the first starts at the designated 0.

(0,0) —(0,1) (0,2) >

(1,0) —— (1,1) (1,2) >

Figure 9.2. Indexed recursion can start with the same value on both chains. Its step can read the
chain’s index without making the second root reachable from the designated start.

For a fixed B, b, g, define the recursor on each chain by

R(@i,0) = b, R(i, Sn) = g((i,n), R(i, n)). (9.10)
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The initial equation holds at (0, 0), and the successor equation holds everywhere by construc-
tion. There is no conflict in also starting the second chain at b. The equations specify no
separate base value there. Ordinary iteration is obtained by choosing a step that ignores (i, n).

Set D(0, 0) to the singleton and D(i, n) to the empty set at every other point. The discriminator
equations hold too. Thus even the indexed fragment with the discriminator leaves room for
the second chain.

To expose what fails, we need a family expressible in the language. The informal property
“belongs to the first chain” would not suffice unless the language could express it. Instead
define the term

c(x) =R(0,0,Az : 0.4y : O.Sy, x), P(x) = Idp(c(x), x). (9.11)
The term c rebuilds the successor history from the designated start. It satisfies
c(0) =0, c(Sx) = S(e(x)).
In the two-chain model, induction on the finite index gives
c(i,n) = (0,n). (9.12)

At index zero the equation is the base clause of the recursor. If it holds at n, the successor
clause applies S to (0,n) and gives (0, Sn). This proves the formula at every finite index.

Lemma 9.5 (A family with a base and a step). In either indexed fragment, P(x) from (9.11) is a
formed type family, with a closed term of P(0) and a closed term of | [,.. o(P(x) — P(Sx)).

Proof. The term c¢(x) is an indexed recursor with a well-typed step, so its identity type with x
is formed. At 0, its computation makes refl, a term of P(0). For the step, take p : Idp(c(x), x).
Apply S to this path using J, with motive Idp(S(c(x)), Sy) and reflexivity base. The result is a
proof of Idp(S(c(x)), Sx). Convert the first endpoint using ¢(Sx) = S(c(x)). This is a proof of
P(Sx), and abstraction over x, p gives the required step. [

Theorem 9.6 (The indexed-recursion boundary). In either indexed fragment of the fixed
calculus, there is no closed term of [ [ ,.. o P(x) for this expressed family. Dependent elimination
is not admissible. Nor is the rule asserting pointwise uniqueness of two maps with the same start
and successor equations.

Proof. The two-chain interpretation satisfies every rule of the indexed fragment by Section 9.8.
At the second root, formula (9.12) gives

P(1,0) = Idp((0,0),(1,0)).

Its interpretation is empty. A function inhabiting [[.., P(x) would have to return an element
of this empty set at (1, 0), so no such function, and hence no such term, exists.

Lemma 9.5 supplies the premises of dependent elimination inside the indexed fragment itself.
If that rule were admissible, it would supply exactly the impossible term.
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For uniqueness, compare ¢ with g(x) = x. Both are terms O — O; both satisfy f(0) = 0 and
f(Sx) = S(f(x)), with identity proofs obtained from their computation equations. But at
(1,0), c returns (0,0) and g returns (1,0). A term asserting their pointwise equality would
again produce an element of an empty identity set there. All the proposed rule’s premises
have terms, while its conclusion does not. [l

The failure occurs at a specific, expressible family. It does not rely on allowing an arbitrary
external predicate as an induction motive. The two maps also show why merely solving
recurrence equations does not establish uniqueness on a carrier whose generated part may be
smaller than the whole.

9.6 Induction does not invent a discriminator

The preceding models separate the two weaker fragments. A different argument shows that,
in this language, the start discriminator is still an additional resource even after dependent
elimination is available.

Assign a truth value v(A) to every raw type expression:

v(0) = true, v(0) = false,
v(Id4(t,u)) = true, v(D(t)) = true,

v(H B) = v(A) = v(B).
x:A

Here = is ordinary Boolean implication. The valuation deliberately ignores the terms inside
a type. It is a tool for checking derivations, not a set interpretation in which identity means
equality of denoted elements.

Lemma 9.7 (Substitution cannot change this truth value). Renaming variables or substituting
terms in A preserves v(A). When the discriminator is disabled, raw type conversion also preserves
it.

Proof. For substitution and renaming, induct on the type expression. The orbit and empty
types do not change. Identity and discriminator types always have value true, whatever their
contained terms. At a product, the two induction hypotheses preserve the antecedent and
consequent of the Boolean implication.

For conversion, induct on its construction. Reflexivity, symmetry and transitivity preserve
equality of truth values. Product congruence uses its two induction hypotheses. Identity and
discriminator congruence preserve the constant value true. The substitution case uses the first
part. The two special discriminator equations are unavailable when D is disabled. These are
all the type-conversion cases; term conversions inside an identity or a discriminator cannot
affect its value. []

Theorem 9.8 (Truth preservation without the discriminator). In any of the three fragments
with D disabled, ifT —t : A and every type declared in T has value true, then v(A) = true. In
particular every inhabited closed type has value true.
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Proof. Induct simultaneously on the finite derivations of terms, equalities and substitutions.
A variable inherits the true value of its declared type; weakening does not change it by
Lemma 9.7. Zero and successor have type O. Reflexivity has an identity type, whose value is
true.

For a function, if the domain has value false, its product type has value true immediately. If
the domain has value true, extend the true context by that domain and apply the induction
hypothesis to the body. The codomain is true, so the product is true. For application, a true
implication together with a true argument type gives a true codomain. Substitution for the
argument preserves that value.

Identity elimination has a base term of Q(x, refl,). The induction hypothesis makes this type
true. Since substitution does not change the value of Q, the target Q(y, p) is true as well.
Empty-type elimination cannot have its premise in a true context: that premise would make
v(0) true.

For iteration and indexed recursion, the base term already makes the fixed target B true. For
dependent elimination, the base term makes P(0) true; substitution invariance then makes P(x)
true at every argument. These observations handle the orbit rules even when the strongest
one is enabled.

Type equality preserves the valuation by Lemma 9.7; term equality inherits truth from either
typed endpoint. Type conversion therefore preserves the term assertion. A derivable sub-
stitution sends a true target context to a true source context, since each source variable has
a term of its substituted type in the target. Apply the induction hypothesis to the original
judgment in that source context, then use substitution invariance. This handles substituted
terms and equalities. Context and type formation add no assertion that a type is inhabited.
All derivation rules have now been covered. []

Corollary 9.9 (A strict discriminator boundary). Without D, even the dependent fragment has
no closed term of

[ J(do(0.5x) - 0).
x:0

Proof. The inner implication has value true = false = false. The outer product has the
same false value because v(O) is true. Theorem 9.8 excludes an inhabitant. O

The hypothesis disabling D is essential. When its equations are enabled, D(S0) = 0 equates
a type assigned true by this valuation with one assigned false. The valuation then ceases
to preserve conversion, exactly where the positive construction in Theorem 9.3 becomes
available.
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9.7 The strict sequence of resources

Let 77—, 7, and &~ denote the iterator, indexed and dependent fragments without D. Let
& be the dependent fragment with D.

Theorem 9.10 (Three strict extensions). Every derivation in one of the following fragments is
also a derivation, of the same judgment, in the next:
I CR CE C &

The three strictness witnesses are, respectively, successor injectivity, the section [],..oP(x)
from (9.11), and start separation.

Proof. Each extension retains the earlier grammar and rules. Induct on a conversion derivation
to retain its equations, and on a typing derivation to retain its judgment. At a rule that requires
an enabled operation, the larger fragment still enables it. Every other rule and every context
is unchanged. Thus these are inclusions on actual finite derivations, not only comparisons of
their interpretations.

Theorem 9.2 supplies the first witness in %, and Theorem 9.4 excludes it from . . Lemma 9.5
supplies the inputs for a dependent eliminator; applying that eliminator and abstracting over
x gives the second witness in &~. Theorem 9.6 excludes it from &% ™. Finally, Theorem 9.3
supplies start separation in &%, and Corollary 9.9 excludes it from &~. [l

The first two separations also hold with the discriminator enabled throughout: both counter-
models interpret it. The third separation concerns adding the discriminator itself. How much
arithmetic the top fragment &* proves is a separate question. Chapter 16 answers it: &+
proves the negative translations of exactly the theorems of Peano arithmetic (Theorem 16.6).

There is no conflict with the arithmetic developed in Part I. There we constructed the finite
tallies and used their structural elimination rule; generation from the start was built into the
construction. Here we ask which conclusions follow from selected rules on a type O before
its full structure has been established. The two countermodels identify precisely what is lost
when the stronger rule is withheld. They are not alternative faithful representations of the
already constructed tallies.

9.8 Why the countermodels cover every rule

The negative results used a soundness claim for the complete fixed calculus. This section
proves that claim. A reader following the main structural argument can return to it after the
chapter; its purpose is to close the gap between the two pictures and the statements about all
derivations.
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9.8.1 A total interpretation and its limits

Work in ordinary classical set theory for this external proof. Encode each orbit carrier
injectively as a set, choosing the designated start different from the empty set. The two concrete
encodings may be made from tagged ordered pairs of finite tally codes. Extend decoding to all
sets by returning the designated start when a set is not an orbit code. Consequently S, I and R
have total external interpretations, although their typing rules will permit only arguments in
the appropriate domains. The unused indexed recursor in the merging model, and the unused
dependent eliminator in both models, receive the default value @.

An environment p assigns a set to each variable. Define the interpretation of types recursively

by

[O], = the encoded orbit carrier,

[[0]]p =Q,
ﬂH Bﬂ = H |[B]]p[x:=a];
x:A dp  ae[A],

{2}, ﬂ:t]]p = [[u]]p’

Q, otherwise.

[[IdA(ta u)]]p = 3

The product consists of all graphs of functions with the stated domain and values in the
corresponding fibers. Interpret D(t) by the discriminator set at [t],.

A variable is interpreted by its environment entry. Zero and successor use the model’s start
and step. A function is interpreted by the graph

[Ax = At], = {(a, I[t]]p[x::a]) tae I[A]]p}.

For application, look for an output paired with the given input in the interpreted graph: choose
one if it exists, and use @ otherwise. On a function graph at an input in its domain the output
is unique, so this choice has no effect. Reflexivity, empty-type elimination and the unavailable
dependent eliminator are interpreted as @. The interpretation of J(A, x,Q,d, y, p) is that of
its base d. Finally I and R use the concrete operations (9.9) and (9.10), with interpreted base
and step.

All raw expressions now have values. This does not make every raw computation equation
preserve values. For example,

(Ax : 0.x)(0)=0

is a raw function-evaluation equation. The function’s graph is empty, so the left side has
default value @, whereas the right side is the designated nonempty start code. This application
has no valid typing derivation. The soundness claim must use its typing hypotheses.

Two elementary facts about the interpretation will be used repeatedly. If a € A, applying the
graph of fon A to a returns f(a). If a graph with domain A belongs to a dependent function
set with domain B, then A = B: the first coordinates of the pairs in either description are
exactly its domain. These facts follow directly from the definition of a function graph.
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9.8.2 Substitution and safe expressions

For a substitution o, let po assign to each variable the value of its substituting term in p.
Structural recursion on expressions gives

[[A[U]]]p = [[A]]pm [[t[o-]]]p = [[t]]p(r (9.13)

For a variable the assertion is the definition of po. For a constant it is immediate. At a binder,
extend both environments by the same new value and leave the bound variable fixed; the
induction hypothesis then identifies the body values. At every remaining constructor, apply
its defining operation to the equal constituent values. The Jfamily has two binders and uses
two such extensions. This proves both identities, together with their renaming versions.

We next define a property called safety, relative to a model and an environment. It records
the domain conditions needed by evaluation, without claiming that the whole expression is
typed. The definition follows the raw syntax.

For types, O and 0 are safe. A product is safe when its domain is safe and its codomain is safe
at every value in that domain. An identity type is safe when its two endpoint terms are safe.
A discriminator type is safe when its argument is safe.

For terms, variables, zero, reflexivity, empty-type elimination and the unavailable dependent
eliminator are safe. A successor is safe when its argument is safe and has value in the orbit
carrier. A function is safe when its domain is safe and its body is safe at every value in that
domain. An application is safe when both constituents are safe and there is a dependent
function set containing the value of its function, whose domain contains the value of its
argument. A Jterm is safe exactly when its base term is safe; the interpretation reads only
that base.

An iterator is safe when its base, step and orbit argument are safe, the argument lies in the
orbit carrier, and there is a set B containing the base value on which the step value is a function
B — B. For an indexed recursor, replace that last condition by a step function from the orbit
carrier to B — B. The type annotations ignored by these interpretations impose no additional
safety condition.

Lemma 9.11 (Safety under substitution). Suppose e is safe in po, and every substituting term
for a free variable of e is safe in p. Then e[o] is safe in p.

Proof. Induct on e. A variable uses the corresponding substitution hypothesis. Constructors
that are safe without conditions remain so. At a successor, application, iterator or recursor, the
induction hypotheses give safety of the constituents, while (9.13) preserves all the required set
memberships and function domains. At an identity or discriminator type, use the hypotheses
for its term arguments. At a product or function, fix a value in the domain, extend the envi-
ronment and lift the substitution beneath the binder. The new variable is safe by definition; all
previous variables retain their hypotheses by renaming. Apply the body induction hypothesis
in that extended environment. The ] case uses its base hypothesis. This also shows why no
condition is needed on substitution components outside the finite set of free variables. [
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9.8.3 Joining conversions without changing the language

A conversion can pass through untyped intermediate expressions. We therefore cannot justify
it by asserting that every step in its original zigzag preserves values. Instead we join the two
endpoints by forward reductions that preserve values whenever they start safely.

Define an external parallel reduction relation e = e’. It permits constituents to reduce
in parallel under every constructor, including binders. It also permits a visible function
application or enabled iterator/recursor equation to contract, with its constituents reduced in
parallel. For example,

b=V, t=t = (Ax:ADb)(t)="D][t'/x].
It includes the two enabled discriminator contractions. Finally, it has the external erasures

JAXx,Q,dy,p)=d ([d=4d),

and sends reflexivity, empty-type elimination and raw dependent elimination to refly. These
erasures reflect the chosen set interpretation. They are not new computation rules or new
equalities in the object language.

Lemma 9.12 (Parallel substitution and joining). Parallel reduction is preserved by substitution.
More generally, ife = e’ and each component of o reduces to the corresponding component of 7,
then e[o] = €’[r]. The parallel relation has the diamond property, and its finite-step closure is
confluent. In either weaker fragment, raw-convertible expressions have a common reduct in this
external relation.

Proof. Prove the substitution assertion by induction on the parallel derivation. Constructor
cases use their constituent induction hypotheses; beneath a binder, lift both substitutions
and retain the bound variable. In the function-contraction case, the substitution composition
identity identifies the two results of substituting first or contracting first. The iterator and
recursor contractions retain their form under substitution, as do the discriminator contractions.
A Jerasure reduces to the substituted base, and the other erasures still reduce to refl,. This
covers every parallel rule.

For each expression e, define its complete development e* by developing the constituents
and contracting the outer redex if its original outer form is a visible redex. Erase ] to its
developed base and the other erasable forms to refl,. An operation disabled by the fragment
retains its constructor. A redex newly exposed only after developing a constituent need not
be contracted at this stage.

We claim that e = u implies u = e*. Induct on the displayed parallel step. For a constructor
whose outer form is not a redex, reduce its constituents by the induction hypotheses. If
an application originally has a lambda at its head, a congruence step leaves a lambda there,
so contract it using the developed body and argument. If the first step already contracted
it, parallel substitution gives the same developed result. For an iterator or recursor at zero,
both possibilities lead to the developed base. At a successor, both lead to the developed step
applied to the corresponding recursive expression; the recursor also receives the developed
predecessor. The discriminator cases lead to the same unit or empty type. A congruence step
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on J can be followed by erasure; an erasure step can be followed by development of its base.
For the remaining erasable forms both paths end at refl;. These exhaust the possible overlaps.

Thus any two parallel steps from e are joined at e*. This is the diamond property. For
finite reduction chains, use the diamond repeatedly to move a single step past a finite chain;
induction on the other chain then fills a finite grid of diamonds and produces a common
endpoint. This proves confluence of the finite-step closure.

Having a common reduct is consequently an equivalence relation: reflexivity and symmetry
are immediate, and confluence joins the two reducts needed for transitivity. It is closed under
constructors and substitution by the corresponding parallel rules. Each enabled computation
equation has a common reduct: function, iterator, recursor and discriminator equations use
their contractions, while the Jequation uses erasure. The dependent computation equations
are absent in the two weaker fragments. Induction on raw conversion now proves its inclusion
in this common-reduct relation. O

Lemma 9.13 (Safe parallel reduction preserves values). In the merging model for the iterator
fragment, and in the two-chain model for the indexed fragment, if e is safe and e = €', then e’ is
safe and [e] = [e’]. Both choices of discriminator are allowed.

Proof. The concrete iteration and recursion operations stay within their target set whenever
their base and step do. For the merging model this follows by induction on the tail level in
(9.9). For the two-chain model it follows by induction on the second coordinate in (9.10). The
base and successor equations hold by those definitions. The discriminator equations hold by
the definitions at the roots and tails.

Now induct on the parallel step, simultaneously for types and terms. At a product, the
domain values agree by induction; at each point of that common domain, the fiber values
agree too. Their sets of dependent functions are therefore equal. At a lambda, the same
pointwise argument gives equality of graphs. Identity and discriminator types depend only
on the relevant term values. Successor and application congruence preserve their domain
witnesses and values using the constituent equalities. Iterator and recursor congruence
similarly preserve their common target set and interpreted operations.

For a function contraction, safety of the application supplies a function-set domain containing
the argument. The graph-domain fact identifies that domain with the lambda’s declared
domain. Graph application therefore equals evaluation of the body with that argument
substituted. Use the induction hypotheses for the body and argument, then Lemma 9.11, to
obtain both the value and safety of the contracted term. No off-domain default is used.

At an iterator or recursor zero contraction, use its base equation and the base induction
hypothesis. At a successor contraction, safety supplies the predecessor in the orbit carrier.
The target-closure fact proved above puts the recursive result in B. The step can therefore be
applied, once for the iterator and twice for the indexed recursor; its concrete successor equation
gives the claimed value. The induction hypotheses preserve all the needed memberships.

The discriminator contractions use its two equations. The interpretation and safety of Jare
precisely those of its base, so its congruence and erasure cases follow from the base induction
hypothesis. Reflexivity, empty-type elimination and raw dependent elimination all have value
@, as does refly; their erasures preserve safety and values directly. These are all the parallel
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rules. O

Corollary 9.14 (Coherence at safe endpoints). In either concrete interpretation, two raw-
convertible expressions that are both safe in an environment have equal values there.

Proof. By Lemma 9.12, the endpoints have a common external reduct. Apply Lemma 9.13
successively along each finite reduction chain. Each chain preserves safety and value. Both
original values equal the value of the common reduct, hence equal one another. ]

9.8.4 Soundness of the complete typing derivations

Theorem 9.15 (The two concrete models are sound). Every derivation in the iterator fragment
has a valid interpretation in the merging model. Every derivation in the indexed fragment
has a valid interpretation in the two-chain model. Both statements hold with or without the
discriminator and in every finite parameter context. In particular, a typed term denotes a member
of its type, and typed equalities denote equal values.

Proof. Prove a stronger assertion by simultaneous induction on the derivation. In an environ-
ment satisfying its context, every formed type is safe; every typed term is safe and belongs to
its interpreted type; both endpoints of each typed equality are safe and have equal values. A
derivable substitution takes a satisfying target environment to a satisfying source environment
and has safe components at all declared source variables.

Context extension adds exactly the required membership. Variables use their context entries.
Orbit and empty-type formation are safe directly. Product formation uses safety of the domain
and the codomain in each extended environment; identity and discriminator formation use
the safety of their term arguments. Zero belongs to the carrier, and the concrete successor
preserves that carrier.

For function introduction, the body induction hypothesis gives a safe value in the correct
fiber at every domain point. Its graph therefore belongs to the product type and is safe. For
application, the two premises give a dependent function and an argument in its domain.
Applying that graph yields a member of the required fiber, and (9.13) identifies the fiber with
the substituted result type. The same premises give safety.

Reflexivity denotes @, which is an element of the singleton identity set at equal endpoints.
For J, the identity premise says that the two endpoint values agree and the path value is
@. Substituting these equal values into the motive makes the target fiber the same as the
base fiber, which already contains the base value. Safety comes from that base. Empty-type
elimination has no possible premise in a satistfying environment, since nothing belongs to @.

Iteration and indexed recursion use the proved closure of their concrete operations in the target
set; their premises supply exactly the safety conditions stated above. Dependent elimination
cannot be a rule of either fragment under consideration.

For type or term equality, the induction hypotheses supply safety of both endpoints. Corol-
lary 9.14 then proves equality of their values, despite any untyped intermediates in the raw
conversion. Converting a term’s type preserves membership because the two interpreted
types are equal.
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For substitution, the premises type every component associated with a declared source
variable. Their membership conclusions give a satisfying source environment, and their
safety conclusions cover every variable that can occur in a source judgment. Formula (9.13)
transports membership and equalities; the finite-variable form of Lemma 9.11 transports
safety. This handles substitution of types, terms and both kinds of equality. It finishes the
induction over all the original rules. O

The external set theory and its choices belong to this nonderivability proof. No universe,
external family, semantic soundness assumption or additional equation has been inserted into
the object calculus. The negative conclusions therefore apply to the exact rules stated at the
beginning of the chapter.

Exercises

1. Check the iterator equation separately at a, at u, and at v, in the merging model. Explain
why setting D(u) to the singleton does not violate either discriminator equation.

2. Carry out the two function-evaluation steps in pred(Sx) after the recursor equation has
been applied. Identify the point at which the indexed step uses information unavailable
to an ordinary iterator step.

3. Verify the base and successor equations for both ¢ and g(x) = x in the two-chain model.
Locate the element at which their pointwise equality fails.

4. Why does dependent elimination preserve truth when the valuation ignores the motive’s
argument? Which discriminator equation invalidates this valuation?
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Chapter 10
Finite construction and effective description

A finite tally can be written down. A rule for producing tallies can also be written down.
These are different objects. The first records a result; the second may produce different results
when given different inputs, and may fail to finish on some inputs.

There is a third distinction. Suppose that, for every requested accuracy, a description specifies
a finite rational interval. Each interval is finite data. It does not follow that one finite rule
produces all those intervals. The placement of the word “one” matters. This chapter makes
that difference precise, while showing how finite arithmetic and finite programs fit into the
same generated records.

10.1 An explicit budget for a tally

Write L(x) for the number of steps in x € N, as in Chapter 1. The inverse reading takes
an ordinary natural number k to the tally with k steps. The two readings are inverse by
their construction. We use ordinary natural numbers to index budgets in the surrounding
mathematics.

Definition 10.1 (A finite stage). For a budget n, let
F,={x € Ns : L(x) <n}.

If n < m, the inclusion j, ,, : F, — F, retains the same tally and regards it as satisfying the

larger budget.

There are exactly n + 1 elements in F,: the tallies with lengths 0, 1, ..., n. This is an explicit
correspondence. Send a tally to its length and send an index back to the tally with that many
steps. The two composites are identities. In particular, a stage is finite because its elements
have been enumerated, not because a finiteness assumption has been attached to it.

The inclusions satisfy

jn,n = id, jm,k ° jn,m = jn,k (n <m<k).

Both equations say that enlarging a budget does not change a record. Every x € Ny lies in its
own finite stage Fy(,). No search for a suitable stage is needed: the record supplies its budget.

This gives more than an increasing list of finite sets. It tells us exactly when calculations or
readings defined separately on those sets determine a single reading of the generated orbit.

Definition 10.2 (Agreement across budgets). Let A be a fixed target. A compatible family
consists of maps f,, : F, = A such that

fm(jn,m(x)) = fn(x) (n<m, x€F). (10.1)
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Compatibility is a substantial condition. It says that the answer assigned to an already available
record does not change merely because the reader is given a larger permitted budget.

Theorem 10.3 (Finite readings glue uniquely). For every compatible family (f,,), exactly one
map f : INs — A restricts to f, on every F,. It is given explicitly by

FG) = frn ().

Proof. The expression on the right is defined because x € Fy ). If x € Fy, then L(x) < n, and
compatibility gives

fa(x) = fn(jL(x),n(x)) = fL(x)(x) = f(x).
Thus fhas every required restriction. Conversely, any map g with those restrictions satisfies
8(x) = fx)(x) by applying its restriction at the particular budget L(x). Hence g(x) = f(x)
for every x. O

Jnm F,
N
A

Figure 10.1. A larger budget retains the record. Agreement along the two routes is the hypothesis

Py

that makes the single global reading possible.

The proof uses one stage for each input. It does not require an apparatus that stores the whole
orbit. Nor does it turn an arbitrary compatible family into an executable rule: the maps f,
were supplied as mathematical data. The theorem establishes precisely the unique assembly
of those maps.

10.2 Arithmetic carries its own finite bounds

The length identities from Chapter 3 immediately give finite output budgets:
S E — F,
+ : FyxFE, —> Fpm, (10.2)
<t By x By — Eyy.
For example, L(x + y) = L(x) + L(y) < n + m. Similarly, L(xy) = L(x)L(y) < nm. These are

bounds for the size of the resulting tally. They do not count the intermediate work of a chosen
calculating device.

If the input budgets are enlarged, the output tally is unchanged. Forn < n” and m < m’,
adding after inclusion gives the same tally as adding first and then including into F,; ,,,». The
multiplication statement is identical with the product budget. The proof is especially short:
an inclusion retains its underlying tally, and the operations are the same operations on those
tallies on both routes.

There is a useful discipline here. A claim of finite construction should identify what its budget
measures. Equations (10.2) measure record length. An execution-time claim or a physical
storage claim would require its own construction and bound.

101



The § Foundation Jonathan Washburn

10.3 A record with a decoder

We can make the representation entirely explicit. Prepare a finite bit record U(x) consisting
of L(x) repetitions of the bit 0. Define a budgeted decoder D,, as follows: count the length
of the supplied bit record r. If that length is at most n, return the tally with that many steps,
regarded as an element of F,. Otherwise return failure.

The decoder uses the record’s length. It does not inspect whether its bits are all zero. Preparing
only zeros makes one canonical record for each tally; the decoder is allowed to accept other
records of the same length too.

Proposition 10.4 (Exact finite recovery). For every x € F,,
D,(U(x)) = «x, length(U(x)) < n.

Every record longer than n is rejected.

Proof. The length of U(x) is L(x). The budget condition on x therefore selects the successful
branch of D,. Its answer is the tally reconstructed from L(x), which is x by the length round
trip. The same length identity proves the preparation bound. A longer input selects the failure
branch by definition. ]

This construction gives both directions of a representation, together with an exact recovery
law. It is stronger than merely counting possible records. It is still a mathematical preparation
and reading procedure. Identifying the physical actions that prepare, retain and read it is a
further task, addressed in the final part of the book.

10.4 A finite rule can describe an unbounded calculation

We now specify the programs used in this chapter. They are the usual finite expressions for
partial recursive functions. A partial function may return a natural number on an input, or
may remain undefined. Write ¢(n)]v when program c returns v on input n. Returning a value
is single-valued.

First fix an effective pairing of two natural numbers into one. One explicit choice is

b? +a, a<hb,

a,b) =
{a.b) a+a+b, b<a

(10.3)

It lists pairs by successive square boundaries. Given k, set s = |Vk| and t = k — s%. If t < s,
recover (t, s); otherwise recover (s,t — s).

To check the round trip, note that 0 <t < 2s. In the first case, t < s selects the first branch
of (10.3), giving s? + t = k. In the second, 0 < t — s < s selects the second branch, again
giving s+t=k Conversely, if a < b, the paired number lies between b? and b+ 1)2, and its
remainder is a < b. If b < a, it lies between a? and (a + 1)?, with remainder a + b > a. The
decoder therefore returns the original pair in both cases.
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Definition 10.5 (The program expressions). There are four basic programs: the constant
zero function, successor, and the two projections that recover the first and second members
of a paired input. From programs f, g form the following further programs.

1. Pairing runs both on the same input and pairs their answers.
2. Composition runs g and then runs fon its answer.

3. Primitive recursion, on input (a, n), starts with f(a) and performs n steps. At step y,
with previous answer v, it runs g({a, (y, v))).

4. Search, on input (a,m), runs f successively on (a,m),{a,m + 1), ..., returning the first
tested position whose answer is zero.

Each program expression is a finite tree built from these eight constructors.

The partial behavior is part of the definition. Composition cannot proceed until its inner
program returns. A recursive calculation cannot proceed past an undefined base or step.
Search continues past a position only after that call returns a nonzero answer. If it waits
forever at an earlier position, it does not skip ahead to a later zero.

Primitive recursion uses a supplied finite step count. Search need not have such a bound. Both
have finite descriptions. Consequently, a finite program description is neither a certificate
that execution terminates nor a bound on how long execution takes.

Proposition 10.6 (Expressions capture partial recursion). A partial function obtained from
the four basic functions by pairing, composition, primitive recursion and unbounded search has
a program expression. Conversely, every program expression defines such a partial recursive
function.

Proof. Induct on a construction of the partial recursive function. A basic function has the cor-
responding basic expression. At a pairing, composition or primitive-recursion step, apply that
expression constructor to the programs given by the induction hypotheses. Their evaluation
clauses give exactly the required function.

For a search beginning at zero, pair the input with zero and pass it to the search expression.
This supplies its initial position. In the converse direction, induct on the finite program tree.
The basic and three binary constructors are their corresponding closure rules. Search from a
supplied position is ordinary search on the offset j, applying the test at m + j, then adding m
to the successful offset. These are compositions and a search of partial recursive functions.
Thus both directions include the stated search behavior. ]

Here a total function is called computable when its value on every input is given by such
a partial recursive function. This is the conventional mathematical definition used for the
remainder of the chapter. No premise about the capabilities of every physical process enters
that definition.
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10.5 Storing the program preserves its execution

The expression tree can itself be assigned a natural number. To remove any ambiguity, here is
a complete coding. Give the four basic programs the codes 0, 1, 2, 3, in the order listed above.
If the codes of f, g are u, v, set

e(pair(f, g)) = 4u,v) +4,

e(comp(f, g)) = «u,v) + 6,

e(rec(f, g)) = 4(u,v) +5,
e(search(f)) = 4u +7.

(10.4)

For a number at least four, subtract four and inspect its remainder modulo four. Remainders
0,2,1,3 select pairing, composition, recursion and search, respectively. Divide by four to
recover the paired subcodes, or the single subcode for search. Decode the subcodes by the
same procedure. Every subcode is smaller than the number being decoded, so the procedure
terminates.

Lemma 10.7 (The program coding is reversible). Decoding e(c) returns the identical finite
expression c.

Proof. Induct on the expression tree. The four basic cases follow from their distinct codes.
Each composite code has the remainder selecting its own constructor. Integer division removes
that remainder and the initial offset. For a binary constructor, the pairing round trip recovers
the two subcodes; for search, it recovers the one subcode directly. Apply the induction
hypotheses to those subcodes. The reconstructed constructor and children are exactly the
original tree. ]

Store c as the tally P(c) with e(c) steps. Recovery first reads its length and then applies the
program decoder. This connects the program coding to the orbit constructed in Part L.

Theorem 10.8 (Faithful program storage). Recovery after storage returns c. In particular,
storage is injective, and executing the recovered program has exactly the same partial function as
executing c. Both returned answers and undefined behavior are preserved.

Proof. The length of P(c) is e(c), so the recovery assertion is Lemma 10.7. If two stored tallies
are equal, recovering both gives equality of their program expressions. Finally, execution after
recovery is execution of the identical expression. Equality of these partial functions preserves
undefined inputs as well as defined outputs; no termination assumption is needed. [

For a bit representation, prepare U(P(c)). Its length is exactly e(c). The decoder with budget
e(c) first recovers P(c) and then recovers ¢, by Proposition 10.4 and Theorem 10.8. Longer
records are refused at the budget check. This unary representation is deliberately simple.
Its size bound concerns this specified representation, with no claim that it is the shortest
encoding of the program.
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10.6 One program for every requested precision

We next apply program storage to rational intervals. The full construction of the continuum
from these intervals is the subject of the next chapter. For now we need only the finite data
and their consistency conditions.

Definition 10.9 (An interval protocol). An interval protocol p assigns to each natural number
n a closed rational interval

L(p) = [6(p), un(p)]

with £,(p) < u,(p), such that

1
Li+1(p) € L(p), un(p) — tn(p) < 1 (10.5)
The index is a precision request. The interval at that index gives the specified rational

enclosure, and later requests refine it. The definition requires a family with these properties.
It does not yet require a method for producing its endpoints.

Fix the usual effective encoding of rational pairs by natural numbers, with an inverse decoder
on valid codes. Rational numbers are finite data: they have reduced signed numerators and
positive denominators, as developed in Chapter 4. Write E,(n) for the code of (¢,(p), u,(p))-
We use the injectivity of this coding when comparing answers.

Definition 10.10 (A uniform program name). A program c names p if

Vn  c(n){E,(n). (10.6)

One finite expression must work at every precision. The nesting and width bounds remain
properties of the specified protocol. A terminating program that prints arbitrary rational pairs
does not acquire those properties merely by terminating.

Lemma 10.11 (A name specifies at most one protocol). If a program names both p and q, their
interval families are equal.

Proof. For each n, single-valued execution gives E,(n) = Eg(n). Injectivity of the pair encoding
gives equality of both rational endpoints. Thus the intervals agree at every index, which is
equality of the protocol families. O

Different programs may name the same family. The lemma asserts the other direction: a fixed
program does not leave the answers undetermined.

The constant protocol [g, g] has a concrete name for every rational q. If k is the code of (g, ¢),
start with the zero program and compose with successor k times. Induction on k shows that
this finite expression returns k on every input. The interval conditions hold because its width
is zero and every interval is the same.
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Theorem 10.12 (The criterion for an executable name). An interval protocol has a uniform
program name if and only if its endpoint code function n — E,(n) is computable. The same
criterion holds when the name must be stored as a distinction tally and recovered before execution.

Proof. If ¢ names p, its partial evaluation is the total function returning E,(n) at every n.
Proposition 10.6 therefore gives computability. Conversely, that proposition supplies a finite
expression for a computable endpoint function, and equality with that total function is
precisely (10.6).

For the storage assertion, store a supplied name as P(c) and use Theorem 10.8. In the reverse
direction, recover the program from a purported stored name. Its execution is the required
uniform name. Storage has changed the representation without changing the criterion. [

10.7 A finite prefix is a different quantifier

Suppose we ask only for the first N endpoint pairs. These form a finite table

Tyn = (Ep(0), Ey(1), ..., E)(N — 1)).

Given this table, a program can return its nth entry when n < N, and return zero otherwise.
Finite list lookup is primitive recursive: it follows the list until the requested position or its
end, with a default answer at the end. Its fixed entries are finite constants. Thus the expression
construction of Proposition 10.6 gives a program for the lookup.

Theorem 10.13 (Every supplied finite prefix has a program). For every interval protocol p and
every N, there is a program c such that

Vn <N c(n)lEy(n).

The program may depend on the entire supplied finite table.

Proof. Use the lookup program just constructed from T}, x. Below N, its entry at nis E,(n) by
the definition of the table. The default branch is irrelevant to the stated range of inputs. [l

The premise is access to the table as data. The proof supplies no method for extracting it from
an unknown physical quantity. Nor does the theorem supply a procedure that takes N and
generates the required table.

For a fixed p, compare the two assertions:

VN3cVn <N c(n)lE,y(n),
JeVn  c(n)IE,(n).

The first permits a different finite table and program at each budget. The second requires one
program for all budgets. Chapter 11 will prove that the first does not imply the second for
general interval protocols in the classical real display. The proof will use a precise countability
obstruction, not a failure to find a clever program.

This is the point at which finite construction needs uniformity. Every individual tally has
a finite stage. Every finite program has a tally representation that preserves its execution.
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A whole family of rational intervals has such a program name exactly when its endpoint
function is computable. Those are three established statements, each with its own object and
its own quantifiers.

These program expressions have a second use. The terms of the typed language of Chapter 9
can be compiled into them and stored as numbers by (10.4). Identity proofs compile to the
program that returns 0, identity elimination to the program of its base term, elimination from
the empty type to a default program fixed by its target type, and E in the same way as R. A
function is then a program code, applied through one fixed universal program that searches
for a finite record of the computation and checks each candidate with one fixed test program.
Chapter 16 uses this to compare the strongest typed fragment, &*, with Peano arithmetic: it
proves the negative translations of exactly the theorems of Peano arithmetic. One direction
of that comparison translates Peano derivations into typed terms. The other runs the typed
terms as compiled programs. It needs derivations, by the arithmetic rules, that the test accepts
a record of every computation and accepts only genuine records; that chapter shows how the
record and its test are built so that the rules can supply them.

Questions to work through

1. In the proof of Theorem 10.3, identify the particular inclusion used for an input x € F,,.
Where is compatibility needed, and where is the own-budget construction sufficient?

2. Explain why increasing both input budgets in an addition changes neither its underlying
inputs nor its result. What quantity is bounded by n + m, and what quantity has not
been bounded?

3. Follow storage, bit preparation, budgeted decoding and program recovery for an arbi-
trary program c. Cite the round-trip identity used at each step. Why does this argument
need no assertion that c terminates?

4. A program prints correct endpoint pairs for the first N requests and then prints zeros.
Which conclusion of this chapter can it satisfy? Which additional obligation is required
for it to be a uniform name?
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Chapter 11
The continuum through rational enclosures

A rational interval tells us both an answer and how much remains unresolved. If a length
lies between two rational bounds, narrowing those bounds improves the description without
pretending that a finite record contains every digit. The question is how a coherent sequence
of such records relates to a real number, and what is lost when only that number is retained.

We use the interval protocols of Definition 10.9. Their intervals are nested and have width at
most 1/(n+1) at request n. The arithmetic of the endpoints is rational arithmetic. A protocol is
a mathematical family of these intervals; a uniform executable name is the additional structure
studied in Chapter 10.

This chapter compares protocols with the ordinary classical real line. That comparison uses
its completeness and Archimedean property, together with classical reasoning. These are
resources of the surrounding mathematics in which the comparison is proved. They are not
new rules silently inserted into the object languages of Part II.

11.1 Why every later interval constrains every earlier one

Fix a protocol p, and abbreviate its interval by I, = [{,, u,]. Regard its rational endpoints as
real numbers when making the comparison. Nesting says

£ <ty Upt1 < Up.
Induction on the distance between indices therefore gives

a<b = ,<¢ and uy,<u,

The indices in a lower and upper bound need not be the same. For any a, b, let k = max(a, b).
Then

by < <y <y, (11.1)

This simple observation is the reason a single value can satisfy every interval. Every upper
endpoint bounds all the lower endpoints, even those arising at much later requests.
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I
‘En+2 F——— Up4+2

{ Unt1

fn+l }

Figure 11.1. Nesting retains earlier constraints. The displayed value lies in every interval; the width
condition makes that value unique. The drawing shows the containment pattern, not a prescribed
sequence of widths.

11.2 A unique value lies in every enclosure

The set of lower endpoints is nonempty and bounded above by u,, using (11.1). Completeness

of the classical real line therefore supplies its least upper bound. Define the displayed value by
v(p) = sup{t, : ne N} (11.2)

The word “displayed” identifies the comparison being made: one real number is retained from
the more detailed interval family.

Proposition 11.1 (The value satisfies every finite enclosure). For everyn,

bty < v(p) < Uy

Proof. Every member of a set is at most its supremum, so £, < v(p). Equation (11.1) says that
u, is an upper bound for the entire set of lower endpoints. The least-upper-bound property
then gives v(p) < uy,. O

Existence used nesting and completeness. Uniqueness uses the quantitative width bound. We
first isolate the small estimate that will be used twice.

Lemma 11.2 (No positive quantity is below every reciprocal bound). If a real number a satisfies
0 < a < 1/(n+ 1) for every natural number n, then a = 0.

Proof. If a were positive, the Archimedean property would give a natural number n > 1/a.
Hence n+ 1 > 1/a, and taking reciprocals of these positive numbers would give 1/(n+ 1) < a,
contradicting the supplied bound. Nonnegativity then leaves a = 0. O

Theorem 11.3 (Uniqueness of the displayed value). Ify belongs to every interval of p, then
y = v(p).

Proof. Both yand v(p) lie between ¢, and u,. Therefore

1
0L |y— <uy,—4¢, < ——
<ly—v(p) <u, n=
for every n. Lemma 11.2 gives |y — v(p)| = 0, hence equality. O

This result provides a useful way to prove an identity of displayed values. Instead of calculating
a supremum directly, show that the proposed answer lies in every interval. The uniqueness
theorem then identifies it with the displayed value.
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11.3 When two protocols describe the same point

Two different interval families may retain different finite information while describing the
same limiting point. Exact equality of the families would be too strong for this comparison.

Definition 11.4 (Observational equality). Protocols p and q are observationally equal, written
p = q, if their intervals overlap at every matching precision:

Vi t(p) <un(q) and  t,(q) < up(p). (11.3)

Each pair of inequalities is a rational comparison. The definition requires all of them. It is
a mathematical condition on two families, not a claim that a finite inspection decides the
condition in every case.

Theorem 11.5 (Overlap at every precision is exactly equality of value). For all interval
protocols p, g,

p=q = v(p)=v9.

Proof. Suppose first that the intervals overlap at request n. Since each value lies in its own
interval, one direction of the difference satisfies

V(p) - V(q) < un(p) - en(Q)
< (un(p) - en(p)) + (un(Q) - en(Q))

The second inequality uses €,(p) < u,(q). Interchanging p and q gives the same bound for the
negative difference. Consequently,

2

v(p) = w(g) € ——.

Apply this bound at request 2m + 1. Its right side is 1/(m + 1), so Lemma 11.2 implies equality
of the values.

Conversely, if the values are equal, their common value belongs to both intervals at every
request. Thus €,(p) < v(p) = v(q) < u,(q), and the reverse cross inequality follows in the
same way. These are precisely the overlap conditions. O

In particular, = is reflexive, symmetric and transitive: each property follows by translating to
equality of values and back. Overlap of arbitrary single intervals is not what proves transitivity
here. The theorem uses overlap at every precision, nesting and shrinking widths together.

There are therefore two distinct equalities in use. Equality of protocols retains every rational
answer. Observational equality retains the displayed point. Chapter 10’s uniqueness of a
program name concerns the first equality, because the program returns the exact endpoint
pair.
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11.4 Rationals and arithmetic act on the intervals

A rational q determines the constant protocol [g, g]. It contains q at every request and has
width zero, so its displayed value is ¢ by Theorem 11.3. Two such constant protocols are
observationally equal exactly when their rational values are equal. The rational arithmetic
constructed earlier is thus preserved faithfully in this comparison.

For addition, the main issue is the precision budget. Adding intervals adds their widths.
Reading both operands at request n would give only the bound 2/(n + 1). Instead, read both
at request k = 2n + 1 and define

L(p +q) = [L2n11(P) + Lon41(@), tpn1(P) + topi1(@]. (11.4)

Proposition 11.6 (Addition respects the protocol conditions). The intervals in (11.4) form an
interval protocol, and

v(p +q) = v(p) +v(9).

Proof. The lower endpoint does not exceed the upper endpoint because that is true for both
operands. As n increases, the index 2n + 1 increases; monotonicity of both lower endpoint
sequences and antitonicity of both upper sequences give nesting of the sum intervals.

The width of the sum interval is the sum of the two operand widths. Hence it is at most

1 N 11
2n+2 2n+2 n+1

Finally, add the two lower bounds and the two upper bounds for the operand values. They
show that v(p) + v(q) lies in every sum interval. Apply Theorem 11.3 to identify its value. [J

Negation reverses and negates the endpoints:

L(=p) = [~u,(p), —t,(p)]. (11.5)

The new interval has the same width. The two nesting inequalities exchange roles under sign
reversal, so it is again a protocol. Negating the value bounds shows that —v(p) lies in every
new interval, giving

v(=p) = —v(p).

Define p — q = p + (—q). The two established value identities then give
v(p —q) = v(p) — v(9).

These constructions work on the rational enclosures themselves. Their agreement with real
addition, negation and subtraction is proved afterward. The sum’s reindexing is also visible:
its finite answers need not be the same interval family as another construction with the same
displayed sum. Observational equality is the comparison that retains the common value.
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11.5 Every classical real has such a display

We have sent each protocol to a real number. The reverse coverage statement has an explicit
interval formula. Fix a classical real r, and let

(11.6)

k, k,+1
k, = [r2"], I = [—n & ]

an’ on
The endpoints are rational because k;, is an integer. The floor inequalities show that r lies in
each interval.

Lemma 11.7 (The next dyadic floor stays in the previous interval). For everyn,

2k, < kyiq < 2k, + 1.

Proof. The definition of floor gives k,, < r2" < k,, + 1. Multiply by two:
2k, <r2"tl <2k, +2.

Since both k;,, ; and the bounds are integers, taking the floor gives the lower bound 2k, and
the upper bound 2k, + 1. O]

Theorem 11.8 (Coverage of the classical real line). The family in (11.6) is an interval protocol
with displayed value r. Consequently every classical real is the displayed value of an interval
protocol.

Proof. The lower dyadic bound in Lemma 11.7, divided by 2"*!, says that the new lower
endpoint is at least the old one. The upper bound, after adding one and dividing by 2"*!
that the new upper endpoint is at most the old one. This is nesting.

, says

The interval width is 27". We have n + 1 < 2" by induction: it is equality at zero, and
fromn+1 < 2" and 1 < 2" we obtain n + 2 < 2" + 2" = 2""!, Taking reciprocals proves
27" < 1/(n + 1), the required width bound.

The floor inequalities put r in every interval. Uniqueness of the value therefore gives v(I") =

r. ]

The formula takes r as a supplied classical real. Evaluating an exact floor at every request
is not, by itself, a procedure for extracting these integers from an unknown quantity. The
theorem establishes coverage by general interval families. A finite program name still requires
the computability condition of Theorem 10.12.

Remark 11.9 (What the floor digits cost). For 0 < r < 1, the integers k;, of (11.6) record the
binary digits of r. Here ky = 0, and by Lemma 11.7 each digit k. — 2k, is 0 or 1: it says
which half of the previous interval contains r. The decision between the halves is classical.
On the line R of Chapter 12, which assumes no classical completeness, the statement that
every point of [0, 1] has a binary expansion is equivalent to LLPO given countable choice, and
binary expansions for all points already yield LLPO with no choice at all (Section 12.9). The
obstacle is a point that may lie on a dyadic boundary: choosing its half requires a decision
that no finite stage supplies. If a digit may also be —1, consecutive intervals overlap and the
obstacle disappears. Every point of [—1, 1] has a signed-digit expansion, each digit read off
one stage of one sequence naming the point, with no omniscience principle and no choice
principle.
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Taken together, the results identify exactly what the display retains. It covers the classical real
line; it identifies two protocols exactly when they overlap at every precision; and it preserves
the rational embedding, addition, negation and subtraction constructed above. None of those
assertions requires identifying all interval protocols with finite programs.

11.6 Why finite prefixes do not provide a uniform name

We can now prove the promised distinction between finite data at each precision and one
program for every precision. The argument has two steps. There are only countably many
program-named values. The classical real line has more than countably many points.

Lemma 11.10 (There are only countably many named values). The set of displayed values of
uniformly program-named interval protocols is countable.

Proof. A named protocol retains a finite program and the protocol it names. For a fixed
program, Lemma 10.11 permits at most one such protocol. Retaining the program is therefore
an injection of named protocols into the finite program expressions. Those expressions inject
into the natural numbers by Lemma 10.7. Named protocols are consequently countable. Their
displayed values form an image of a countable set, so that image is countable too. [

For completeness, the uncountability needed here can be seen directly from Cantor’s argument.
Binary sequences cannot be listed as by, by, by, ...: the sequence whose nth bit is the opposite
of b,(n) differs from every sequence at its corresponding position.

These sequences inject into the classical real line. For a binary sequence b, with its bits
regarded as 0 or 1, use the convergent sum

Cb) =) b(m)3™ (11.7)
n=0

Convergence follows by comparison with the geometric series. If two sequences first differ at
position k, their contributions before k agree. The contribution at k differs by 37 while all
later contributions together can change the difference in the opposite direction by at most

Z 3N = % 37k

The first difference therefore cannot be canceled. The map is injective, and a countable real
line would make the binary sequences countable as well, contradicting the diagonal argument.
This is a classical cardinality argument; the infinite sums and the deduction from distinct
sequences to a first differing position are used in that setting.
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Theorem 11.11 (The finite-prefix and uniform-name boundary). In the classical comparison
of this chapter, every interval protocol has a program for each supplied finite prefix, but some
interval protocol has no single program naming all its intervals. The same failure holds if names
are required to be stored in distinction tallies.

Proof. The first assertion is Theorem 10.13. By Lemma 11.10 and the uncountability just
proved, choose a real r outside the set of named values. By Theorem 11.8, it is the value of its
dyadic protocol p. If p had a uniform name, its value r would belong to the excluded countable
set, a contradiction.

If p had a stored program name, recovering it would give an ordinary uniform name by
Theorem 10.8. The same contradiction therefore applies after storage. [

The result rules out a specific quantifier reversal. It does not say that a particular unnamed
protocol has been obtained by a finite measurement, or that a physical process has performed
a noncomputable operation. It concerns the difference between all families allowed by a
mathematical definition and the families produced by finite programs.

There is a further question even for executable families. Producing successively narrower
intervals is one task; deciding exact equality or choosing the sign of an arbitrary limiting
quantity is another. The next chapter asks what additional logical principles those decisions
require. It also takes apart the completeness used in this chapter. On a line built from the
ratios of Chapter 4, with no classical real line assumed, limits, least upper bounds and suprema
each receive their own exact price.

Questions to work through

1. Prove the cross-endpoint inequality (11.1) when a < b, then when b < a. Explain how
the maximum-index proof combines the two cases.

2. In Theorem 11.5, identify where overlap is used and where the width bound is used.
Why is the request 2m + 1 convenient?

3. Check both nesting inequalities for the negated protocol. Then explain why proving
enclosure of —v(p) avoids a direct calculation with suprema.

4. Trace the contradiction in Theorem 11.11. Which result supplies a protocol for the
selected real, and which result shows that a name for this protocol is impossible?
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Chapter 12

Exact comparison has a cost

Suppose successive measurements enclose a quantity ever more closely, yet zero remains
inside every enclosure received so far. More precision can eventually reveal that the quantity
is positive or negative. What would justify a procedure that always decides whether it is
exactly zero?

The difficulty is the word “always.” A finite calculation can settle a strict inequality once the
separation is larger than its error. An exact zero decision must also settle the case in which
no separating witness ever appears. This chapter identifies the additional logical principle
required by each of four precise forms of comparison: deciding exact zero, producing a
witnessed sign, choosing one of two sides, and turning a proof that a quantity is not zero
into a sign. Each result has two directions: the principle supplies the comparison, and the
comparison supplies the principle. The chapter then asks the same question of completeness,
the property of the line that the classical comparison of Chapter 11 took for granted.

We use a regular dyadic presentation to keep every finite comparison in integer arithmetic. This
is a specified presentation with its own error condition. The classical completeness argument
of Chapter 11 is not used in the proofs below. Nor do we silently transfer an operation between
this presentation and the interval protocols of that chapter. Section 12.8 shows that nothing
depends on the dyadic denominators: rounding matches these presentations, point for point,
with regular sequences of the ratios of Chapter 4, and every price proved here holds there
unchanged.

12.1 Finite stages and exact predicates

A dyadic rational is an integer divided by a power of two. At stage n, write the approximation

as

_
2n’

The numerator is finite data. A sequence of arbitrary numerators need not describe one

coherent quantity, so the presentation includes a regularity condition.

X g, € Z.

Definition 12.1 (Regular dyadic presentation). A regular dyadic presentation consists of a
sequence (gy,)n>o of integers such that, for every m, n,

Igm2"™ — g,2™|(m + D(n + 1) < 2™"(m +n + 2). (12.1)

In rational notation, the same condition reads

1 1
+ .
m+1 n+1

|%m — %] < (12.2)

The rational notation abbreviates the integer condition: multiply by the positive denominator
2™ (m + 1)(n + 1) to recover (12.1).
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We will write x for the whole presentation. This notation does not discard the numerators or
their regularity. In particular, each decision made at a specified stage uses the numerator at
that stage.

Definition 12.2 (Five comparisons with zero). For a regular dyadic presentation x, define

Z(x) : Y, lgal(n+1) <227,
P(x) : dn,2-2"<q,(n+1),
N(x): 3n, gn+1)<—-2-2",
U(x) : Vn, =2-2" < qu(n+1),
D(x): Vn,g(n+1)<2-2"

These are, respectively, the zero predicate, positive and negative witness predicates, and
nonnegative and nonpositive predicates for this presentation.

In rational notation, Z(x) says that every stage lies within 2/(n+ 1) of zero. The predicate P(x)
supplies a stage above this tolerance; N(x) supplies one below its negative. The predicates
U(x) and D(x) say that all stages respect the corresponding one-sided bounds. Their letters
will keep the full quantified statements visible while we compare their logical strength.

This is the link with the enclosure picture of the preceding chapter. Finite data are tested
against a stated error allowance. A positive or negative witness clears that allowance at a
particular stage; the zero predicate keeps every stage within a shrinking band around zero. The
nonnegative and nonpositive predicates prohibit witnesses on the other side. The regularity
condition keeps the stages consistent enough that opposite witnesses cannot both occur, as
the next lemma proves. These names refer to the displayed predicates of this presentation;
using them does not invoke a map from an interval protocol or a completed classical real.

The factor two is part of these definitions. The theorems concern this regularity condition
and these thresholds. They do not claim that an arbitrary choice of tolerances would give the
same statements without a separate argument.

Every inequality at a fixed index is decidable by finite integer arithmetic. The quantifiers are
where the questions change. To establish P(x) it suffices to produce one index. To establish
Z(x) requires a reason that works at every index. Failing to find a witness in the stages already
examined supplies neither such a reason nor an exact zero decision.
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Lemma 12.3 (Opposite witnesses are incompatible). A regular dyadic presentation cannot
satisfy both P(x) and N(x).

Proof. Suppose m witnesses P(x) and n witnesses N(x). In rational notation,

Xm > , X, < —

m+1 n+1

Subtracting gives

Xm — X >L+ 2
T m4+1 on+1

The right side is strictly greater than 1/(m+ 1)+ 1/(n+ 1), whereas regularity bounds |x;,, — x;,|
by that smaller quantity. This is a contradiction. All denominators here are positive integers.
Clearing them gives the same contradiction entirely in integer arithmetic. ]

This lemma will do essential work in the proof of Theorem 12.8. Without regularity, a list
could alternate between large positive and negative values, and that argument would fail.

12.2 Questions about a binary sequence

Let o : IN — {0, 1} be a binary sequence. The value at each specified index is decidable. The
principles WLPO, LPO and LLPO of Definition 7.8 in Chapter 7, together with the binary form
MPy;,, of Markov’s principle stated there, concern what can be concluded about all its values
together.

WLPO decides whether the all-zero assertion holds. Its negative answer does not itself provide
an index. LPO supplies an index in its second branch. LLPO has a different premise and
conclusion: with at most one event, one parity class is entirely free of events. It need not tell
us whether an event occurs in the other class. MPy;,, decides nothing: it turns a proof that
not every value is zero into an index whose value is one.

The binary form of LPO makes the witness distinction of Chapter 6 concrete. These are
principles about arbitrary sequences in the stated domain; there is no unmentioned restriction
to sequences generated by a selected class of programs.

12.3 Encoding an event as a small jump

The reverse implications need a construction that turns information about a binary sequence
into information about a regular dyadic presentation. It must be possible to construct each
finite stage without first deciding whether the sequence ever contains a 1.

At stage n, inspect only

a(0),a(1),...,a(n).

If they are all zero, report that no event has yet been found. Otherwise, report the least index
N < nwith «(N) = 1. This is a bounded search. Once such a first index has been found, every
later search reports the same index: all smaller entries have already been checked.
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Choose a sign o(N) € {—1, 1} for each possible first index. Define the jump numerators by

0, if no event has been found through stage n,

= 12.3
o(N)2"N if the first event is at N < n. (12.3)

4n

Thus the rational stages are zero before the first event and o(N )2~N from then on. The
exponent n — Nin the numerator is nonnegative whenever that branch is used. No unbounded
search is required to produce g,.

first event retained
Z_N

seen
| N

|
|
no event |
|
|
Il

stage

Figure 12.1. A positive jump presentation. The first event fixes the later rational stage. A later first
event produces a smaller jump; the drawing shows the construction, with no claim that the vertical
scale is uniform across different choices of N.

Lemma 12.4 (The jump presentation is regular). For every binary sequence and every choice
of signs of absolute value one, (12.3) defines a regular dyadic presentation.

Proof. Compare stages m and n. If neither bounded search has found an event, both stages are
zero. If both have found one, they report the same first index, so both rational stages equal
o(N)27N. In either case their difference is zero.

In the remaining case, interchange m, n if necessary so that the search at m has found no event
and the search at n has found its first event at N. Then m < N < n, and the absolute difference
between the rational stages is 27V,

For every positive integer N, N < 2N. This follows by induction: 1 < 2,and N+1 < 2N < 2N+1
when N > 1 and N < 2V, Since m + 1 < N, it follows that

N L L 1
m+1 m+1 n+1

This is the required regularity bound. The case N = 0 cannot occur in this branch, since it
requires m < N. []

Let j, o denote this presentation. Its decisive property is an exact relationship between its
zero predicate and the original sequence.
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Lemma 12.5 (A jump is zero exactly when no event occurs). For every allowed sign sequence,

Z(,re) <= Yk a(k)=0.

Proof. If every entry is zero, every jump numerator is zero, so every inequality in Z(j; 4)

holds.

Conversely, suppose Z(j, o). Fix an index k. Its binary value is decidable. If a(k) = 1, bounded
search through k supplies a first event N < k. Choose the later stage

ny = 2N+1
This stage is at least N, and its rational absolute value is 27N. The zero predicate at n, would
require
12
2N 7 2N+l 41

Multiplying by the positive denominators gives 2V *1 + 1 < 2N*1 3 contradiction. Therefore
a(k) = 0. Since k was arbitrary, every entry is zero. O

The displayed stage is a sufficient witness, not a claim about an optimal running time. Its pur-
pose is to show exactly how a nonzero jump eventually exceeds the shrinking zero tolerance.

12.4 Exact zero decisions are equivalent to WLPO

Theorem 12.6 (The logical price of an exact zero decision). The following statements are
equivalent:

1. Every regular dyadic presentation x satisfies Z(x) V = Z(x).

2. WLPO holds for every binary sequence.

Proof. Suppose first that the exact zero decision is available. Given «, construct its positive
jump presentation, using o(N) = 1 for every N. Apply the decision to it. By Lemma 12.5, the
zero branch gives Vn, a(n) = 0. In the other branch, that all-zero assertion would imply the
zero predicate, contradicting the decision. Thus it gives =Vn, a(n) = 0. This is WLPO.

Conversely, assume WLPO and let x be any regular dyadic presentation. Form a binary
sequence of tolerance violations:

1, 2-2"<|q,l(n+ 1),

b(n) =
0, |gul(n+1)<2-2M

Each value is obtained by a decidable integer comparison. The assertion that every b(n) is
zero is exactly Z(x). WLPO applied to b therefore gives Z(x) v ~Z(x). O

The second branch is still only a negative assertion. Asking instead for an exhibited positive
or negative stage is a stronger request. The next theorem prices the full three-way answer;

Theorem 12.11 prices the passage from the negative assertion to a sign on its own.
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12.5 Sign trichotomy is equivalent to LPO

Theorem 12.7 (The logical price of a witnessed sign). The following statements are equivalent:

1. Every regular dyadic presentation x satisfies P(x) V Z(x) V N(x).

2. LPO holds for every binary sequence.

Proof. Assume the three-way comparison. Given ¢, construct its positive jump presentation.
A zero answer gives that every entry of « is zero, by Lemma 12.5. A negative answer is
impossible: every numerator of this presentation is nonnegative.

A positive answer supplies a stage n whose numerator exceeds the positive tolerance. The
bounded search through n must therefore have found an event; otherwise the numerator
would be zero. Its reported index N satisfies @(N) = 1. These branches give LPO.

Conversely, assume LPO and use the violation sequence b from the preceding proof. If all
entries vanish, Z(x) holds. Otherwise LPO supplies an index n such that

22" <|gpl(n + 1).

The sign of the integer g, is decidable. If g,, > 0, the inequality is a positive witness. If g, < 0,
it becomes g,(n + 1) < —2 - 2", a negative witness. Thus the required three-way comparison
follows. U

Both reverse constructions use the same event encoding. What changes is the information
returned by the comparison: a negative zero assertion in one case, an actual separating stage
in the other.

12.6 One-sided order is equivalent to LLPO

The third comparison asks only for U(x) vV D(x): every presentation is nonnegative or non-
positive in the precise sense of Definition 12.2. It does not require a strict sign witness or a
zero decision.

Theorem 12.8 (The logical price of order dichotomy). The following statements are equivalent:

1. Every regular dyadic presentation x satisfies U(x) V D(x).

2. LLPO holds for every binary sequence with at most one event.

Proof. Assume the order dichotomy. Let f have at most one entry equal to 1. Construct its
jump presentation using the parity sign

() 1, N even,
o =
—1, Nodd.
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If U(ja’ /3) holds, every odd entry of f must vanish. Indeed, an event at an odd index N would
be its unique event, hence its first. At stage ny = 2V*! the rational value would be —27~. The
nonnegative predicate would require

2 < —i,
ny +1 2N
contradicting the same denominator calculation as in Lemma 12.5. The decidable binary value
at each odd index is consequently zero. Similarly, D(j, ) forces every even entry to vanish.

These alternatives give LLPO.

For the converse, assume LLPO and fix a regular presentation x. First make a sequence of
signed events by interleaving its finite comparisons:

ek)=1 = 2-2k<qk+1),
ek+1)=1 = qk+1)<-2-25

Put zero in each remaining position. There may be many positive events, or many negative
events. LLPO requires at most one event, so applying it directly to e would be invalid.

Instead retain only the first event. Define f(j) = 1 precisely when the bounded search through
e(0), ..., e(j) reports its first event at j. Put f(j) = 0 otherwise. Uniqueness of a first index
proves that fhas at most one event. LLPO can now be applied to f.

Suppose its even positions are all zero. We show D(x). Fix k and decide the integer inequality
defining D(x) at k. If it holds, there is nothing more to prove. If it fails, k is a positive witness,
so e(2k) = 1. Bounded search through 2k supplies a first event at an index j, with f(j) = 1.
If j is even, this contradicts the LLPO branch. If j is odd, it supplies a negative witness for x,
contradicting the positive witness by Lemma 12.3. Hence the inequality must hold. Since k
was arbitrary, D(x) follows.

If instead all odd positions of fare zero, the symmetric argument gives U(x). A hypothetical
negative witness would force a first event that is either forbidden by that branch or is an
incompatible positive witness. Thus U(x) v D(x) follows in both cases. n

Two details make this proof work. Taking only the first event supplies the premise required by
LLPO. Regularity then excludes a first event of the opposite sign. Neither step can be replaced
by an appeal to the visual appearance of a converging sequence.

12.7 The difference between denying and finding

The form of Markov’s principle used here is the binary form MPy;, of Definition 7.8: for
every binary sequence, =(Vn, a(n) = 0) implies 3n, a(n) = 1. We keep to this form rather than
silently changing between formulations of Markov’s principle.

Proposition 12.9 (LPO separates into a decision and a witness principle). For the binary
principles of Definition 7.8,

LPO <« WLPO A MP;,.

Moreover, LPO implies LLPO.
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Proof. LPO gives either an all-zero assertion or an event. An event contradicts the all-zero
assertion, so these alternatives give WLPO. If the all-zero assertion is already denied, LPO’s
all-zero branch is impossible, leaving an event. This gives MPp;,.

Conversely, WLPO decides the all-zero assertion. Keep its positive branch; apply MPy;,, in its
negative branch to obtain an event. The resulting alternatives are exactly LPO.

Finally, suppose a sequence has at most one event. Apply LPO to its subsequence of even
entries. If every even entry vanishes, one LLPO branch is already established. Otherwise
there is an even event. An odd event would then be a different second event, contrary to the

premise. Since each odd entry is binary, every odd entry is zero. This gives the other LLPO
branch. ]

WLPO’s negative branch, applied to a presentation, gives only =Z(x). Here is what that leaves
undone. Let a be a binary sequence that is known not to be all zero, and let j be its positive
jump presentation. Lemma 12.5 gives =Z(j). Yet every stage of j before the first event is 0, so
a stage above the positive tolerance can be exhibited only once an event of a has been found.
For this presentation, turning —Z(j) into P(j) is the same task as turning —(Vn, a(n) = 0) into
an event. We now show that the passage from a proof that a presentation is not zero to an
actual sign costs exactly MPy;, in general. First we identify exactly what such a proof says.

Lemma 12.10 (Zero is the absence of both witnesses). For every regular dyadic presentation x,
Z(x) <= —P(x)A-N(x).

Consequently ~Z(x) holds exactly when —u—u(P(x) vV N (x)) holds.

Proof. Suppose Z(x). A positive witness at stage n would give
2-2" <gy(n+1) <lgul(n+ 1),
contrary to the zero bound |g,|(n + 1) < 2 - 2" at the same stage. A negative witness fails in

the same way, with —g,, in place of g,.

Conversely, suppose that neither witness exists, and fix n. The zero bound at n is a decidable
integer comparison. If it failed, the sign of the integer g, would turn the failure into a
positive witness, when g, > 0, or a negative witness, when g, < 0, exactly as in the proof of
Theorem 12.7. Both are excluded, so the bound holds at n. Since n was arbitrary, Z(x) follows.

The equivalence says that Z(x) is =(P(x) vV N(x)). Negating both sides gives the second
statement. O

A proof that x is not zero is therefore exactly a proof that a sign witness cannot be ruled out.
Removing that double negation is the content of the next theorem.

122



The § Foundation Jonathan Washburn

Theorem 12.11 (The logical price of a sign for a nonzero quantity). The following statements
are equivalent:

1. Every regular dyadic presentation x satisfies ~Z(x) — P(x) V N(x).

2. MPy;, holds for every binary sequence.

Proof. Assume MPy;,, and let x satisfy —=Z(x). Form the violation sequence b from the proof
of Theorem 12.6. The assertion that every b(n) is zero is exactly Z(x), so ~Z(x) says that b is
not all zero. MPy;,, supplies an index n with b(n) = 1. The sign of g, then gives a positive or a
negative witness at n, as in the converse half of Theorem 12.7.

Conversely, assume the first statement, and let @ be a binary sequence that is not all zero.
Construct its positive jump presentation j, with c(N) = 1 for every N. By Lemma 12.5, Z(j)
would make every entry of « zero, so =Z(j). The first statement gives P(j) V N(j). The negative
branch is impossible because every numerator of j is nonnegative. A positive witness at stage
n has a nonzero numerator, so the bounded search through n has found a first event N < n,
and a(N) = 1. This is the conclusion of MPy,. Il

The same price appears in a statement that mentions only one sign.

Corollary 12.12 (Stability of positivity). Every regular dyadic presentation satisfies ~—P(x) —
P(x) if and only if MPy;, holds. The same is true of =—~N(x) — N(x).

Proof. The predicate P(x) says that the binary sequence of positive tests, p(n) = 1 exactly
when 2 - 2" < g,(n + 1), has an event. If =—P(x), then p is not all zero, and MPy;,, supplies the
event.

Conversely, let @ be a binary sequence that is not all zero, and let j be its positive jump
presentation. As in the preceding proof, =Z(j), so Lemma 12.10 gives =—(P(j) V N(j)). Since
N(j) is impossible, this is =—P(j). Stability gives P(j), and the event of « is read off as before.

For N, replace every numerator g, by —q,. The regularity condition is unchanged, and the

new presentation has a positive witness exactly where the old one had a negative witness. [l

The four comparisons now fit together. For a single presentation, a witnessed sign is precisely
an exact zero decision together with a sign for the nonzero case.

Proposition 12.13 (Trichotomy is a decision plus a sign). For every regular dyadic presentation
X

P(x)VZ(x)VN(x) < (Z(x) v —|Z(x)) A (—|Z(x) — P(x)V N(x)).

Proof. Suppose the three-way alternative. In the middle case Z(x) holds, and the implication
is satisfied because its premise is refuted. In either outer case, Lemma 12.10 gives =Z(x), and
the required sign is already present. Conversely, decide Z(x). The positive answer is the
middle alternative; the negative answer yields a sign through the implication. O
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Quantify over all presentations and price the three parts with Theorems 12.7, 12.6 and 12.11.
The result is again LPO <= WLPO A MPy;,,, this time obtained through the comparisons
rather than from the binary sequences directly. Proposition 12.9 is the direct proof. Table 12.1
collects the four comparisons.

Comparison, for every regular dyadic Exact price Proved in
presentation

Z(x) VvV Z(x) WLPO Theorem 12.6
P(x) Vv Z(x) V N(x) LPO Theorem 12.7
U(x) v D(x) LLPO Theorem 12.8
-Z(x) = P(x) vV N(x) MPy;p Theorem 12.11

Table 12.1. Four comparisons with zero and their exact prices. Each row is an equivalence between
the displayed statement, asserted for every presentation, and the named principle for every binary
sequence in its domain.

The four equivalences therefore distinguish exact comparison tasks without assuming that
they are interchangeable. They also show why approximation alone does not discharge the
comparison obligation: the jump construction turns an arbitrary sequence question into that
obligation.

An equivalence identifies the logical resource a task supplies and uses. Our claim is the explicit
two-way reduction for the stated carrier, thresholds and binary principles. No classical com-
pleteness, choice principle, unbounded witness selection or physical measurement postulate
is hidden in those reductions. That the four principles differ from one another is a separate,
independence question, and Section 7.10 settles it: for each pair, a model of intuitionistic
second-order arithmetic satisfies one of the two and refutes the other. In particular Markov’s
principle is comparable with neither WLPO nor LLPO.

12.8 One line built from ratios

The dyadic denominators kept every stage comparison in integer arithmetic. They are a
convenience, not the source of the prices. To see this, build the continuum directly from the
ratio records of Chapter 4.

Definition 12.14 (The line built from ratios). A regular sequence is a sequence s = (s,),>o of
ratio records such that

1 1
— S| < ——+

for all m, n,
m+1 n+1

IS

each inequality read in integer arithmetic after its positive denominators are cleared. Regular
sequences s and t name the same point, written s = ¢, if for every k there is an N such that
s, —t,] < 1/(k+ 1) for every n > N. The line R is the set of regular sequences taken up to =.
A ratio record g determines the point n(q) of its constant sequence.

The relation = is an equivalence relation; for transitivity, use the tolerance 1/(2k + 2) for both
given pairs and add the two bounds. Every regular dyadic presentation, read stage by stage as
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the ratio records (g, 2"), is a regular sequence: condition (12.2) is exactly the condition of the
definition.

Naming the same point asks for eventual agreement within every tolerance, a condition with
three quantifiers. For the point zero it collapses to a single bound at each stage: the zero
predicate of this chapter.

Lemma 12.15 (Bishop’s zero condition). A regular sequence s satisfies s = n(0) if and only if
Is,| < 2/(n+ 1) for everyn.

Proof. 1f every stage satisfies the bound, take N = 2k + 1 for the tolerance 1/(k + 1): every
n>Nhas|s,| <2/(n+1)<1/(k+1).

Conversely, suppose s = 1(0), and fix m. The bound at m is a decidable comparison, so it
suffices to refute its failure. If [s,,| > 2/(m + 1), regularity gives, for every n,
1 1 1 1
— > —~ :
m+1 n+1 m+1 n+1l
For n > 2m + 2 the right side is at least

11 m+ 2 51
m+1 2m+3 m+1)@2m+3) " 2m+3

|Sn| 2> |sm| -

So every stage from 2m + 2 on lies outside the tolerance 1/(2m + 3), contradicting s = 5(0) at
that tolerance. [l

A second estimate shows that a clearly positive stage is never lost.

Lemma 12.16 (A positive stage persists). If a regular sequence satisfies sy > 2/(N + 1), then
Sm > 1/(2N + 2) for everym > 2N + 1.

Proof. Since m+ 1 > 2N + 2, regularity gives

1_1>1_1>1_1_1
N+1 m+1 N+1 m+1 N+1 2N+2 2N+2

Sm = SN —
Call a point x positive, written x > 0, when a regular sequence naming it has a stage with
sy > 2/(N + 1). This belongs to the point, not to the sequence. To see it, let t = s, and take M
such that |s,, —t,,| < 1/(4N +4) for every m > M. For every m > max(M, 8N +7), Lemma 12.16
gives

1 1 1 2
ty > - = > ,
2N+2 4N +4 4N+4 m+1
so t has a positive stage too. Define x < 0 in the same way, with a stage below —2/(N + 1).
Write x > 0 for =(x < 0) and x < 0 for =(x > 0).

For a regular dyadic presentation, read as a regular sequence, these are the predicates of
Definition 12.2. Its stages g, /2" give x > 0 exactly when P(x) and x < 0 exactly when N(x):
the inequalities are the same, with the denominator 2" cleared. Each stage comparison is
decidable, so U(x), which says that no stage is a negative witness, is "N(x), and D(x) is =P(x).
In rational notation Z(x) says that every stage lies within 2/(n+ 1) of zero, so by Lemma 12.15
it says that the point is (0).

The line contains nothing beyond the dyadic presentations.
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Theorem 12.17 (One continuum, two presentations). For a regular sequence s, let r, be the
integer nearest to 2"s,, 1, rounding halves upward. Then (r,) is a regular dyadic presentation
naming the same point as s. Two regular dyadic presentations name the same point exactly when
|gn — gnl(n+ 1) < 2- 2" for every n. Under this correspondence Z, P, N, U and D become x = n(0),
x>0,x <0,x >0 andx <0. No choice principle is used.

Proof. The rounding error is at most one half, so |r,,/2" — s5,,,1| < 2=(*D) and 2n + 2 < 21
makes this at most 1/(2n + 2). Using regularity of s at the stages 2m + 1 and 2n + 1 for the
middle term,

Tm "n

2m 2n

1 1 1 1 1 1
< +( + )+ = + .
2m+ 2 2m+2 2n+2 2n+ 2 m+1 n+1
This is exactly (12.2), with nothing to spare. In the same way,

"
B

1 1 1 2
< +( + )z .
2n+2 2n+2 n+1 n+1
A bound of 2/(n + 1) at every stage gives agreement within 1/(k + 1) from stage 2k + 1 on, as
in the first half of Lemma 12.15. So the rounded presentation names the point of s.

The same remark proves one direction of the second assertion, whose bound reads |x, — x| <
2/(n + 1) in rational notation. Conversely, suppose that x and x” name the same point, and
fix n. For any k, choose a stage p > k beyond the one from which the two presentations agree
within 1/(k + 1). Regularity of both presentations gives

2 2 1 2 3
+ < + .
n+1 p+1 k+1 n+1 k+1

60 = X < oy — xp| + [xp — xp | + 5 — x| <

If |x, — x;| exceeded 2/(n + 1), it would exceed it by a positive ratio (u,d) with u > 1; choosing
k +1 > 3d makes 3/(k + 1) smaller than that excess, a contradiction. The bound at n is a
decidable comparison, so it holds. We call this argument the Archimedean step: a ratio that is
at most ¢ + C/(k + 1) for every k is at most c.

The predicates correspond as explained before the theorem. Every step is an explicit integer
computation, a bounded estimate or the Archimedean step; no choice principle enters. [

Corollary 12.18 (The four prices on the line). For the points of Rs, each of the following
assertions, made for every point x, is equivalent to the principle named: x = n(0) v x # 1(0), to
WLPO; x >0V x =n(0) Vx <0, to LPO; x >0V x <0, to LLPO; x #n(0) > x >0V x <0, to
MPy;n; and =—(x > 0) = x > 0, to MPy;y,.

Proof. Through Theorem 12.17, each assertion for all points is equivalent to the corresponding
assertion for all regular dyadic presentations. In one direction, every presentation names
a point and the predicates correspond. In the other, an assertion about one given point
is a proposition, so we may use one regular sequence naming that point and its rounded
presentation; no selection among infinitely many points is needed. Theorems 12.6, 12.7, 12.8
and 12.11 and Corollary 12.12 then give the prices. O]

The line also carries the arithmetic one expects, at no logical price. For regular sequences s
and ¢, put

(s+ 1)y = Sons1 + tons1s (=8)n = —Sps (st)p = sitj withj=2K(n+1) -1,
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where K is the larger of |[so|] + 3 and ||ty|] + 3. Regularity keeps every stage within 2 of the
first, so |s,| < K and [t,| < K for every n. Write x < yfor y —x > 0 and x < yfor =(y < x).

Proposition 12.19 (The ordered field structure is free). These operations give regular sequences
and respect =. They make Rs a commutative ring into which n embeds the ratios, preserving
and reflecting their order; for records with positive denominators, (u,d) < (v,e) means ue < vd.
Moreover:

1. < is irreflexive and transitive, and it is cotransitive: if x < y, then x < z or z < y for every
z. Adding a point preserves <, and multiplying by a positive point preserves <;

2. < is reflexive and transitive, and x < y < x implies x = y;
3. x has a multiplicative inverse exactly when x < 0 or x > 0;
4. every point lies below n(n) for some natural number n;

5. every two points have a least upper bound max(x, y) and a greatest lower bound min(x, y),
and every x > 0 has exactly one square root y > 0.

None of these statements uses an omniscience principle or a choice principle.

The proofs are stage estimates of the kind already used; here are the ones that carry the weight.
The sum is regular because each of its stages adds two stages read at twice the precision. The
product is regular because [s;t; — sitj| < K(ls; — sil + |t — tj|), and at the stagesi+ 1 = 2K(m+ 1)
and j + 1 = 2K(n + 1) the right side is at most 1/(m + 1) + 1/(n + 1). Lemma 12.16 makes
positivity closed under addition and multiplication. It also gives an explicit inverse for a
point apart from zero. From a stage N with [sy| > 2/(N + 1), every stage m > 2N + 1 has
|s,ul > 1/(2N + 2); between such stages |1/a — 1/b| < 4(N + 1)?|a — b|, so the reciprocals of
the stages 4(N + 1)?(n + 1) — 1 form a regular sequence. Cotransitivity rests on one decidable
comparison. If a sum a + b has the positive stage N, then ayn4q + byni1 > 2/(N + 1), so one
of the two stages exceeds 1/(N + 1) = 2/((2N + 1) + 1), which is a positive stage of a or of b.
Applied to (y—z)+(z—x), which names the point y—x, this gives z < yor x < z. The maximum
is computed stagewise. These are the constructions of Bishop’s analysis [6], carried out here
on ratio records. The square root is found by trisection; each decision is computed from one
sequence naming the point, so neither a choice principle nor an omniscience principle enters.

With two points the prices of Corollary 12.18 reappear, together with the field and lattice
statements that name a side. Table 12.2 lists them.

Two rows deserve a word. Deciding x < yis deciding x < y together with the stability
-(y < x) = x < y, the same split as LPO = WLPO + MPy;,,. And the classical field axiom,
that a nonzero element is invertible, holds exactly under MPy;,. Without it the line is a field
in the sense of item 3 of Proposition 12.19: what has an inverse is what is apart from zero.

Remark 12.20 (Reasoning by cases costs nothing for stable conclusions). Every priced row
has a conclusion that names a side. A conclusion that names no side can be reached by cases
for free. Any two points satisfy =—(x < y vV y < x): if neither held, we would have =—(y < x)
and -—(x < y), hence =—(x < x), contrary to irreflexivity. An inequality x < yis itself a
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Assertion, for all points x, y of R Exact price
x<yVv-lx<y) LPO
x<yvVx=yVvy<x LPO
x<yValx<y)alsox=yVvx+y WLPO
x<yvy<x LLPO
max(x, y) = x Vmax(x,y) =y LLPO

xy =n(0) = x =n(0) vy =n(0) LLPO
A(y<x) o> x<yasox#zy->x<yvy<x MPyi

x # 1(0) — x has a multiplicative inverse MPy;,
(x<y)—>x<y none

Table 12.2. Order and algebra on the line. Each priced row is equivalent to the named principle for
binary sequences, in both directions, with no choice principle; the last row is proved outright.

negation, so it is stable under double negation, and an equation is stable because it follows
from two such inequalities. Hence every equation or <-inequality proved by cases on the
order of finitely many points holds outright. Identities such as min(x, y) max(x, y) = xyand
|x| |x| = xx are proved in this way. Allowing the same argument for an arbitrary conclusion
costs exactly LLPO.

12.9 What completeness costs

Chapter 11 used completeness of the classical line as one resource: a bounded set of lower
endpoints had a supremum, and the displayed value was defined from it. On Ry that resource
comes apart. Some forms of completeness cost nothing. One, that every located cut is the cut
of a point, costs only countable choice, applied once to select an approximating pair of ratios
for each precision. The other forms that need nothing beyond countable choice follow from
that one with no further choice, and the limit of a Cauchy sequence needs only a choice of
representatives. Each of the others costs exactly one principle: LPO, WLPO or LLPO, or, for
arbitrary sets of points, weak excluded middle or excluded middle.

A principle of a different kind enters here.

Definition 12.21 (Countable choice). Countable choice, AC,, states: if for every natural
number n there is some x with R(n, x), then there is a sequence fwith R(n, f(n)) for every n.

Countable choice selects witnesses; it decides nothing. The next theorem makes this exact.

Theorem 12.22 (Countable choice decides nothing). Consider intuitionistic arithmetic with
variables for sequences, induction for every formula, and countable choice both for numbers and
for sequences. In that theory none of LPO, WLPO, LLPO and MPyy, is provable, and none is
refutable. More generally, if it proves Vx(A(x) V ~A(x)) for a property A built from equations
by conjunction, implication and universal quantification over numbers, then A is decided by a
computer program. With MPy;,, added, none of WLPO, LLPO and LPO becomes provable.

Outline. Read every formula as a task for programs, in the way of realizability [4]: a pro-
gram realizes Vx 3y when on each x it returns a y together with a realizer of ¢(x, y), and a
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disjunction is realized by a program that names a side. For a property built from equations
by conjunction, implication and universal quantification over numbers, being realized is the
same as being true, so a realizer of Vx(A(x) V 7 A(x)) is a program that names, for each x, the
side that holds. Every rule of the theory preserves realizability, and the choice schemas are
realized by programs that only rearrange what their premise supplies: the premise already
returns a witness for each n, and the chosen sequence is that program. A realizer of LPO or
WLPO would decide whether a program halts, which no program does [8]. A realizer of LLPO
would separate the programs that return 0 on their own code from those that return 1, and no
program does that either: a program returning 1 on the first kind and 0 on the second, run on
its own code, would contradict itself. So none of the three is provable. Markov’s principle
is realized in this reading, by a search that runs until it meets a 1, so the same argument
proves the last sentence of the theorem. To show that MPy, itself is not provable, one uses
the variant called modified realizability: realizers are typed programs, and a realizer of an
implication must return an output on every input of its type, not only on realizers of the
premise. The choice schemas are realized there by the same rearranging programs. Apply a
realizer of MPy;, to the sequence recording whether a program has halted by each step, and to
any input for the premise that not every value is 0. It returns a number m. When the program
halts, that premise is true, every input realizes it, and so the program has halted by step m.
Running the program for m steps would then decide halting, so MPy;,, is not realized. None of
the four is refutable, because each holds in the classical model, which also satisfies countable
choice. O

Below countable choice appears only as a stated hypothesis, and each result says where it is
used.

Distances are order statements. Say that x and yare within 1/(k+1) when x < y+n(1/(k+1))
and y < x +n(1/(k + 1)). For sequences s,t naming the points, this is the stagewise bound
s, —t,] < 1/(k+ 1)+ 2/(n+ 1) for every n. A sequence of points (x,) converges to L if for
every k there is an N such that x;, is within 1/(k + 1) of L for all m > N. It is Cauchy if for
every k there is an N such that x,, and x,, are within 1/(k + 1) for all m,n > N. Points within
every 1/(k + 1) of each other are equal: the Archimedean step leaves the bound 2/(n + 1) at
every stage, and that bound gives = as in the first half of Lemma 12.15.

Where countable choice enters

A sequence of points is a sequence of classes. To calculate with it we want stages, so we want
one regular sequence from each class. Producing infinitely many such representatives at once
is an application of AC,,. Once they are supplied, the limit is explicit.

Theorem 12.23 (The diagonal limit). Let sO s pe regular sequences whose points are
within 1/(k + 1) of one another whenever both indices are at least k. The diagonal d,, = sgi'r;l) is
a regular sequence, and the point of s is within 1/(k + 1) of the point of d whenever k < m.
Assuming AC,, every Cauchy sequence of points of R converges, and its limit is unique.

Proof. Write a = 2m+1and b = 2n+ 1. Compare d,,, = sc(;a) with d, = sl(,b) through an arbitrary

stage p:

Iy — dyl < 1582 = 5] + 1582 — 5] 4 s — 6B))
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Regularity bounds the outer terms by 1/(a + 1) + 1/(p + 1) and 1/(b + 1) + 1/(p + 1).
The hypothesis at ¢ = min(a,b) bounds the middle term by 1/(c + 1) + 2/(p + 1), and
1/(c+1)<1/(a+1)+1/(b+1). The total is

2 2 4 1 1 4
a+1 b+1 p+1 m+1 n+1 p+1

Since p is arbitrary, the Archimedean step removes the last term, and this is the regularity of
d.

(m) (a)

For the second assertion, let k < m, put a = 2n + 1, and compare s, ~ with d,, = s’ through
a stage p. Regularity of s and of s@ contributes 1/(n + 1) + 1/(p + 1) and 1/(p + 1) +

1/(a+ 1). Neither m nor a is below ¢ = min(k, a), so the hypothesis at c bounds |s§,m) - sg,a)| by
1/(c+1)+2/(p+1),and 1/(c+1)<1/(k+1)+1/(a+1). Since 2/(a+ 1) = 1/(n + 1), the
totalis 1/(k+1)+2/(n+ 1) +4/(p + 1), and the Archimedean step leaves the stagewise form
of “within 1/(k + 1)”.

Now let (x;,) be a Cauchy sequence of points. For each k some index N satisfies the Cauchy
condition at every j < k: take the largest of the finitely many indices that the condition
supplies for j = 0, ..., k. The point x) is named by some regular sequence. Countable choice,
applied once, supplies for each k a regular sequence s naming xy for some such N; the
index itself is never selected. For m,m’ > k the indices behind s and s both satisfy the
condition at k, and the condition at the smaller of them covers both, so the points of s(M and
s(") are within 1/(k + 1). These sequences therefore satisfy the hypothesis of the first part,
so their diagonal names a point L, and the point of s®) is within 1/(k + 1) of L for every k.
Given k, let Nbe an index behind s@Ck+D Form > N, the point x,, is within 1/(2k + 2) of xp;,
which is within 1/(2k + 2) of L; adding the two order statements, x;, is within 1/(k + 1) of L.
Two limits are within every 1/(k + 1) of each other, hence equal. O

The proof uses countable choice once, to pick representatives; the limit itself is computed
from the data. A second description of the continuum avoids even that step. A located cut
is a pair (&£, %) of sets of ratios, both inhabited, with Z closed downward and without a
greatest element, % closed upward and without a least element, the two disjoint, and located:
whenever g < r, either g € L or r € %. Every point x has the located cut {qg : n(q) < x},
{r - x <n(r)}, and different points have different cuts. Call a sequence of located cuts Cauchy
when for every k there is an N such that, whenever m,n > N, every member of the lower
set of the mth cut lies less than 1/(k + 1) above every member of the upper set of the nth. A
regular sequence of cuts, in which every member of the lower set of the mth cut lies less than
1/(m+ 1)+ 1/(n + 1) above every member of the upper set of the nth, is one example. Every
Cauchy sequence of located cuts has a unique limit cut, one that the cuts approach within
every 1/(k + 1) from some index on, in the sense of the Cauchy condition with the limit cut in
place of either of the two cuts, and it is read off from the sets alone, with no choice principle
at all: a ratio q lies in its lower set when, for some k, ¢+ 1/(k + 1) lies in the lower set of every
cut from some index on, and r lies in its upper set when, for some k, r — 1/(k + 1) lies in the
upper set of every cut from some index on. Showing that this limit is located uses one index
from the Cauchy condition, inside the proof of a disjunction, so that index is never selected.
In particular the cuts of the points of any Cauchy sequence of points have a unique limit cut,
with no choice; countable choice is used only to make that cut a point, and Theorem 12.27
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shows that excluded middle cannot replace it. A cut is the cut of a point exactly when it has
an approximation sequence: a pair g, € &, r, € % withr, — q, < 1/(n + 1) for every n. Each
single pair can be found without choice; assembling all of them into one sequence is precisely
an application of AC,,, at pairs of ratios. The same rung has an order form. Call a set of points
order-located if, whenever q < r, either n(r) is an upper bound of the set or some member
exceeds 1(q). Every inhabited, order-located set that is bounded above has a least upper bound
exactly when every located cut is a point. With countable choice the two descriptions of the
continuum coincide, and the price of identifying them is that single selection.

The same selection settles a question asked of every stage of the number tower in Chapter 4:
is the line the unique solution of its task? Its task is to receive exactly one map, preserving
the arithmetic and the order, from every Archimedean ordered field: the structure that the
next theorem defines by laws that Proposition 12.19 proves for the line.

Theorem 12.24 (The line is determined by its task). Call a commutative ring with a strict order
< an Archimedean ordered field when 0 < 1, the order is irreflexive, transitive and cotransitive,
two elements neither of which lies below the other are equal, adding an element preserves <, a
product of positive elements is positive, every positive element has an inverse, and every element
lies below some natural number. Then R is an Archimedean ordered field, and:

1. from every Archimedean ordered field there is at most one map into R that preserves 0, 1,
addition, multiplication and <, and the only such map from Rg to itself is the identity;

2. every Archimedean ordered field has such a map into Rs exactly when every located cut is
the cut of a point.

Neither assertion uses a choice principle. With countable choice, therefore, every Archimedean
ordered field maps into Rg in exactly one such way.

Outline. Proposition 12.19 shows that Ry is an Archimedean ordered field. Let F be one, and
let fbe such a map from F. The ratios have images in F, with their order, because the positive
natural numbers are positive in F and therefore invertible; fsends the image of g to n(q), since
it preserves sums, products and hence inverses. If ¢ < xin F, then (q) < f(x). Conversely, if
n(q) < f(x), take a ratio ¢’ with n(q) < n(q”) < f(x); cotransitivity in F gives ¢ < x or x < ¢q’,
and the second would give f(x) < n(q’). So the lower set of the cut of f(x)is{q : g < x}, and
in the same way its upper set is {r : x < r}. A point is determined by its cut, so x determines
f(x). This is the first assertion; the identity is one such map from Rs to itself.

For the second, suppose every located cut is the cut of a point. In F the sets {g : q < x}
and {r : x < r} form a located cut: transitivity and irreflexivity make them closed in the
right directions and disjoint, cotransitivity locates them, and the Archimedean condition,
with the inverses of positive elements, makes both sets inhabited and leaves the lower set
without a greatest element and the upper set without a least one. Send x to the point with
that cut; sums, products and the order carry over, because each can be read from the cuts.
Conversely, suppose every Archimedean ordered field has such a map. The located cuts, with
the arithmetic and order read from their sets, form an Archimedean ordered field, and the
argument of the first paragraph, with cuts in place of points, shows that the only such map
from the cuts to themselves is the identity. The map from the cuts into R, followed by the
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passage from a point to its cut, is such a map, so every cut is the cut of its image. No step
selects anything. With countable choice every located cut is the cut of a point, as shown
above, and the last sentence of the theorem follows. O]

With countable choice the line is therefore determined by this task up to exactly one iso-
morphism. If an Archimedean ordered field T also receives exactly one such map from every
Archimedean ordered field, the maps Rs = Tand T — Rg5 compose to such maps of Rs and
of T into themselves, and the first assertion, with the same uniqueness for T, makes both
composites identities. No other isomorphism exists, since T receives only one such map from
Rs.

Table 12.3 collects the prices of the familiar forms of completeness. Its terms have their usual
meanings, read in the order of Rs. A least upper bound of a set of points is an upper bound
lying below every upper bound. In the table, fis a function on the points of Rs, uniformly
continuous on [0, 1] when for every k there is a j such that points of [0, 1] within 1/(j + 1) have
values within 1/(k +1); a supremum of fis an upper bound of its values on [0, 1] such that, for
every k, some value lies within 1/(k + 1) of it. Write ¢, = ) ;, ¢;2~ 1) for the nth partial sum
of a digit sequence (¢;). A binary expansion of x has digits in {0, 1} and ¢, < x < ¢, + 27" for
every n; a signed-digit expansion has digits in {—1,0,1} and ¢, — 27" < x < ¢, + 27" for every n.

Two reversals show how the prices arise. Both use only the order properties of Proposi-
tion 12.19.

Theorem 12.25 (Monotone convergence gives LPO). If every bounded nondecreasing sequence
of points of Rs converges, then LPO holds. The proof uses no choice principle.

Proof. Let a be a binary sequence. Put t, = (1) if a(k) = 1 for some k < n, and t, = n(0)
otherwise. Each term is fixed by a bounded search, so the sequence is given outright. It is
nondecreasing and bounded above by n(1). By hypothesis it has a limit L; take N such that ¢,
is within 1/4 of L for every m > N.

The points 1(0) and (1) cannot both be within 1/4 of L. That would give

n(1) < L+n(1/4) <n(1/4) +n(1/4) = n(1/2),

contrary to n(1/2) < n(1).

Search a(0),...,a(N). If an event appears, the second alternative of LPO holds. Otherwise
tny = n(0). Fix n. If a(n) = 1, then tn,, = n(1), and ty and tn,, would both be within 1/4
of L, which was just excluded. Since a(n) is binary, a(n) = 0. This is the first alternative of
LPO. [

132



The § Foundation Jonathan Washburn

Assertion on Ry Price Countable choice

The diagonal of a Cauchy family of regular se- none not used

quences is its limit (Theorem 12.23)

Every Cauchy sequence of points converges none used, to select represen-
tatives

Every Cauchy sequence of located cuts has a limit none not used

cut

Every located cut is the cut of a point none used once, at pairs of ra-
tios

Every bounded nondecreasing sequence converges LPO in the converse

Every bounded nondecreasing sequence, given by LPO not used

regular sequences, is Cauchy

Every bounded sequence has a convergent subse- LPO in the converse
quence; every bounded sequence has a cluster point;

every sequence has a monotone subsequence

Every sequence bounded above has a least upper WLPO in the converse
bound

... one that every smaller ratio is exceeded by LPO in the converse
some term
Every finite inhabited set has a least upper bound  none not used
Every inhabited set of points bounded above hasa WEM in the converse
least upper bound

... one that every smaller ratio is exceeded by EM in the converse

some member

A uniformly continuous fon [0, 1] with f(0) <0< LLPO in the converse
f(1) has a root

such an f has, for each k, a point with |f(x)| < none not used
1/(k+1)

such an f; strictly increasing, has a root none used
A uniformly continuous fon [0, 1] attains a maxi- LLPO in the converse
mum

such an fhas a supremum none used
Every point of [0, 1] has a binary expansion LLPO in the converse
Every point of [—1, 1] has a signed-digit expansion none not used

Table 12.3. Completeness on the line built from ratios. “Price” is the principle equivalent to the
assertion; “none” means that no omniscience principle is needed, so the assertion is proved outright,
from countable choice where the last column says it is used. WEM is the weak excluded middle,

—P v =P for every proposition P, and EM is excluded middle, P v =P for every proposition P. In every
priced row the passage from the assertion to the principle uses no choice principle; “in the converse”
means that countable choice is used in the passage from the principle back to the assertion.
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Theorem 12.26 (A least upper bound gives WLPO). If every bounded sequence of points of R
has a least upper bound, then WLPO holds. The proof uses no choice principle.

Proof. Let a be a binary sequence, and let b, = n(a(n)), reading each bit as the ratio 0 or 1.
The sequence is bounded, below by 7(0) and above by 5(1); let L be a least upper bound. Since
n(0) < n(1), cotransitivity gives n(0) < L or L < n(1).

If L < n(1), no entry of @ is 1: an entry a(n) = 1 would give n(1) = b, < L < (1), and
u < v < wimplies u < wby cotransitivity. Every entry is therefore 0.

If n(0) < L, then « is not all zero. Otherwise n(0) would be an upper bound, and leastness
would give L < n(0), which denies n(0) < L.

These are the two alternatives of WLPO. ]

The proof never decides whether L is n(0) or (1); cotransitivity only places L away from one
of them. If the least upper bound is also approached by the terms, the case n(0) < L yields a
term above 7(0), that is, an event, and the same argument gives LPO.

The passages back that produce a supremum share one pattern. The principle decides, for
each ratio g, a question about the terms: whether some term exceeds 1(q), for LPO, or whether
every term stays at most (q), for WLPO. Those decisions make the candidate supremum a
located cut, and countable choice turns the cut into a point; where the terms are given only as
points, it also supplies their representatives. In the rows priced “none” that use a cut, the cut
is located with no decision at all. The root of a strictly increasing f, for example, is located by
the signs of fat ratios, so only the passage from cut to point remains. The LLPO rows go back
differently: they bisect, and countable choice collects the decision made at each dyadic step.

Theorem 12.27 (Excluded middle does not replace countable choice). Consider arithmetic
with variables for sequences, induction for every formula, excluded middle for every formula,
and countable choice for the relations whose witnesses a search can find: a decidable condition,
or a decidable condition under one existential quantifier. Write each set of ratios, sequence of
points and function on the points as a formula. Then none of the following is provable in that
theory: every Cauchy sequence of points converges; every located cut is the cut of a point; every
uniformly continuous, strictly increasing f on [0, 1] with f(0) < 0 < f(1) has a root; every
uniformly continuous f on [0, 1] has a supremum. Each of the four follows from countable choice
at pairs of ratios.

Outline. Interpret the theory with numbers ranging over the natural numbers and sequences
over the computable sequences. Excluded middle holds because the interpretation is classical,
and the restricted choice holds because a search finds a witness for each n and the sequence of
witnesses is computable, so every theorem is true in this model. Letc = ) cx 474D where
K is the set of programs that halt on input 0. No computable regular sequence names c: its
base-4 digits would decide halting. The rational points c¢;, where c; adds the terms of ¢ for
the programs that halt within s steps, form a Cauchy sequence of points with no limit in
the model. The cut of cis located there and is the cut of no point. Functions that are affine
with rational coefficients on pieces read off the digits of ¢ are uniformly continuous and take
computable points to computable points; one of them is strictly increasing with c as its only
root, and another has c as its supremum on [0, 1]. In the same model each assertion holds at
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computable data, for example at the cut of 1, so the failures come from c. For the last sentence,
countable choice at pairs of ratios makes every located cut the cut of a point, as shown above,
and the other three assertions follow from that one with no further choice, because the limit,
the root and the supremum are each located as a cut first. O

In a classical theory, countable choice for numbers is the same as the principle that a relation
with exactly one witness for each n defines a sequence, so the theorem shows that one of the
two must be added. Over an intuitionistic base that already contains the second principle,
whether these four assertions need countable choice is not settled here.

The same prices appear away from the line. Weak Konig’s lemma for decidable binary trees is
equivalent to LLPO, and the infinite pigeonhole principle, for any finite number of colours,
and Ramsey’s theorem for pairs with two colours are each equivalent to LPO; in each case the
passage to the principle uses no choice, and countable choice is used only on the way back.
Equivalences of this kind are familiar from constructive analysis [6, 4]. What is particular
here is the carrier: every row is proved on the line built from the ratios of Chapter 4, and
every passage from a theorem to its principle is made without choice.

Finally, the table repeats the split of LPO. A nondecreasing sequence that converges converges
to its least upper bound, with no principle. That every least upper bound of a sequence is
approached by its terms is equivalent to MPy;,,; the passage to MPy;,, uses no choice, and the
passage back uses countable choice. So, with countable choice, monotone convergence is the
least-upper-bound principle together with MPy;,, just as LPO is WLPO together with MPy;,,.

12.10 Exercises

1. Starting from (12.2), clear the positive denominators and recover (12.1). Identify where
positivity is needed to preserve the direction of the inequality.

2. In the proof of Lemma 12.5, explain why the later stage 2V ! is available once a finite
search has found the first event N. Why is deciding whether any event exists unnecessary
for constructing each jump stage?

3. Reconstruct both directions of Theorem 12.6, then identify the exact step that requires
LPO instead of WLPO in Theorem 12.7. Use Proposition 12.13 and Theorem 12.11 to
show that this step, taken alone, costs exactly MPy;,.

4. Explain why the interleaved sequence e in Theorem 12.8 need not satisfy LLPO’s premise.
Prove that retaining only its first event supplies that premise. Trace the two uses of
parity in the converse proof.

5. Prove the converse half of Lemma 12.10 in integer arithmetic. Where is decidability of
a single stage used, and why does the proof not need to decide P(x)?

6. Derive the statement of Corollary 12.12 for N from the statement for P. Check that
replacing each g, by —q,, preserves (12.1).

7. In Theorem 12.25, show that the test sequence is nondecreasing and bounded. The
proof uses one limit point and one index N. Explain why using them requires no choice
principle.
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8. The proof of Theorem 12.26 never decides whether L equals 5(0) or n(1). Explain why
cotransitivity is enough. Then assume in addition that every ratio below L is exceeded
by some term, and show that the same test sequence yields LPO.
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Mathematics and finite physical records
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Chapter 13

What a finite record can establish

An instrument returns one of two marks. The experimenter wants to know which of three
preparations was supplied. If that mark is the whole available record, a reader cannot always
give the right answer: two preparations must leave the same mark, and the reader then
receives the same information in two cases requiring different answers.

The conclusion changes if the question changes. Perhaps the experimenter only needs to
separate one preparation from the other two. Or perhaps the apparatus can perform another
test. A limit on recognition must therefore name both the question and the record. Counting
possible preparations alone does not tell us which of their differences an observer must
recover.

This chapter gives that distinction a precise form. We first prove the collision argument for
an arbitrary record. We then construct the record of an adaptive testing procedure and count
its possible outcomes. Finally, we replace exact answers by answers with a stated error. Each
argument concerns the information supplied to the reader; physical preparation, retention
and readout enter as separate requirements on the apparatus.

13.1 The target, the record and the reader

Let Wbe the allowed preparations or worlds. A member w € W contains whatever distinctions
the experiment can depend on. We need not reconstruct all of w. Instead, fix a target map

T: W —Y.

The value 7(w) is the answer the task requires. Two worlds may differ while having the same
target value.

Let R be the possible retained records and let r : W — R give the record actually obtained
in each world for the procedure under consideration. A reader d takes a record and either
returns an element of Y or reports failure. We write its answer as d(r) when it succeeds.

Definition 13.1 (Exact readout). The procedure gives an exact readout of 7 if the reader
succeeds on every actual record and

d(r(w)) = t(w) for every w € W. (13.1)

Records that never occur may be rejected.

The order of these maps matters. The apparatus acts on the world to produce a record; the
reader acts on the record to return the target. An arbitrary assignment of a different code
to every answer does not establish that the apparatus can obtain the assigned code from an
unknown preparation. Equation (13.1) is the required connection.
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actual record

wew r(w) € R
m l reader d
t(w)ey

Figure 13.1. Exact readout requires the two routes to agree for every allowed world. A mathematical
code supplies the upper route only when the apparatus actually produces it.

Lemma 13.2 (A record cannot separate its own collisions). If the readout is exact and r(w) =
r(v), then t(w) = (v).

Proof. Apply the same reader to the equal records. Exactness identifies its answer on one side
with 7(w) and on the other with r(v). Thus

o(w) = d(r(w)) = d(r(v)) = r(v).
U

Only distinctions relevant to the target must survive. If the target itself separates all worlds,
the lemma says that the record map must be injective. Otherwise, several worlds can share a
record without causing an error, provided their required answers agree.

13.2 Several worlds can remain compatible with one
record

The map r describes one determined record per world. Some experiments have several possible
outcomes, and some records leave several preparations possible. We can state the essential
condition without choosing a probability distribution or a deterministic outcome map.

Write C(s, w) when record s is compatible with world w under the stated experimental model.
The condition includes the experiment that was performed and every relevant control or
calibration assumption. A reader is sound on this relation if, whenever C(s, w) holds, it
succeeds and returns 7(w).

Proposition 13.3 (A sound answer is constant on compatible worlds). Suppose the reader
is sound. If C(s,w) and C(s,v), then t(w) = t(v). Moreover, if an actual record map satisfies
C(r(w), w) for every w, soundness gives exact readout for that map.

Proof. Soundness says that the single answer d(s) equals both target values, which proves
the first assertion. For the second, apply soundness to s = r(w) and the stated actual-world
compatibility condition. O

This formulation separates two possible failures. A proposed record may be compatible with

worlds requiring different answers. Or the compatibility model may omit the world that
actually produced the record. The first failure concerns discrimination; the second concerns
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the model’s relation to the experiment. A proof of the first condition does not repair the
second.

The proposition is a necessary condition on a sound reader. It does not construct an effective
reader from an arbitrary compatibility relation. Finding the compatible worlds, deciding their
common target and making the record readable can each require further work.

13.3 A finite capacity bound

Choose a finite family of allowed worlds w;, indexed by a finite set I, whose target values are
pairwise different. The family need not include every allowed world. Suppose the whole
retained record has only M possible values.

Theorem 13.4 (Capacity required by exact recognition). If the readout is exact on the allowed
worlds, then

11| < M.

Proof. Associate i with its actual record r(w;). If two indices have the same record, Lemma 13.2
gives the same target value. The choice of the family then gives the same index. We have

constructed an injection from I into the set of possible records, so the finite cardinal inequality
follows. [

The bound concerns distinguishable records, including everything the reader may use. If
timing, position, the choice of output channel or a separate control register supplies additional
information, it belongs in R. Counting only the printed mark would then count an incomplete
record.

No optimality claim is built into the theorem. An injection into a large record space is
necessary for exact recovery; it does not show how a particular apparatus reaches the needed
records. The construction of a working procedure is a separate positive task.

13.4 Adaptive tests still produce a bounded transcript

An experimenter may choose the next test after seeing the previous result. To count this
procedure correctly, we must preserve that dependence. Fix a set A of available tests and an
alphabet of B > 1 possible outcomes. For this section, a test a has a determined outcome

o(a,w) €{0,...,B— 1}

in each world w. Fix the procedure in advance. It may adapt to the outcomes, but it receives
no information about w other than through those outcomes.

Definition 13.5 (A bounded adaptive test tree). A tree with budget m has one of two forms:

1. Stop and return a specified answer, using none of the remaining tests.

2. If m > 0, choose a test a € A and, for each of its B outcomes, supply a continuation tree
with budget m — 1.
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Execution follows the continuation selected by the observed outcome. Write run(T, w) for
the answer eventually returned by tree T.

The budget decreases at every test, so every execution stops. Different branches can choose
different tests and stop at different depths. This is a finite inductive description of the whole
policy, rather than a list of independent tests to which adaptation is added afterward.

Choose one padding symbol p from the outcome alphabet. We now construct a transcript
cr(w) with exactly m slots. At a stop node, fill all remaining slots with p. At a test node, write
the observed outcome in the first slot and follow it with the continuation’s transcript.

The corresponding reader already knows T. At a stop node it returns that node’s answer and
ignores the remaining slots. At a test node it reads the first symbol, chooses the corresponding
continuation, and reads the tail there. Denote this reader by Dr.

Lemma 13.6 (The transcript retains the answer of the procedure). For every bounded tree and
every allowed world,

D(cf(w)) = run(T, w).

Proof. Induct on the tree. At a stop node, both sides are its specified answer. At a test node,
the first transcript symbol is o(a, w). The reader therefore chooses exactly the continuation
chosen in execution. The remaining transcript is the transcript of that continuation. Apply
the induction hypothesis to its smaller tree. [

Padding loses no information needed for this answer. The fixed tree tells the reader when
a stop node has been reached. Even if a padding symbol is also a genuine test outcome, the
reader knows which slots it is supposed to read from the branch it has followed.

Theorem 13.7 (Capacity of a bounded adaptive procedure). Suppose a tree performs at most
m tests with B possible outcomes per test and returns the correct target for every world in a finite
family of N distinct target values. Then

N < B™ (13.2)

Proof. There are B" strings of length m over the outcome alphabet: each of the m slots has
B choices. Lemma 13.6 and correctness of the tree give exact readout from its constructed

transcript. Distinct target values must therefore give distinct transcripts. Apply Theorem 13.4.
O

In particular, no such procedure with one binary test can always identify one of three distinct
targets: the conclusion would require 3 < 2. Adaptation helps choose useful questions, but it
cannot make a transcript carry more distinct answers than it has distinguishable values.

This tree model assumes determined outcomes o(a, w) for the supplied world. When a test
changes the system, its changing state and the available controls must be represented before
applying this construction. The earlier collision and record-capacity theorems apply to any
supplied actual record map with exact recovery; the tree theorem adds the particular structure
that justifies the bound B™.

141



The § Foundation Jonathan Washburn

13.5 An error tolerance gives a separation bound

Many tasks ask for an approximation. Let target values lie in a space with a distance dist
satisfying symmetry and the triangle inequality. Let the reader return a reconstructed value
d(s), and fix an error allowance ¢ > 0. Suppose

dist(z(w),d(r(w))) < ¢ for every allowed w. (13.3)
Lemma 13.8 (A shared record bounds target separation). Ifr(w) = r(v), then

dist(r(w), 7(v)) < 2e.

Proof. Both worlds are reconstructed as the same value y = d(r(w)) = d(r(v)). The triangle
inequality and the two error guarantees give

dist(r(w), 7(v)) < dist(z(w), y) + dist(y, t(v)) < 2e.
L]

Theorem 13.9 (Capacity for separated approximate targets). Suppose a finite family has
N target values, every distinct pair separated by more than 2¢. A readout satisfying (13.3) on
this family requires at least N distinguishable records. For a bounded adaptive tree as above, it
requires N < B™.

Proof. If two members had the same record, Lemma 13.8 would contradict their strict sepa-
ration. The record map is therefore injective on the selected family, giving the first bound.
For the tree, use its padded transcript and reader. Lemma 13.6 transfers the procedure’s error
guarantee to this reader, and there are B™ possible transcripts. O

The strict inequality is the relevant margin. An approximation is permitted to merge sufli-
ciently nearby targets. The theorem counts a family whose members are far enough apart
that the specified error cannot hide their differences. It supplies a necessary capacity, without
assuming a geometry or an optimal code beyond the stated distance and separation.

13.6 Finite length without a common budget

A different question arises when every individual record is finite but there is no single length
bound for all records. Such a record family need not be finite. Its binary strings can still be
encoded by natural numbers. Define

c(@) =0, c(0s) = 2¢(s) + 1, c(1s) = 2¢(s) + 2. (13.4)

Here 0s and 1s prepend a symbol to the finite string s.
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Lemma 13.10 (Finite binary records have distinct natural-number codes). Ifc(s) = c(t), then
s=1t

Proof. Induct on s. The empty string has code zero; every nonempty string has positive code,
so equality with the empty string forces the other string to be empty. For two nonempty
strings, a leading zero gives an odd code and a leading one gives an even code. Equal codes
therefore have the same leading symbol. Subtract its offset and cancel the factor two to obtain
equal tail codes. The induction hypothesis gives equal tails, hence equal strings. [

Theorem 13.11 (Exact finite-record identification is countable). Suppose every world yields a
finite binary record, a reader exactly recovers its target, and different worlds have different target
values. Then the world family injects into the natural numbers and is countable.

Proof. Lemma 13.2 makes the record map injective under the target-distinctness assumption.
Compose that map with the injective code of Lemma 13.10. The result is an injection w
c(r(w)) into the natural numbers. O

No uniform length bound was used. Conversely, countability alone does not give a uniform
record length, a time bound or an apparatus that can acquire the record. This is why the
fixed-budget theorem and the countability theorem answer different questions.

The hypothesis is exact identification of the stated target family. A finite record can support a
universal mathematical statement when it contains a proof whose rules justify that statement.
The record-capacity argument does not count the objects mentioned in a proposition as though
the reader had to identify each of them separately. It concerns a task whose different required
answers must be distinguished by actual records.

13.7 The physical task left by the mathematics

The record results expose a concrete obligation for a physical construction. Specify the
allowed preparations and the target. Show how the procedure produces the record, how it is
retained, and how its reader returns the required answer within the stated error. Account for
all information available to the reader and for the resources the procedure uses. The next two
chapters take up that positive construction.

A counting theorem can reject a proposed capacity before an apparatus is built. A large
enough capacity does not complete the apparatus. Likewise, an exact logical principle from
Chapter 12 concerns which conclusions follow from an infinite presentation; a finite physical
record requires an account of how the relevant information reaches the reader. Both questions
have exact mathematical forms. Keeping their premises visible is what makes the connection
useful.
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Questions to work through

1.

In Lemma 13.2, identify the assumption that fails if the reader also receives an unrecorded
control setting. How should the record space be repaired?

Follow the transcript reader through a tree that stops before using its full budget. Explain
why the padding symbol need not be distinguishable from every genuine test outcome.

Prove Theorem 13.4 for a selected family that is smaller than the whole world space.
Which map must be injective?

Identify the uses of symmetry and the triangle inequality in Lemma 13.8. Explain why
the separated-family theorem uses a strict margin.

Compare the hypotheses of Theorems 13.7 and 13.11. Explain why finite length for
each record does not supply the same conclusion as a fixed common budget.
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Chapter 14
The construction of finite operations

A description of an apparatus must say more than which mark it prints. The apparatus
can change its input, return a quantum system as well as a mark, and act on something
correlated with another system. A construction that reproduces the marks while destroying
those correlations may perform a different operation.

We will follow a finite instrument through four descriptions. First come the matrices that
specify its action. Those matrices give an explicit reversible operation on a larger space. Finite
sequences of elementary operations approximate that reversible operation. Finally, positive
energy operators enact the required sequence, with its duration, error and scalar energy
contribution retained.

There is a second question along the way: can a finite procedure find the approximating
sequence from a description of the instrument? We prove an equivalence between two
effective descriptions. One supplies rational approximations to the instrument’s matrices; the
other supplies finite operation sequences with a prescribed accuracy. The proof uses a search
with rational certificates, so it never asks an exact equality question about an arbitrary real
number.

The first calculation needs only multiplication of two-by-two matrices. Use it to keep the
purpose of the larger construction in view: we must retain both the mark and the returned
system. The later proofs use the finite spectral theorem to factor positive matrices and take
unitary logarithms. The final control argument uses matrix exponentials and their derivatives.
The matrix sections of Appendix C explain how these tools enter, including the difference
between an isometry into a larger space and a unitary on that whole space.

14.1 An operation with a retained outcome

Fix positive integers a, b, s. The input has a basis states, the returned system has b basis states,
and the classical mark has s possible values. The matrices in this chapter have complex entries.
Write KT for the conjugate transpose of K, and I for an identity matrix on the space indicated
by the equation.

A state is a positive semidefinite matrix p with trace one. Positivity means v’ pv > 0 for every
vector v. This includes the state vv' of a unit vector and also statistical mixtures of such states.
The trace condition fixes the total probability.

The same marks can conceal a different operation

Consider a system with two basis states and two possible marks, 0 and 1. The matrices

KO - ((1) g) 5 Kl - (g ?) (141)
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select the first and second basis states. Write an input state as p = (’g ) so p,q > 0 and
p + q = 1. Multiplication gives the two output blocks

+ _[(p O + (0 0
(1 1) d=(2 )

Their traces are p and gq: the probabilities of the two marks. Their sum has trace one because
KiKo+ K Ky =1

Now keep K|, but replace the second matrix by

0 1
le( )
0 0

0
LipL] = (g o)'

The probability of mark 1 is still g. For every input, both devices therefore print the same
marks with the same probabilities. But after mark 1, the first device leaves the second basis
state and the second device returns the first. On input p = Kj, mark 1 is certain and the
returned states are different.

It still satisfies KJKO + LILI =L and

A description that keeps only the two probabilities cannot distinguish these devices. An
instrument keeps the output blocks as well. The general definition below adds several possible
branches for each mark; the example has one branch per mark.

Definition 14.1 (A finite instrument). Choose a finite branch set Z and matrices K, : C* —

Cb, where yis the retained mark. Require
Y KKy = L (14.2)
Z
The output is the block diagonal matrix whose yth block is
J(p) = Z szyZ

The trace of this block is the probability of mark y. The mark is retained even when the branch
label z is not read.

Every block is positive, since u'K pK Tu = (KTw)T p(K Tu) > o. Taking the trace and us-
ing (14.2) shows that the traces of the output blocks sum to one. Thus the formula describes
both the returned system and the probabilities of all marks.

Different lists of branch matrices can describe the same instrument. To avoid treating a choice
of branch decomposition as extra information, form one matrix for each outcome:

Clw.i), v )] = Y. Ky lu, i] Ky [v, j]. (14.3)

Here i, j are input indices and u, v are output indices. These are the Choi matrices [10], with
output indices written first. They determine the instrument because

I p)lu,v] = ZCWOWMEH
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Proposition 14.2 (Valid matrix descriptions). A family C,, describes a finite instrument precisely
when

Cy 20 foreveryy, Z Cyl(w, i), (u, )] = §;. (14.4)
y.u
For such a family, one can take Z = {1, ...,b} x {1,..., a}.

Proof. Given branch matrices, arrange their entries into columns indexed by z. Equation (14.3)
is the product of this column matrix with its adjoint, so it is positive. Summing its output

diagonal gives the transpose of zy’z K;ZK which is I,

yz
Conversely, a positive finite matrix has a positive square root. This can be constructed by
taking the nonnegative square roots of its eigenvalues in an orthonormal eigenbasis. Let

S, = C;,/ ? and reshape its zth column into a b by a matrix:
Kyz[ua l] = Sy[(us l)a Z].

The product SyS;f = C, gives (14.3). The normalization in (14.4), with i, j interchanged, gives
(14.2). These are all the required conditions. ]

This is a finite-dimensional existence construction. An exact choice of eigenvectors is not yet
a procedure for obtaining an operation from successively better rational data. We will obtain
that procedure by a different route.

14.2 An explicit reversible extension

The next construction is a finite-dimensional dilation: it realizes an operation as part of a
reversible one on a larger space. Dilation theory originates with Stinespring [9]; here the
block formula makes the action on the entire enlarged space explicit.

Imagine keeping every branch label for the moment. Define the rectangular matrix V by
stacking the branch matrices:

VI(w,y,2),i] = Ky [u,i].

Equation (14.2) says VTV = I,. Thus V preserves lengths and inner products. It embeds the
input into the larger space D with basis labels (u, y, z).

We need a reversible operation on a whole space, including states outside this embedded input.
Rather than leave its action there unspecified, write it down.

Theorem 14.3 (A reversible extension with its unused space retained). If viv =1, put
P=VVT. OnC*® D define

o vt
Uy = (V I P). (14.5)

Then UVT = Uy, U‘g =1 and

Uy(v,0) = (0,Vv).
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Reading the output and mark coordinates, while retaining the complete branch sum, gives exactly
the original instrument.

Proof. The matrix P is self-adjoint and P? = vvTvyvt = P Also (Ip— P)V = 0 and
VT(Ip — P) = 0. Therefore block multiplication gives

2_( viv Vi - P) )_(Ia o)
V> \Up-PW VWi +Up-P)?) \0 Ip)

Self-adjointness follows by transposing the blocks and conjugating them. Multiplication by
(v,0) gives (0, V). Its (u, y, z) component is K,,,v at output index u, so summing the unread
branches produces the instrument’s yth block. The same calculation applies to mixed input
states by matrix multiplication and linearity. [

The extension is a concrete answer to the question, “What happens on the rest of the space?”
Its complement is part of the operation. The input preparation must place the state in the
designated input summand; that requirement is not supplied by the block identity itself.

14.3 A fixed register and a complete reader

Use a register of n eight-state cells. Its basis is the set of functions from {1, ..., n} to {0, ..., 7},
so its dimension is 8". The choice of register can depend on a, b, s while remaining fixed for
every valid instrument of those dimensions.

There is a convenient way to place a unitary in a determinant-one matrix. If U acts on a space
E, use

U=UoU' @ (14.6)

This is unitary, has determinant det(U) det(UT) = 1, and agrees with U on the first summand.
Choose n > 2 with 8" > 2 dim E, take dim R = 8" — 2 dim E, and fix a bijection of basis labels.
Such an n exists; the deliberately generous choice n = 2 dim E + 2 suffices. Applied to (14.5),
this supplies one layout for all instruments with the chosen dimensions.

An approximation to Uneed not keep the input entirely within the intended output rows. The
reader must still account for the whole output. Split the rows into normal rows (u, y, z) and
complementary rows £. Choose a default output u, and mark y;,. Each normal row retains its
own output and mark. Each complementary row has a separate unread branch and is assigned

to (ug, o)
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Proposition 14.4 (Complete readout preserves normalization). Let W be the columns of a
unitary selected by the fixed input embedding. The branch matrices obtained by the above reader

satisfy

Z K;Z'KJ’Z’ =wiw = Lo
vz’

where z’ ranges over both normal and complementary branches. For the ideal placed unitary, the
complementary branches vanish and its Choi matrices are the specified C,.

Proof. Each row of W occurs exactly once in the sum of branch Gram matrices. Normal rows
occur with their own output labels. A complementary row occurs at the default output and
mark, with its own branch label. Expanding a matrix entry of the sum therefore gives exactly
the same row sum as WTW. Distinct columns of a unitary are orthonormal. For the ideal
operation, Theorem 14.3 puts the selected columns in the normal rows with entries Kyz[u, i]
and zero elsewhere. [

No outcome has been discarded or conditionally renormalized. Leakage into an unintended
row is an error in the instrument, and the comparison below counts it.

14.4 An error bound that keeps a reference system

Suppose the input is correlated with a retained reference Q of any finite dimension. Its joint
state 7 is a positive trace-one matrix on Q ® C% Define the joint output by retaining the
reference, the returned system and the mark. Its yth diagonal block has entries

I8 rw, G ] = 3 Sl 1), 0 DIl D, ¢, )] (14.7)
Lj

Blocks with different marks are zero. The branch factorization proves positivity, since this is
a sum of (Ip ® K,,)r(lp ® K,,)'.

For a Hermitian matrix X, write | X|; for the sum of the absolute values of its eigenvalues.
We say that two instruments differ by at most € on retained references if

1.78(c) = T3y < e (14.8)

for every finite Q and every joint state 7. This convention has no factor of one half. It requires
no independence between input and reference.

Lemma 14.5 (Entry errors control the joint output). Suppose C, D are valid instruments and,
for every entry and mark, |Cy[p,q] — D,[p,ql| < n, withn > 0. Then their error on retained
references is at most

sab?n. (14.9)

The bound does not grow with the reference dimension.
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Proof. For a matrix A of size ab with entries bounded in absolute value by 7, the triangle
inequality and Cauchy-Schwarz give

vad<a(Xil) <an Y by
p p

Take A = Cy — Dy, which is Hermitian. With r = abn, this proves rI + (Cy — Dy) > 0 for every
Y.

Apply the positive output construction (14.7) to these two families. If Xis the output difference
and Fis the output of the family with every block equal to rI, then F + X > 0 and F — X > 0.

Thus, for every unit vector v, |vTX v < v Fv. Choose an orthonormal eigenbasis of X and sum
this inequality. It gives |X]||; < tr F.

The diagonal sum in (14.7), applied to the family rI is tr F = sbrtrt = sbr. Substituting r = abp
proves (14.9). The only reference contribution was its joint state inside trz = 1. O

Let m be the number of normal plus complementary unread branch labels in the fixed complete
reader. If two unitaries are within 7 in operator norm, every corresponding entry differs by at
most 1. Their entries also have absolute value at most one. The elementary identity

y—uwv=(x—wy+u(y —v)

therefore bounds each product difference by 25. A Choi entry sums over m branches. Applying
the lemma gives the useful implication

[U-W|<n = joint output error < Ln, L = 2msab®. (14.10)

All dimensions and the branch count are fixed before the target instrument and requested
tolerance.

14.5 Two descriptions of finite operations

We now distinguish a finite alphabet used to describe operations from the continuous controls
used to enact them. A cell label has three binary coordinates. On these coordinates use the

Hadamard matrix
i 1 1
g2\ -1)

the phase matrix diag(1,i), and the Toffoli permutation that flips one coordinate when two
selected control coordinates are both one. The target differs from each control, but the controls
may coincide; that case is controlled-NOT. A word is a finite list of such gates with their
coordinate labels. Matrix multiplication assigns a unitary to each word.

Two properties of this alphabet do different jobs. First, a word’s matrix and complete Choi
readout admit effective rational approximations. Every entry is obtained by finitely many sums
and products in Q(+/2, i); certified rational enclosures for /2, propagated through those finite
operations, give any requested entry accuracy. Second, on a fixed register with at least two
cells, these words are dense in its special unitary group. The finite gate and matrix-generation
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arguments are developed in Appendix A. We need the existence of an approximating word
here, without a runtime estimate for finding it.

Together with the explicit dilation and fixed placement, density gives a word whose complete
Choi readout is within any positive entry tolerance of any valid target C. Indeed, approximate
the placed unitary in operator norm and use the product estimate preceding (14.10).

Definition 14.6 (An effective instrument description). An ordinary name of C is one finite

procedure which, on input k, returns the full array of rational complex entries qg,k) [p.q] and

guarantees

6P1p.ql - Clp.qll < 27

A word name is one finite procedure which, on input k, returns a word whose complete
readout differs from C by at most 27k on every finite retained reference. Its register and layout
remain fixed as k varies.

The procedures are required to finish at every requested precision for the instrument they
name. A mere assertion that a suitable word exists for each k does not yet give a word name.

14.6 Searching with a margin

To find a word, enumerate all finite words and test a rational certificate. For complex rationals
Z, W, use

di(z,w) = |Re(z — w)| + | Im(z — w)|.
This is decidable by rational arithmetic, and
|z —w| < dj(z,w) < 2|z —w|. (14.11)

The left inequality is the triangle inequality for real and imaginary parts; each part has absolute
value at most |z — w|, proving the right. Test every Choi entry, not just the outcomes most
likely on one input.

For requested output error 2k put
M=sab®, h=k+M+3, r=2"  e=2()_,/g (14.12)

Obtain target data g at entry accuracy e. For each candidate word, compute its complete readout
data gy at the same accuracy. Accept the first word for which d;(qwly, p,ql, qly, p.q]) < rat
every entry.

Lemma 14.7 (Soundness and termination of the search). For a valid named target, the search
terminates. Every accepted word has joint output error at most 27k,

Proof. If a word is accepted, its exact Choi entries differ from those of the target by at most

e+r+e:%r§2r.
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The three terms are word-evaluation error, accepted rational discrepancy and target-naming
error. Lemma 14.5 bounds the joint output error by M(2r). Since M < 2M,

M(2r) < 2M o2~ (k+M43) — 9=k /4 < o=k

For termination, density supplies a word whose exact Choi entries are within e of the target.
Its rational data and the target data are then within 3e = 3r/8 < r/2 in absolute complex value.
By (14.11), their rational discrepancy is less than r, so this word passes. Every individual test
finishes, and enumeration eventually reaches a passing word. [

The slack has a purpose. Testing exact equality of two limits would not give a terminating
decision. Here the acceptance test is finite, and density supplies a word strictly inside its
tolerance. A nearby rejected candidate simply causes the search to continue.

14.7 Recovering the matrix description

The reverse direction also needs the retained reference. Suppose an operation is known to
approximate an instrument on every joint input. Use a reference of dimension a and the
normalized state

a
T, = %QQT, Q=) e®e. (14.13)
i=1

Its trace is one, and it is positive. Substitution in (14.7) gives

TEE@.0, (1.4, = Gl D, (v.)]

Thus this one joint input exposes every Choi entry, with the known factor 1/a.

Lemma 14.8 (Joint output control recovers every entry). IfC, D have retained-reference error
at most ¢, then |Cy[p, q] — Dy[p, q]| < ae at every entry.

Proof. Apply the error bound to (14.13). Every entry of a Hermitian matrix has absolute value
at most its trace norm: expand it in an orthonormal eigenbasis, use the triangle inequality,
and bound each product of eigenvector coordinates by one. The displayed probe identity
therefore gives |Cy[p,q] — Dy[p.qll/a < e H

Theorem 14.9 (Equivalence of effective finite descriptions). For fixed positive a,b, s and a
valid finite instrument C, an ordinary name exists if and only if a word name exists. The forward
translation can be carried out by one procedure fixed for those dimensions and their register
layout, taking the ordinary name as an input.

Proof. Given an ordinary name, run the rational search at each requested precision.
Lemma 14.7 proves both termination and the required joint output accuracy. The in-
structions for evaluation, enumeration and testing are fixed; they call the supplied name at
the precision in (14.12). This is the stated uniform forward translation.

Conversely, given a word name and requested entry accuracy 27, call the word name at
precision j = k+(a+1)+3. Evaluate that word’s Choi entries to accuracy 27/. The probe lemma
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bounds the difference between its exact entries and the target entries by a2™/. The triangle
inequality gives total entry error at most (a + 1)2~/ < 27X, The last inequality follows from
a+1 < 2%"! and the extra factor 273. This constructs a single ordinary naming procedure. [

The equivalence concerns descriptions of the whole instrument. It neither decides whether
an arbitrary proposed description is valid nor gives a general efficient search bound. Validity
and the supplied name are the premises under which termination has been proved.

14.8 Enacting a sequence with positive energy

The word description is now connected to a physical evolution. We state the controls as well
as the energy they require. On the native register, the continuous elementary operations are
cyclic three-state rotations within a cell and the two orderings of the adjacent-cell coupling

CI+iX

E )
V2

X=SQ®F.

Here S is diagonal, with
S = diag(l, -1,—-1,1,—-1,1,1, —l).

The operator F swaps each even label with the following odd label. Both S and F are Hermitian
involutions. Each elementary operation is e© for an explicitly specified skew-Hermitian
generator G. The rotations have continuously selectable real angles. These controls generate
the full traceless skew-Hermitian matrix algebra on registers of at least two cells; the bracket
argument and passage to finite words appear in Appendix A. Consequently their finite words
approximate every special unitary on that register.

Fix a positive background energy operator H > 0, independently of the target operation. Let
h > 0 and choose a pulse duration ¢t > 0. For a skew-Hermitian generator G, use the full
energy operator

Hs,=H+ %(iG + |GI). (14.14)

Since iG is Hermitian and its eigenvalues are at least —||G|, the parenthesized operator is
positive. Hence Hg; > 0. The scalar term is part of the energy operator even when a

particular readout is insensitive to its phase.

The evolution for duration ¢t is e tHc:/h

equals

. The scalar part commutes with everything, so this

e~Gl exp(G — itH/h).

For skew-Hermitian matrices A, B, differentiating esAe(1=9)B and integrating from zero to one
gives [le? — eB| < |A — B|: both exponential factors in the integrand are unitary and have

norm one. Therefore

H ¢ itHo /M _ e—illGlleG” < t|H]/h. (14.15)

153



The § Foundation Jonathan Washburn

For a word w of { pulses, subtract the two products one factor at a time. Every other factor
has norm one. The errors add, giving

[Uys = e OIW, | < elHI/B, cw) =Y |Gl (14.16)
Ginw

Here W,, is the ideal word matrix and U, is its actual evolution under the full pulse energies.

14.8.1 Retaining the phase

One can also match a target’s full scalar phase. This matters when claiming an operator
approximation, even though a common phase cancels in the quadratic instrument readout. A
pair of inverse cyclic rotations leaves the ideal word unchanged and contributes 26 to c(w)
when 6 > 0. For a desired phase e™

Z:[c(w)—rl, 9:r+27rz—c(w)'
21 2

The defining inequalities for the ceiling give 0 < 6 < . Appending the inverse pair makes the
total scalar action r + 27z, so the phase is exactly e”. Both added pulses retain H and their
positive scalar baseline.

" choose

(14.17)

Every finite unitary has a Hermitian logarithm: diagonalize the unitary, choose a real argument
for each unit-modulus eigenvalue, and conjugate the diagonal arguments back. Subtracting
the mean trace separates this logarithm into a scalar part and a traceless part. Approximate
the latter by the native controls, and apply (14.17) to the former. This supplies an ideal word
with the requested phase to any positive operator tolerance.

Theorem 14.10 (Finite positive-pulse realization). Fix a native register with at least two cells,
H >0, and h > 0. For any unitary target U, error tolerance § > 0 and total duration bound T > 0,
there is a finite native word and a positive common pulse duration t such that its full energy
operators are positive, &t < T, and its actual evolution differs from U by less than & in operator
norm. The construction allows the amplitudes in (14.14) and externally selected switching.

Proof. Choose the ideal word and phase correction with error less than §/2, and let € be its
full length, including the two phase pulses. Set

: { Sh T }
I = min S .
200|H||+1) ¢+ 1
Both quantities are positive. The first gives &|H|/h < §/2, while the second gives & <

€T /(t + 1) < T. Equation (14.16) and the ideal approximation error then give a total error less
than 6. Positivity was proved directly from (14.14). O

(14.18)

Shorter duration does not make the controls free. Their strength includes the factor #/t. The
integrated scalar baseline is exactly

h
> =G| = he(w). (14.19)
Gi t

mw

The duration cancels; the action remains. This equality records that baseline contribution,
rather than a complete model of actuator work, switching equipment or total experimental
cost. A bound on available drive strength would add a constraint that Theorem 14.10 does not
impose.
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14.9 The finite bridge and its physical interfaces

Combine the constructions in their actual order. Positivity and normalization give branch
matrices. Stacking gives an isometry. The block matrix gives a reversible extension. Ad-
joint padding puts it on a fixed register, complete readout counts every row, and the pulse
construction approximates the placed unitary.

Theorem 14.11 (Realization of a complete finite instrument). Fix positive dimensions a, b, s
and default output and mark labels. There is a finite native register and a fixed input and
complete-output layout, chosen before the target instrument, with the following property. For
any valid C, any fixed positive background energy H on that register, h > 0, tolerance ¢ > 0 and
duration bound T > 0, the positive-pulse construction produces a complete instrument whose
retained-reference error is at most ¢, with total pulse duration less than T. It retains the scalar
baseline (14.19). It uses the selectable controls, input preparation and complete readout described
above.

Proof. Choose the register and layout using the fixed branch size ab and the dilation space;
neither depends on the entries of C. Construct its ideal placed unitary Uy as above. Let
L = 2msab® be the constant of the complete reader in (14.10). Apply Theorem 14.10 with
operator tolerance = ¢/(L + 1) and duration bound T. Its output is unitary, so the complete
reader remains normalized. Its error on every retained reference is at most Ly < . The ideal
reader gives C exactly, and every pulse retains its positive energy and baseline contribution. []

Section A.8 gives a concrete record-and-field assembly to which the pulse theorem applies. It
retains an old source on 14+ 2N cells, adds three complete record-reference pairs and two field
banks, and specifies the added holding and edge energies. Its full register has 20 + 2N +4a + 4b
eight-state cells. Positivity follows on the whole register, including coordinates unused by the
field code.

The old source’s positive interior Hamiltonian is an explicit input to that assembly. The
appendix does not derive the material source fixture or a microscopic actuator for it. Thus the
application to the native two-flux source retains this supplied Hamiltonian, its fixed external
fluxes and the same preparation, readout and control interfaces. The on-page construction
establishes the record-and-field extension and the full-register transport needed here. It does
not replace an unprovided source construction by a claim of universal physical access.

valid finite extend explicit unitary

- 5

instrument on a fixed register

select controls

complete output positive pulses

«-—

and retained reference read with error and action

Figure 14.1. The finite bridge retains the whole operation. Input preparation, selectable controls and
the complete reader are physical interfaces required by the construction. Error is compared on the
returned system, mark and every finite retained reference.

The conclusion has two complementary strengths. The naming equivalence shows that
effective matrix descriptions and effective finite operation descriptions determine the same
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valid finite instruments. The pulse construction supplies explicit positive energy operators and
carries their error through the complete reader. Establishing an autonomous apparatus with
bounded controls, or establishing that every possible physical carrier belongs to this finite
class, requires additional constructions. Those questions concern the remaining interfaces of
this particular result.

Exercises

1. In the proof of Theorem 14.3, identify the exact use of V'V = I Explain the role of
In-vvT.

2. Expand one entry of the Gram sum for the complete reader. Explain why two comple-
mentary rows must not be combined into a single coherent branch before taking their
Gram matrices.

3. Reproduce the three error terms in an accepted rational certificate and the three terms
used to prove that some word is accepted. Why are these different arguments?

4. Trace the input-dimension factor a in Lemma 14.8. Identify the normalization that
produces it.

5. Verify the two duration inequalities in (14.18) and the baseline identity (14.19). State
which resource grows when the duration shrinks.
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Chapter 15
Conservation and the cost of keeping a record

A recorder can have enough possible marks and still be unable to produce the right one.
Imagine asking whether the first of two cells is occupied and the second is empty. The
apparatus must couple to those cells, leave an outcome in a readable pointer, and obey its
conservation laws throughout the interaction. These are requirements on one operation. They
cannot be satisfied by choosing the record and the dynamics independently.

We will prove a quantitative limit for this question. Suppose the source is two native eight-
state cells and the recorder supplies r more such cells, together with any finite neutral memory.
Suppose the interaction exactly conserves the specified total clock energy and total occupation,
and the final yes/no pointer is a sharp event in the neutral memory. If its yes probability
differs from the desired one by at most e for every source state, then

1

e> m (15.1)

The recorder’s cells may be correlated with one another and with its neutral memory. The
initial source and the complete recorder must be separate. We will state these conditions
precisely before using them.

The proof has three physical steps. Conservation restricts the event that can be read at the
end of the interaction. Accuracy bounds the noise of that event. A particular source state then
makes the restriction incompatible with arbitrarily small noise unless the recorder supplies
sufficient charge spread. The constants in (15.1) come from a four-entry vector and a bound
on a sum of r projections.

The conservation argument belongs to the line of work begun by Wigner and Araki and
Yanase [13, 14], with quantitative measurement-error bounds developed by Ozawa [15]. The
native charges and explicit witness below determine the particular bound here.

15.1 The event, the interaction and the pointer

Work first with an arbitrary finite-dimensional source space #s and recorder space #.
The inner product is conjugate-linear in its first argument. A sharp event is an orthogonal
projection: an operator P satisfying P* = P = P2. For a unit source vector x, the desired yes
probability is (x, Px).

Prepare the recorder in a unit vector p € #. Inserting that preparation gives the isometry
J: Hs— Hs® Hp, Jx=x®p.

The interaction is a unitary U on the full tensor product. A sharp pointer B is read after the
interaction. Its actual yes probability is

(UJx, BU Jx).

157



The § Foundation Jonathan Washburn

Pull this final event back to the initial time:
Z=U*BU, M=J"Z]. (15.2)

The operator Zis a projection. The compressed operator M is an effect, meaning 0 < M < I, but
it need not be a projection. Its expectation is exactly the probability the apparatus produces:

(x, Mx) = (U Jx, BU Jx).

Compression describes the given preparation and interaction. It does not supply a new event
that the apparatus is free to choose.

Definition 15.1 (Uniform event accuracy). The recorder has error at most e for the event P if
|(x, (M — P)x)‘ <e for every unit x € #. (15.3)

The expression inside the absolute value is real. The preparation p, interaction U and pointer
B are fixed across these source inputs.

Uniformity matters. An apparatus designed for one known state need not answer the same
question on an unknown state. Our lower bound concerns a single recorder that meets (15.3)
for all inputs.

xX®p

U ——— U(x® p)

|

pointer B

same total charge
before and after

Figure 15.1. The pointer is read after the conserving interaction. Pulling it back gives the event
Z = U"BU on the initial source and recorder.

15.2 Accuracy controls the noise of a sharp event

The discrepancy between the actual event and the ideal one can be measured on the full
state, before any compression. Put Q = P ® I, so that Q] = JP, and define the noise operator
E =7 —Q. On an input Jx, its squared norm is

IEJx|? = (x,(P + M — MP — PM)x). (15.4)

Indeed, expand (Z — Q) = Z + Q — ZQ — QZ, then use Z2 = Z,0* = Q, J*J = Iand Q] = JP.

The following identity is what gives the useful constant. Let D = M — P. Expansion using
P? = Pyields

P+ M— MP—PM=(I-P)D(I - P) — PDP. (15.5)

Thus the two contributions to the noise involve orthogonal parts of the same input.
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Lemma 15.2 (Probability error bounds projection noise). If (15.3) holds, then

I(Z — Q) JxI? <elxl?  forevery x € s,

Proof. Rescaling a nonzero vector in (15.3) gives [(y, Dy)| < e|y|? for every y; the zero vector
satisfies the same inequality directly. Apply this bound to (I — P)x and Px in (15.5). Then

I(Z = Q)JxI? < el(I = P)x|* + el P

= elx|*.

The last equality is the orthogonal decomposition given by P. [

The orthogonal decomposition is essential to this estimate. Bounding the two terms separately
by e|x|? would lose a factor of two.

15.3 What exact conservation does to the pulled-back
event

Let A and R be Hermitian charge operators on the source and recorder. Their total charge is
C=A®I+I®R. (15.6)

Suppose the interaction conserves it exactly, UC = CU, and the final pointer commutes with
it, BC = CB. The pulled-back event also commutes:

ZC =U"BUC =U*BCU =U*CBU = CZ.

A pointer that is neutral for this charge supplies the second commutation condition. It is an
actual requirement on the readout.

For Hermitian operators E, C, any vector £ and any real number c,

(&, [E,Cl§) = (EE, (C —cD)§) = {(C = cD)E, EE).

Here [E,C] = EC — CE. The scalar c cancels. The triangle and Cauchy—-Schwarz inequalities
give

K [E, CIEN < 4IEEIPIC — eDEI. (15.7)

Take E = Z—Q. Since [Z,C] = 0, we have [E,C] = —[Q, C]. Combining (15.7) with Lemma 15.2,
for a unit source vector x, gives

(Jx, [Q, C1Jx)[* < 4e||(C — cI) Jx|*. (15.8)

This is the required measurement constraint. A nonzero commutator on the left forces either
noise or charge spread on the right.
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15.4 The native source and its two charges

We now specify the cells. One cell has basis e, ..., ;. Use the parity operator S and adjacent-
pair flip F from Chapter 14. They obey

S2=F2 =1, SF = —FS.

Consequently iSFis a Hermitian involution, and

I —iSF
2

N =

(15.9)

is the occupation projection. The four-step cyclic shift O, sends e; to €j,4 mod 8- It is another
Hermitian involution. Write

P, = : (15.10)

It projects onto the odd Fourier modes. We will use its sum across cells as a charge count.

For completeness, let W be the normalized Fourier matrix

W' o
I/ij:_ w=e 27{1/8’

i

and define the dimensionless clock K = Wdiag(0, 1,...,7)W™. The native clock energy is
Hy = &K, with g > 0. The value of this positive scale will cancel from the argument. The
other conserved native quantity is N.

For any one-cell operator 7, let

r+2
Z(T) = Z T ® nyo
j=1

act on the two source cells, r recorder cells and neutral memory #. Superscript (j) means
that T acts in slot j and identities act in the other slots.

Lemma 15.3 (The two native charges conserve the count). IfU commutes with £ (H,) and
Z(N), then it commutes with L (P,).

Proof. Since g # 0, energy conservation implies commutation with Z(K). Appendix B gives
an explicit finite expression for P, using I, K, N, complex linear combinations and commutators.
It derives that expression from the entries of the specified eight-state matrices.

Operators on different slots commute. Hence < is linear and
Z(T, I = [Z(T1), Z(TL)].

It sends I'to (r+2)IL, which commutes with U. Commutation with Uis preserved by sums, scalar
multiples and commutators. Applying these facts in order to the finite expression proves the
assertion. ]

160



The § Foundation Jonathan Washburn

The count is therefore derived from the two specified conservation laws. It has not been
added as a third conservation assumption. The calculation in the appendix is needed for that
distinction.

On the two source cells, set
A=P.®@I+I®P, P=N&(-N). (15.11)

The event P asks precisely whether the first cell is occupied and the second is empty. The
count A and the event P do not commute. We next exhibit a source vector that quantifies
their incompatibility.

15.5 A four-entry witness inside the actual source

The necessary calculation fits in a two-dimensional subspace of each cell. Define the eight-by-
two matrix

11
i
0 0

V:% _01 _01, széc 1) sz(g (1)) (15.12)
- i
0
0 0

Its columns have norm one and are orthogonal. Substitution in (15.9) and (15.10) gives
V'V =1, PV =VG(C,, NV =VN,.

Thus V ® Vis an isometric embedding of a four-dimensional space into the actual two-cell
source, and it intertwines the source operators with

A2:C2®I+I®C2, P2:N2®(I—N2).

These are restrictions of the stated native matrices, with the same inner products and expecta-
tions.

Use the coordinate order 00,01, 10, 11, and let
v, = (i,0,a,0)T (a€R).

Direct multiplication gives

Iv,ll? = a? + 2, (15.13)

(Ay — Dv, = (a/2,i,i,a/2)T, (15.14)

(Vg (Ay — D) = 0, (15.15)
I(A, = Dv,|? = a?/2 + 2, (15.16)
(Vg [Py, Aglv,) = 2ia. (15.17)
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For example, P,v, = (0,0, a, O)T. The two terms in the last commutator expectation are at +ia
and a® —ia, explaining their difference. In (15.15), the four contributions are —ia/2, 0, ia, —ia/2
and cancel.

Choose a = +/2 and return to the source:
1
Iﬁ = E(V ® V)V\/E
Equations (15.13)—(15.17) then give

=1 . (A-Dy) =0,

[a-DylE =2, Ky P AP = 2. (15.18)

This one vector will suffice. We need no assumption that every source state has a large
commutator expectation.

15.6 How much charge spread can the recorder supply?

Let the recorder consist of r eight-state cells and a finite neutral memory. Its space and count
are

,
=%, R=Y P el,
j=1
No product decomposition of p € #}, is assumed. Its cells and memory may share arbitrary

correlations.

Lemma 15.4 (A projection-sum budget). For anyr orthogonal projections Ry, ..., R, on the same
space and any unit vector p,

2

(o5

j=1

The projections need not commute with one another.

Proof. For each projection, (RJ-—I/Z)2 = I/4. Hence |[(R;—1/2)p| = |pll/2 = 1/2. The triangle
inequality gives

Z(Rj —-1/2)p
=1

< ) IR —1/2)pl =r/2.
j=1

Squaring proves the claim. The empty sum also satisfies it. O

Applied to the recorder count, this proves
I(R—rI/2)p|* <r?/4. (15.19)

The estimate already allows coherent and correlated recorder states. It has the quadratic
scale required by that freedom. An independent-cell variance calculation would be a different
premise and cannot be inserted here.
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The complete initial state is y ® p. For C= A® I +1 ® R, we have

C-Q+DyYep)=(A-Dy®p
+ ¥ ® (R—bI)p.

The two terms are orthogonal because (i, (A —I){/) = 0. The source is a separate tensor factor
from the whole recorder, even when the recorder is internally correlated. Using (15.18),

I(C - +nDY @ pl* =

Also, [P ® I,C] = [P, A] ® L Thus the left side of
obtain the state-dependent inequality

(N

+ (R = bD)p|?. (15.20)

—~

15.8), on this input, is exactly 1/2. We
% < e(3 + 4|(R - bI)pIIz) for every real b. (15.21)

15.7 The two-charge recorder theorem

We can now collect the physical requirements in one statement. A neutral memory carries
the identity action of both native charges: it supplies storage and a pointer, but contributes
no charge term.

Theorem 15.5 (Finite native recorder bound). Let the source be two native cells, with the event
P =N ® (I — N). Let the recorder consist of r native cells and an arbitrary finite neutral memory
Hy. Assume:

1. The initial state is x @ p, where p is one fixed unit recorder vector and x ranges over every
unit source vector.

2. The interaction U is unitary on the whole source—recorder space and exactly conserves both

Z(Hy) and Z(N).

3. The final pointer is B = Iiyyce ® Liecorder celis ® D> where D = D* = D? acts on the neutral
memory.

4. For every unit source vector x,

|(U(x ® p), BU(x ® p)) — (x, Px>| <e.

Then
1

e> ————.
2(r? +3)

Proof. Lemma 15.3 shows that U commutes with the total count C. The pointer B commutes
with C because they act in different tensor factors. Thus Z = U*BU is a projection commuting
with C. Its compression M = J*Z J satisfies the uniform event bound.

Apply (15.21) with b = r/2, then Lemma 15.4. Accuracy implies e > 0, so the resulting
inequalities have the indicated direction:

2 <e(3+ 4R -r1/2)plP) < e(3+ 1),
Divide by the positive number r? + 3. O
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For every finite r, the lower bound is positive. An exact recorder of this event cannot satisfy
all four conditions. A larger neutral memory alone does not remove the bound: its dimension
never enters the charge budget. Increasing the number of charged cells relaxes the obstruction,
but this inequality alone does not construct a recorder attaining it.

15.8 What the resource is, and what the result establishes

The resource appearing in the proof is the recorder’s spread in the conserved count. Equa-
tion (15.21) retains the actual prepared state; (15.1) replaces that spread by a bound depending
only on the number of native cells. The reference cells can exchange this count with the source
while the total remains fixed. The neutral pointer reports an outcome without supplying that
exchange itself.

The argument belongs to the conservation-law constraints on measurement associated with
Wigner, Araki and Yanase. Its specific content here is the native realization: two stated charges
imply the count conservation, an explicit embedded source vector fixes the constants, and
the projection budget allows arbitrary internal recorder correlations. The statement is about
uniform probability accuracy for one specified event. It is not a claim that every task has the
same error bound or that the displayed constant is attainable by a conserving apparatus.

There is no conflict with the controlled constructions of Chapter 14. That chapter permits
selectable pulses and records their positive energy operators. The theorem here requires an
interaction conserving two exact total charges and a neutral sharp pointer. The control supply
belongs in the complete physical account when those conditions are imposed. An operation
that can be described and approximated with supplied controls need not be available to a
closed recorder with a fixed finite charge resource.

The result sharpens the question raised by finite readout. We must ask both which distinctions
a record can carry and which interactions can produce it. A physical construction answers
the second question only after its preparation, conserved quantities, reference supply and
readout have been specified together.

Exercises

1. Expand (Z — Q)? and derive (15.4). Identify every use of idempotence.
2. Verify (15.5). Explain why the two squared norms in Lemma 15.2 add to |x|?.

3. Multiply the matrices in (15.12) to check V*V = [, P,V = VC, and NV = VN,. Then
check the four-entry witness.

4. Derive (15.20). Locate the exact step that uses the initial separation between source and
recorder.

5. Trace where each of the four assumptions of Theorem 15.5 enters its proof. Which part
of the proof permits correlations inside the recorder?
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Chapter 16

What has been forced

Return to the first tally. One arrival leaves a mark; another arrival adds another. We wanted
to know what survives when the marks change their shape, their material or their names. We
now have several answers, because the question contains several requirements.

If a record preserves every finite step, its arithmetic structure is fixed up to the unique map
that preserves the start and the step. If a reader identifies some records, the identifications
must be studied as part of that reader. If a procedure answers a question at every requested
precision, one rule must cover all those requests. And if an apparatus produces the record, its
interaction must actually carry the required information into the available output.

These conclusions were reached by different arguments. Keeping the arguments connected,
with their conditions intact, tells us what is unavoidable and what a further construction must
provide.

16.1 The arithmetic structure is unique

The starting construction has two clauses: a start, and one further step. Every record is finite
and has been obtained by those clauses. Structural induction follows that construction. It
supplies the first proofs, including the facts that a step is never the start and that equal stepped
expressions have equal predecessors. In the arithmetic language of Part II, each of these two
facts, and induction, supplies statements that the other rules cannot (Section 5.7).

Now give any system a designated start and a step operation. There is exactly one map from
the finite distinction orbit into that system that preserves those two operations. Theorem 2.3
constructs it: send the start to the designated start, then follow each step. Uniqueness comes
from the same finite construction.

That map need not preserve every distinction. A clock that returns to a previous state is one
possible target. Faithfulness and generation are the conditions that turn the unique map into
an isomorphism. The target step must be injective, its start must not be a step, and every
target element must be generated from the start. Under those conditions, no two finite records
merge and no target element is omitted. This is Theorem 2.7.

Addition and multiplication are then fixed by their recursive clauses. Their algebraic laws
follow by induction; they were not separately chosen to make the tally resemble familiar
arithmetic. Conversely, a commutative semiring structure on the orbit in which adding
its unit is the step must be the constructed one, and the orbit maps uniquely into every
commutative semiring (Section 3.4). The reading into ordinary natural numbers preserves
those operations and reflects equality. Signed differences and rational ratios extend the
construction through explicit equivalence relations. Their operations are legitimate because
changing a representative leaves the result in the same class. Each extension is also determined
by its task (Section 4.9). The signed records complete the orbit’s addition; the constructed
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integers map uniquely into every commutative ring, and the constructed rationals into every
field of characteristic zero; and each carries exactly one order compatible with its arithmetic.
The line built from ratios in Chapter 12 is determined by its task in the same way, once
countable choice is granted: every Archimedean ordered field maps into it in exactly one way
that preserves the operations and the order (Theorem 12.24).

The necessity here has a precise form. A step system is faithful and generated exactly when its
canonical reading is a bijection (Proposition 2.8), so any faithful generated tally has the same
structure. Any operation satisfying the stated recursive clauses agrees with the constructed
one; so does any associative operation for which adding 0 changes nothing and adding 1 takes
one step (Theorem 3.10). The argument uses finite expressions, equality and induction in the
mathematics with which the construction is studied. That induction ranges over all properties.
Restricted to the formulas of an arithmetic language, it admits systems with elements that no
tally reaches. Naming those resources makes the uniqueness claim exact.

16.2 Identifying records and extending logic are visible
choices

A reader may retain less than the full tally. Chapter 7 describes identifications compatible
with addition. Once a decidable congruence comes with an exhibited collision between
distinct records, its form is forced: an initial segment followed by a repeating period. The
classification proves that every collision has this form and that the least period controls all
later identifications.

Changing the information supplied with the congruence, or the answer demanded of it,
changes the price, and each price is exact. With a decision procedure and an exhibited
collision the classification costs nothing. Replacing the collision by the assertion that the
congruence is not equality costs Markov’s principle. Keeping only the decision procedure, the
parity of the index costs LLPO, the question whether the congruence is equality costs WLPO,
and the full alternative costs LPO. With no decision procedure the alternative costs excluded
middle. Theorems 7.6, 7.7, 7.9 and 7.10 prove these rows, and Theorem 7.11 gives the same
prices for readers. In each case the reverse construction matters: the catalogue itself recovers
the additional principle. These are equivalences, not merely observations that one familiar
proof happens to use a stronger rule. The six prices are also different from one another. For
each pair of principles, a model of intuitionistic second-order arithmetic satisfies one and
refutes the other, and in each model every version of the classification has the truth value of its
principle (Section 7.10). That system does not prove Markov’s principle, so the classification
from negative nontriviality genuinely needs it. Among the index—period congruences, exactly
those of index zero extend to the signed records, each in one way, and the prices do not change
there, provided the parity question is asked of the period: every index is zero, so its parity
costs nothing, while the parity of the period costs exactly LLPO (Section 7.8).

The proof ledger of Chapter 6 makes a related distinction at the level of derivations. It records
which of the specified additional rules occur, and combination retains every resource used by
a premise. Soundness states which principles suffice to interpret the result, and interpreting
any derivation needs at most the limited principle of omniscience in the metatheory, applied
to the predicates that formulas define; for the derivations with an EM or LPO entry, taken
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together, that is also the least assumption that serves. The rules themselves have exact prices.
With induction on every formula, every instance of the restricted MP rule has a posit-free
derivation, because a quantifier-free formula is eventually constant in its searched variable,
and the LPO rule, which applies to every formula, derives every instance of excluded middle.
The three names then mark only two strengths. Without induction, or with induction on
quantifier-free formulas only, the LPO and MP rules are independent and EM is equivalent
to the two together. The induction entry stays part of the accounting because these prices
depend on it. The collapse concerns these arithmetic rules, not the principles about arbitrary
decidable predicates priced in Chapters 7 and 12.

Chapter 9 goes further by separating rules of repetition inside a specified language. Repeating
a fixed update, performing an indexed recursion and eliminating into an index-dependent
family are different resources there. The countermodels satisfy the weaker rules while
failing the proposed stronger judgment. The additional start discriminator has its own
separating argument. These concrete models establish the strict boundaries in Theorem 9.10;
the boundaries are attached to that calculus and its expressible judgments. The strongest
fragment, &*, is the one compared with Peano arithmetic in Section 16.3.

Changing notation does not remove a logical cost. Where a translation is claimed to preserve
a result, the translation must carry the relevant operations, assignments and quantifiers.
Chapter 8 does this for numbers and lists of one mark. Every arithmetic formula has the same
truth under related assignments. The proof transports witnesses in one direction and back in
the other; the two round trips are what make the quantified statement possible.

With only one round trip, less transfers, and Theorem 8.8 with Proposition 8.9 says exactly
what. Inside any structure obeying the six arithmetic rules the numerals form a copy of the
numbers: quantifier-free statements transfer in both directions, purely existential statements
go up and purely universal statements come down. A structure with two looping points shows
that no other quantifier prefix transfers: a prefix containing a universal quantifier does not go
up, and one containing an existential quantifier does not come down. The statement concerns
all the formulas with a given prefix; a single universal sentence such as Vx(x +0 = x) goes up
because it is one of the six rules. The derivations can also be compared with an independent
proof system. With excluded middle allowed and LPO and MP excluded, the rules of Chapter 5
prove exactly the theorems of Peano arithmetic, from every finite context (Theorem 8.11).
With no added principle they prove exactly the theorems of Heyting arithmetic, and the
posit-free derivations are the translations of its derivations, up to the way the injectivity of
the successor is written (Corollary 8.12).
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16.3 Peano arithmetic and a richer language

The first question a mathematician asks of these rules has a complete answer: with excluded
middle they are Peano arithmetic, the system most mathematicians mean by arithmetic. A
second question follows. Could a richer language, one that names functions and functions of
functions, prove facts about numbers that those rules cannot? For sentences built from =, 1,
— and V, it cannot. Every such sentence that the richer language proves has a derivation by
the rules of Chapter 5 with no added principle, and the strongest typed fragment of Chapter 9
proves the translations of exactly the theorems of Peano arithmetic. The proof runs the
functions as programs. What lets the arithmetic rules follow those runs is a fixed test program
whose correctness the rules themselves derive.

The classical derivations are Peano arithmetic

Chapter 8 presents first-order Peano arithmetic, abbreviated PA, as a classical calculus of
its own over the formulas of Definition 5.1: six axioms for the start, the step, addition and
multiplication, the rules of natural deduction with equality, induction for every formula, and
excluded middle. It keeps no ledger. Write I' -ps ¢ when it derives ¢ from I'. By Theorem 8.11,
for every finite context I' and every formula ¢, T' ps ¢ holds exactly when the rules of
Chapters 5 and 6 derive ¢ from I'" by a derivation whose ledger records neither LPO nor MP.

The theorem places a familiar system inside the accounting of Chapter 6. Peano arithmetic is
what the rules prove when the ledger may record EM and quantified induction but neither
of the other two principles. The theorem compares two proof systems; it does not prove the
consistency of either. The rest of this section uses it to compare a richer language with both.

A language of functions

The calculus of Chapter 9 can name more than numbers. Use its types built from O by
forming function types A — B, and its terms built from variables, 0, successor, A-abstraction,
application, the iterator | and the indexed recursor R. Over these terms we use a logic
of finite types. Its formulas are truth, falsehood, equations t =4 u at every such type A,
conjunction, implication, and universal quantification over every such type. Its nineteen
rules are: use of a hypothesis and of a list of hypotheses; truth; the rule from falsehood;
introduction and elimination for implication and the universal quantifier, and introduction
and the two eliminations for conjunction; reflexivity; computation by the equations of the
calculus; replacement of equals in a formula; the two successor laws =(S(x) = 0) and S(x) =
S(y) = x = y, function extensionality, which infers f =45 g from Vx: A (f(x) =5 g(x));
induction on O for every formula, with parameters; and substitution for variables. Addition
and multiplication are terms of this language, defined by iteration:

x+y= I(O,x,/lz.S(z),y), xX-y= |(0,0,)Lz.z+x,y).

Every formula of the arithmetic language that uses only =, 1, A, = and V is therefore also a
formula of the finite-type logic. Systems of this kind are known as extensional arithmetic in
all finite types [5].
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Running the functions

How can rules that speak only about numbers check a proof that quantifies over functions?
By running the functions. Each term of the finite-type language is compiled into a program
expression of Definition 10.5. A function is represented by the code of its program, which
is a number, and it is applied through one fixed universal program U. On an input (e, n), the
program U searches ¢ = 0, 1, 2, ... for a number that a fixed record test accepts as a computation
record of program e on input n, and returns the output written in that record. A computation
record is a finite table of evaluation facts, each justified through one of the evaluation clauses
of the program expressions by facts that stand later in the table, together with the values
that each justification uses. The record test is itself a program; on every input it returns 0, to
accept, or 1, to reject.

Formulas of the finite-type logic are read as arithmetic formulas about these programs. At
type O, equality is equality of numbers. At a function type, two codes are equal when, on
equal inputs, both programs return outputs and those outputs are equal at the output type.
This relation is called hereditary extensional equality. A universal quantifier over a type ranges
over the numbers that are equal to themselves in this sense. An equation t =4 u becomes the
statement that the programs compiled from ¢ and u return values and that those values are
hereditarily equal at A. Truth, falsehood, conjunction and implication keep their meaning.

Every compiled application runs through U, and so does every step of a compiled iteration.
The compiled proofs therefore need one property of U as a theorem of the arithmetic rules
themselves. It follows from two facts about the record test:

Acceptance. For every computation of program e on input n, the test accepts a record of that
computation.

Record soundness. Whatever the test accepts is a genuine computation record. In particular,
if it accepts a record for program e on input n, then e on input n returns the output
written in that record.

Programs are numbers through the coding (10.4), and inputs, outputs and records are numbers
as well; each fact is a sentence of the arithmetic language about these numbers. Both facts are
derived inside the rules of Chapter 5 with no added principle (Theorem 16.1). The derivations
use induction on quantified formulas, which the ledger records in its induction entry, but
none of EM, LPO or MP. They are possible because of how the record and its test are built.

A record that carries its justifications

Most evaluation clauses mention values that the evaluation fact itself does not show. A
composition of fafter g returns won m because g returns some value a on m and freturns w
on a. A test that had to find a would search inside the check of a single fact, and a derivation
about the test would have to follow that inner search as well. The record writes such values
down instead.

A record of program e on input n therefore has two tables. Each row of the first states
an evaluation fact: with allowance k, the program with code p returns w on input m. The
allowance is a budget for the evaluation: it bounds the input, and each further step of a
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recursion or a search uses up one unit of it. The second table gives, for each row, the few
values on which that row’s step depends: the predecessor s of its allowance, the codes of the
two parts of its program, the two components of a paired value, an intermediate output, and
the positions of the rows it relies on. A clause that needs fewer of these values ignores the
rest. The record also states the length of the tables, the position of the row for e on n, and that
row’s allowance and output; pairing packs everything into one number, with the output last.

The test checks each row by a fixed, flat combination of equality and order tests. The allowance
must be s+ 1, with m < s; the later steps of a recursion or a search run with allowance s. Then
one of ten cases must hold: one for each of the eight constructors of Definition 10.5, with
recursion split into its start and its later steps, and search into stopping and continuing. In
the composition case the test checks that p equals 4(u, v) + 6 for the two recorded part codes,
that the first named row states that the program with code v returns the recorded value a on
m, that the second states that the program with code u returns w on a, both with allowance k,
and that both named rows stand later in the table. Checking a named row is a comparison of
numbers. The test searches for nothing inside a row. Its only search is the bounded one over
the positions of the table. Finally it checks that the row for e on n lies within the table and
carries the output written last.

Read as an actual computation, a row has a passing justification exactly when it obeys its
evaluation clause, so U on input (e, n) returns exactly the outputs of e on n. The compiled
proofs need more than that truth: derivations by the rules.

Theorem 16.1 (The record test is correct). Acceptance and Record soundness have posit-free
derivations by the rules of Chapter 5.

Outline. The derivation has five parts. The first four give the two facts.

1. Let arbitrary programs supply the two tables and their length. At every position the
row check returns a value, and the value is positive exactly when the justification stored
for that row passes. Each equality test, order test and comparison with a named row
has these two properties, and conjunction and disjunction preserve them.

2. A passing justification gives back the row’s evaluation clause in the form that only says
the supporting rows exist later in the table: forget the named positions. Conversely,
every row that obeys its clause in that form has a passing justification: open the clause’s
existential statements, record the values they supply, and pack them by pairing.

3. If every row of a table obeys its clause, the second part gives each row a justification. A
finite choice, proved by induction on the length of the table and extending it one entry
at a time, collects them into one justification table. It is a derived statement, not an
added principle.

4. Given a computation of e on n, pack its table, its length, the justification table of the
third part, the position of its row for e on n, that row’s allowance and the output into
one number c. Every stored justification passes, so by the first part every row check
is positive; the bounded search over positions carries this to the whole table, and the
row for e on n passes the final check by construction. The test therefore returns 0 on
((e,n), c): it accepts c as a record for e on n. This is Acceptance. Conversely, let the test
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accept c as a record for e on n, and unpack c. The bounded search and the first part
show that every stored justification passes, and the second part that every row obeys
its clause. The table is therefore a computation, and its row for e on n carries the output
written last in c¢. This is Record soundness.

The fifth part is universal application, the lemma that follows. The parts use induction, case
analysis and pairing; none of them uses EM, LPO or MP. O]

Lemma 16.2 (Universal application). The rules of Chapter 5 give a posit-free derivation of the
following statement, which we call universal application: for all e,n, y, if e on input n returns y,
then U on input (e, n) returns y.

Proof. Let e on input n return y. Acceptance gives a record c of that computation that the test
accepts. The search in U examines the numbers up to c one at a time, and each test returns 0
or 1, so the search stops at the first accepted d < c. Record soundness says that e on n returns
the output written in d. A program returns at most one value on a given input, so that output
is y, and U returns it. Theorem 16.1 derives the two facts, and each remaining step is an
induction or a finite case analysis with no added principle. [

From proofs to derivations

Theorem 16.3 (Proofs compile to derivations). For every proof in the finite-type logic of a
closed formula P, the rules of Chapter 5 derive the reading of P by a posit-free derivation.

Outline. Induct on the proof, one case for each of the nineteen rules, proving the correspond-
ing statement for every context and every environment of values. The logical rules become
the same rules applied to the read formulas. Reflexivity uses the fact that the program of a
well-typed term returns a value hereditarily equal to itself; computation uses the fact that
convertible terms have programs with hereditarily equal values; replacement and substitution
use the fact that read formulas transfer between hereditarily equal environments. The succes-
sor laws are rules of Chapter 5. Extensionality needs no new principle, since the reading of
f =a_p galready states pointwise agreement. Induction becomes the rule (5.2) applied to the
read formula; that formula contains quantifiers, so the ledger records the induction entry and
nothing else. Every case that runs an application or an iteration uses universal application,
Lemma 16.2. [l

Theorem 16.4 (Arithmetic is recovered from its reading). For every closed formula A of the
arithmetic language built from =, 1, — and V, a posit-free derivation proves that the reading of
A implies A.

Outline. Induct on A, proving for every assignment both that the reading implies the formula
and that the formula implies the reading; the implication case needs both directions for its
antecedent. At an equation, the programs compiled from its two terms return exactly the
values of those terms. For addition and multiplication this is proved by induction along the
iteration that defines them; each step of that iteration runs through U and uses Lemma 16.2.
At a universal quantifier over O, every number lies in the range of the quantifier. [
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Theorem 16.5 (Conservativity for negative sentences). Let A be a closed formula of the
arithmetic language built from =, L, — and V. If the finite-type logic proves A, then the rules of
Chapter 5 derive A by a posit-free derivation.

Proof. Theorem 16.3 gives a posit-free derivation of the reading of A, and Theorem 16.4 a
posit-free derivation that the reading implies A. Implication elimination combines them. By
Proposition 6.4, the combined ledger records none of the three principles. O

The comparison with Peano arithmetic

The restriction to =, 1, — and V loses nothing for classical arithmetic. The negative translation
¢N of a formula doubly negates each equation and replaces, at every level, 3x1 by ~Vx -,
¥V xby =(=) A —y), and every conjunction, including those the previous clause introduces,
¥ A yby 2(yy = —y); it keeps L, — and V. The result uses only =, L, — and V. With excluded
middle, ¢" and ¢ imply each other [4]: the rules of Chapters 5 and 6 derive each from the
other by derivations whose ledger records only EM.

In the calculus &* of Chapter 9, a formula of this kind is expressed by a type: an equation by
an identity type on O, L by the empty type, an implication by a function type and Vx by a
product over O. We say that & proves ¢" when it has a closed term of that type.

Theorem 16.6 (Peano arithmetic and the dependent calculus). Let ¢ be a sentence of the
arithmetic language.

1. If Fpa @, then & proves ¢".

2. If&* proves ¢V, then -py .

Outline. For the first assertion, Theorem 8.11 gives a derivation of ¢ by the rules of Chapters 5
and 6 whose ledger records neither LPO nor MP. Translate it node by node into a term
whose type expresses the translated conclusion. Addition and multiplication are the iteration
terms displayed above, and their defining equations hold by computation. Equality and
its substitution use identity types and their eliminator. The law =(S(t) = 0) uses the start
discriminator, as in Theorem 9.3; successor injectivity uses the predecessor of Theorem 9.2;
induction uses the dependent eliminator. The translated EM instances and the translated
logical rules need no added rule, because every translated formula is stable under double
negation.

For the second assertion, read the closed term as a proof in the finite-type logic: identity elim-
ination becomes replacement, the dependent eliminator becomes induction, the discriminator
becomes the first successor law, and functions become implications and universal statements.
Theorem 16.5 then gives a posit-free derivation of ¢ by the rules of Chapter 5. With the EM
rule, " implies ¢. The combined derivation of ¢ records at most EM and induction, neither
LPO nor MP, and Theorem 8.11 converts it into a Peano derivation. ]

The first assertion uses all three resources separated in Theorem 9.10; the last question at the
end of this chapter shows that it fails without the discriminator. Together, the two assertions

say that & proves the translations of exactly the sentences that Peano arithmetic proves.
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A small case

What does conservativity say in practice? Consider a proof that passes through all functions
on O. In the finite-type logic, prove

L: Vf:0O— O Vx Vn I(O, fx), f, n) = f(I(O,x, f, n))

Starting one step later is the same as taking one more step at the end. Induct on n. At 0, both
sides compute to f(x). If the equation holds at n, then

10, f(x), f.5n) = IO, f(x), f.m)) = fU(O,x, f.n))) = A0, x, f,Sn)),

by computation, replacement with the induction hypothesis, and computation. Now instantiate
fby the successor function Az. S(z). Addition is iteration of that function, so computation
turns the instance into

B : Vx Vn S(x)+n=S(x+n).

One induction proved a fact about every function, and the arithmetic fact is one of its instances.
The sentence B is built from = and V.

Theorem 16.5 says that this kind of route never reaches a closed negative sentence beyond the
posit-free derivations. For B the direct derivation is visible: Lemma 3.2 proved B by induction
on n, and the same induction, written with the rules of Chapter 5, uses the quantifier-free
formula S(x) + n = S(x + n) and has an empty ledger.

The compiled proof takes a different path. Its reading of L says: for every number fthat is
hereditarily equal to itself at type O — O, and for all numbers x and n, the programs compiled
from the two sides return values, and those values are equal. The source induction was on an
equation. The compiled induction is on the reading of that equation, which asserts that values
exist, so it inducts on a formula with quantifiers and the ledger records the induction entry.
The instantiation must show that the code of Az. 5(z) is hereditarily equal to itself; applying
that code runs through U, which is where universal application enters. Recovery then shows
that the programs compiled from S(x) + n and S(x + n) return the actual numbers, and so
turns the reading of B into B.

The point generalizes. A proof about numbers may pass through functions. The passage
never yields a closed negative statement about numbers that the arithmetic rules could not
already derive without an added principle.

16.4 Finite access and a uniform construction differ

Every finite tally has its own finite stage. Compatible readings of these stages assemble into
one reading of the whole orbit, uniquely. For a given input, the proof uses only that input’s
stage. The compatibility hypothesis ensures that increasing the budget cannot change an
answer already given.

A program is also a finite object. Chapter 10 stores its expression as a tally and recovers
the identical expression. Execution is therefore preserved, including the inputs on which
execution is undefined. The recovery law does not require a termination claim.
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For an interval protocol, a uniform name has a further obligation: one program must return
the correct endpoint pair at every precision. The existence of such a name is equivalent to
computability of that endpoint function. A supplied finite table of endpoints always has a
lookup program, but the table may change with the requested budget. The quantifiers are
different:

VNIcVn< N and Jc Vn.

Here the suppressed conclusion is the same correct endpoint response in both expressions.
Theorem 11.11 proves, in the stated classical real display, that the first requirement does not
imply the second. Each finite program determines at most one protocol and hence at most one
displayed value. Countably many finite programs cannot name every value in that display.

This leaves the enclosure construction intact. Nested rational intervals with the given width
bound determine a unique classical value; overlapping at every precision is exactly equality of
that value. The distinction is between this mathematical family and an effective rule producing
its members. The completeness and classical comparison used for the display are stated where
they enter the construction. Chapter 12 prices that completeness on a line that does not
presuppose it.

Exact decisions reveal another boundary. For the regular dyadic presentations of Chapter 12,
deciding exact zero is equivalent to WLPO. A witnessed positive-or-zero-or-negative answer
is equivalent to LPO. The weaker nonnegative-or-nonpositive answer is equivalent to LLPO.
Turning a proof that a quantity is not zero into a sign is equivalent to Markov’s principle,
and the comparisons themselves recover LPO as WLPO together with that principle. These
principles already priced the recognition catalogue in Chapter 7. The same prices hold on the
line built from the ratios of Chapter 4, which is one continuum with the dyadic presentations.
Its completeness comes apart in the same way. The limit of a Cauchy sequence costs only a
choice of representatives, and nothing at all as a located cut. That choice decides nothing:
intuitionistic arithmetic with variables for sequences and countable choice for numbers and
for sequences proves none of LPO, WLPO, LLPO and MPy;, (Theorem 12.22). Excluded middle
cannot replace it: with excluded middle and choice only for relations whose witnesses a
search can find, neither the Cauchy limit nor the passage from a located cut to a point is
provable (Theorem 12.27). Monotone convergence costs LPO, a least upper bound of a bounded
sequence WLPO, and an exact root or an attained maximum of a uniformly continuous function
LLPO, while the approximate versions cost nothing. The proofs give explicit encodings in
both directions. A sequence of increasingly accurate rational answers does not erase these
distinctions.

16.5 The physical bridge has a construction and a
constraint

The first physical question is about the information a reader actually receives. If two situations
produce the same record, an exact reader must give them the same required answer. This
collision argument gives the capacity bound in Chapter 13. A bounded adaptive test tree still
produces a bounded transcript, because its branches and stopping rules are included in the
construction of that transcript. Allowing an error tolerance changes exact distinction into
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separation by more than twice that tolerance.

These bounds identify what a record must retain. Chapter 14 constructs an operation that
returns a quantum system together with its mark. Positivity and normalization supply branch
matrices. Stacking those matrices gives an isometry, and the explicit block dilation extends it
to a unitary on the whole stated space. A complete reader retains both the intended rows and
their complement. The error estimate includes any finite retained reference, so correlations
with a system outside the apparatus are part of the comparison.

Two results then connect the descriptions to finite operations. First, ordinary effective matrix
names and effective operation-word names can be translated uniformly for fixed dimensions.
The search accepts a rational certificate with a strict margin; density ensures that an acceptable
word eventually appears. Second, native controls realize the required approximation with
positive full energy operators and an explicit scalar action contribution. Input preparation,
selectable control pulses, the fixed background holding and the complete reader are all retained
in the construction.

The recorder theorem supplies a complementary restriction. For the two-cell event specified
in Chapter 15, a whole unitary that conserves both native charges and is followed by a neutral
sharp pointer obeys

e>—1
2(r? + 3)

Here r counts the recorder’s native charge-carrying cells. Its internal correlations are allowed,
while its fixed initial preparation is separate from the unknown source. The proof derives the
count conservation from the two native charges, bounds noise by uniform event error, and
evaluates an explicit source vector. The size of neutral memory cannot remove the charge

bound.

Both results concern actual operations under their stated physical conditions. Supplied controls
and a closed conserving recorder impose different requirements. An apparatus meeting
both descriptions would have to include its control supply in the conserving account. The
construction does not assert such an autonomous implementation, and the lower bound does
not construct an apparatus attaining it. Those are specific tasks left to further construction.
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Faithful finite repetition
Unique arithmetic carrier and its explicit extensions (Chapters 1-4)

Permitted rules and preserved distinctions
Soundness, exact logical costs, representation
maps and Peano arithmetic (Chapters 5-9)

Uniform finite descriptions
Programs, rational enclosures, exact compar-
isons and completeness (Chapters 10-12)

Records produced by physical operations
Capacity, constructive realization and conservation (Chapters 13-15)

Figure 16.1. A route through the argument. At each stage, the next question requires additional
specified objects: a language and its rules, an effective description, or a physical apparatus. The
arrows organize the reading; they do not discharge those additional hypotheses.

16.6 What a further claim must show

The book gives several ways to make a necessity claim checkable. Construct the map and
prove it unique. Classify every allowed identification. Recover the proposed additional
principle from the claim itself. Exhibit a model that satisfies the weaker rules but cannot
satisfy the stronger judgment. Compile the proofs of one system into another, then translate
their conclusions back. Build the physical operation, then carry its errors and resources
through the complete reader.

These methods specify the next work as well. A broader representation claim needs transla-
tions preserving the additional structure it names. The comparison with Peano arithmetic
in Chapter 8 is one such translation, for a second proof system over the same language.
Section 16.3 carries the method to a language of functions, where even the test that runs the
compiled programs has its correctness derived by the rules. A uniform construction needs one
procedure with the required behavior on every input. A stronger physical realization needs
the preparation, controller and reader it assumes to be constructed within the same resource
account. Each question can be pursued without replacing the arithmetic, classification and
resource results already proved.

The first tally therefore remains visible at the end of the argument. Its start and step determine
a finite construction. Faithfulness determines what must remain distinct. A reader determines
what can be identified. A proof exposes the rules needed to pass from those objects to a
conclusion. A physical apparatus must enact the required transformation and retain its record.
The resulting structure can be followed, checked and used at each of those levels.
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Questions to work through

1.

Follow the map in Theorem 2.7. Which hypothesis gives injectivity, and which gives
surjectivity?

Compare the WLPO, LPO and LLPO forms of the recognition catalogue in Theorem 7.9
with Theorems 12.6-12.8, and its Markov form, Theorem 7.7, with Theorem 12.11. For
each principle, name the data supplied to the forward construction and the object used
in the reverse implication in both settings.

Explain how a program can have faithful finite storage while failing to halt on an input.
Then explain why a uniform interval name must halt at every precision request.

Locate one retained premise in each of the three physical chapters: a condition on the
record, a condition on supplied controls, and a condition on conservation. Describe the
exact proof step that uses each one.

In the small case at the end of Section 16.3, the proof of L inducts on an equation, while
its compiled form inducts on the reading of that equation. Identify the quantifiers in
that reading, and state which ledger entries the compiled derivation records.

Why are the comparison theorems stated for formulas built from =, 1, - and V?
Suppose the finite-type logic had an existential quantifier, read in the same way as the
other connectives. Describe what the reading of 3y1/(y) would ask a compiled proof to
supply, and compare it with what Theorem 16.4 has to recover.

. Show that the first assertion of Theorem 16.6 fails for &~ . Write the type that ex-

presses the translation of Yx—(S(x) = 0), and compute its value under the valuation of
Theorem 9.8.
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Appendix A
Finite controls and approximation

Chapter 14 uses two approximation results. A finite alphabet of gates supplies descriptions
that can be searched. A family of native rotations and couplings supplies the operations used
in the positive-energy construction. This appendix proves both results. The common step is
to isolate elementary matrix directions and then connect them across a register.

The argument has four stages. We first identify a sufficient collection of matrix directions. We
explain why directions obtained by sums and commutators correspond to limits of available
operations. We then obtain those directions from the native controls. Finally, an explicit
eight-gate sequence starts the corresponding argument for the finite alphabet.

All spaces in this appendix have positive finite dimension. Matrix norms are operator norms
unless stated otherwise. An approximation assertion means that for every positive error there
is a finite sequence attaining it; it does not assert a bound on the length of that sequence.

A.1 The matrix directions that suffice

Write E,, for the matrix with a single 1 in row u, column v. For distinct indices define
Ry = Eyy = Eyys Ly = i(Eyy + Ey), Dyy = i(Eyy — Eyy).

Here I,, names an imaginary symmetric edge; the unsubscripted I continues to mean the
identity. All three matrices are skew-Hermitian and have trace zero. The real vector space of
all such matrices is denoted 3u(d).

For matrices A, B, their commutator is [A, B] = AB — BA. The multiplication rule E, Ey,, =
5vxEuy gives, for pairwise distinct u, v, w,

[Ruv’ va] = Ruw [Ruv’ va] = Iuw’ (A-l)
[Iuva va] = _Rqu [Ruw Iuv] = 2Duv-

For example, in the first identity the only surviving products in R,,R,,, and R,,,R,, are E,,,
and E,,,,. Matrices supported on disjoint pairs commute.

Lemma A.1 (Connected real edges and one imaginary edge). Letd > 3. Suppose a real vector
space L of skew-Hermitian matrices is closed under commutators. If L contains R, along the
edges of a connected graph on the d indices, and contains one I,,; with p # g, then 3u(d) C L.

Proof. Take a simple path between any two vertices. Repeatedly applying the first identity
in (A.1) shortens that path, so every R, belongs to L. The given imaginary edge and the last
identity give Dy,

Commuting D,,, with R, gives I, when ris distinct from p, g, and gives 2I,,, whenr = g. Thus
every imaginary edge incident to p is present. If u,v # pand u # v, then [Ry, [,,] = L. All
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imaginary edges are therefore present, and their brackets with the real edges give all diagonal
differences.

To see that these matrices span the claimed space, let A" = —A. Foru < v, write Ayy = Xy iy
Its two off-diagonal entries are exactly those of x,,,R,, + V.1~ The remaining diagonal has
the form i diag(t, ..., t;) with real t;. Trace zero says > it = 0, so, after fixing an index p, this
diagonal equals ), . ptuDyp. Every part lies in L. [

This lemma reduces a large spanning problem to a small graph. The rest of the proof constructs
its edges from the operations actually supplied.

A.2 From finite operations to continuous directions

Let G be the norm closure of a group of available unitary operations. Define
Lo={X:X T=_Xand exp(tX) € G for every real t}.

The definition refers only to limits of finite operation sequences. We need to justify the
algebraic manipulations used on L.

Lemma A.2 (A product-limit estimate). If A and B are contractions, then | A" — B"| < n|A — B].
If two contraction-valued curves f, g satisfy f(0) = g(0) = Iand f’(0) = g’(0), then, for fixed
real t,

| f@&/m)" — g(t/n)"| — o.

Proof. The telescoping identity
n—1 . .
A"—B"= ) A"1(A-B)BI
j=0
gives the first estimate. Equality of the derivatives says | f(h) — g(h)| = o(|h]). Substituting
h = t/n into the estimate proves the limit. For ¢t = 0 the difference is already zero. [

Proposition A.3 (The available directions form a closed Lie algebra). The set L is a closed
real vector space, is closed under commutators, and is preserved by X — UX Ut foreveryU € G.

Proof. Zero and real scalar multiples follow directly from the definition. For X,Y € L, the
curves

f(h) = exp(hX) exp(hY), g(h) = exp(h(X +7Y))

are unitary, have value I at zero, and have derivative X + Y there. The product-limit lemma
shows that exp(t(X +Y)) is a limit of elements of G, and hence is in G. This proves closure
under sums. If X; - X with X; € L, continuity of the adjoint and exponential gives X T=-Xx
and exp(tX) € G for each t. Thus the vector space is closed.

Conjugation preserves it because exp(tUXUT) = Uexp(tX)UT. Finally, for X,Y € Lg, each
difference quotient
exp(hX)Yexp(—hX) - Y
h

(h+0)
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belongs to this real vector space. Its limit is XY — YX. Closedness therefore supplies the
commutator. [

There is a useful variant. If f(h) € G is a differentiable unitary curve with f(0) = I and
f7(0) = X, compare it with exp(hX) in Lemma A.2. The powers f(¢/n)" show that X € L;. A

direction can thus enter through a small available curve even before its exponential has been
identified.

Lemma A.4 (A trace-zero logarithm). Every unitary matrix U with determinant one is exp X
for some X € 3u(d).

Proof. The finite-dimensional spectral theorem gives an orthonormal eigenbasis and real
phases 0; in which Uis diagonal with entries ¢ Since detU = 1, the sum Y, j0; is an integer
multiple of 27z. Subtract that sum from one of the phases. The exponentials are unchanged, and
the adjusted phases sum to zero. The diagonal matrix of their multiples by i is skew-Hermitian
with trace zero. Conjugating back gives X. ]

Consequently, 3u(d) C L implies that every determinant-one unitary is a norm limit of
available finite sequences. No assertion about the rate of approximation has entered the
argument.

A.3 Two native cells supply all matrix directions

One cell has basis labels 0, ..., 7. Put
o= (1, -1,-1,1,—-1,1,1, —1), S = diag(a),

and let Finterchange 0 with 1, 2 with 3, 4 with 5, and 6 with 7. Write f(c) for the partner of c
under this interchange. Thus $2 = F2 = [ both matrices are Hermitian, and Of(c) = —Oc

The local rotations have directions
Cabe = Rap + Rpe + Reg
for distinct indices. Their normalized generators are Cp,./+/3. It suffices to supply the 21
choices Cy,7 with 0 < a < b < 7, since
Cabe = Cab7 + Cper + Cear

when a, b, c avoid 7, with the signs adjusted by reversing a pair when necessary. The nonzero
normalization does not change the real span of the directions.

For two cells, supply the couplings
I+iS®F I+iF®S
Ep=—F7, 21 = T = -
7z 2
They are unitary because each tensor factor product is a Hermitian involution. Inverses are

also available as finite sequences: if E = (I +iX)/v/2 with X? = I, then E® = I.

Let L be a real Lie algebra containing the local cyclic directions on each cell and preserved
by conjugation with both couplings. We will prove 3u(64) C L. This applies to Ls by
Proposition A.3.
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The couplings separate local real edges

For X? = I, direct multiplication gives

Y+ XYX

Adp(Y) = + é(xy —YX),  AdiY)=XYX. (A.2)

It follows that L contains both XY X and i(XY —Y X) whenever it contains Y. Indeed the second
expression is 2 Adg(Y) —Y — Ad%(Y).

For an operator on the first cell, conjugation by S ® F gives conjugation by S on that cell. The
corresponding assertion holds for the second cell using F ® S. Since SRS = 0,0,Ry, cyclic
sums can be separated. If a, b have the same sign, choose k of the opposite sign. Then

Cabk + S Caka

= R,y
2 ab

If a, b have opposite signs, choose k # a of the same sign as a. We already have R,. Subtracting

it from Cyyy, leaves Z = Ry, + Rp,. The edge identities give

[Rop: Z1 = Z
[Rak> Z] = Ryp + Ry, % = Rap.

There are four indices of each sign, so the required choices exist. Thus R, ® Iand I ® R 4
belong to L for every distinct pair.
The couplings produce imaginary tensor directions

Write P, = E. and Qy, = Eg, + Ep,. The imaginary commutator supplied by (A.2) gives
i[S,R] ® F =i(o, — 0)Qup ® F.

For opposite signs the coefficient is nonzero, so iQ, ® F belongs to L. Commuting with
I ® R f(c) uses

[F. R, r(0)] = 2(Pp(e) — Po)

and gives iQy, ® (P, — Py(c)) after a real rescaling. For d # ¢, commute this with I ® R4 The
result is iQ,, ® Q.4 multiplied by 1if d # f(c) and by 2 if d = f(c¢). Another commutator with
I ® R.; gives a nonzero real multiple of iQ,, ® (P; — P,).

Interchanging the cells gives the complementary family. We have proved that L contains

iQu ® Qugs iQp ®(P.— Py ifo, #0p, c#d, (A.3)
i(P,—P)®Qy ifa#b, .+ oy

The sign conditions have been retained; removing them prematurely would hide the work
done by the next step.
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A tensor direction can be confined to one column

Suppose a, b have opposite signs and d # e. Choose c distinct from d, e with sign opposite to
that of e. The following two matrices are available from (A.3):

A =10z ® Qcd> B:i(Pa_Pb)®ch-

Their commutator is Ry, ® Qg,. To check this, use Q, (P, — P,) = —Ryp, (P, — Pp)Qup = Ryp, and
0Q.dQce = Ey, for the three distinct indices. Commuting with I ® Ry, then gives 2R, ® (P, — P)).

Sum the latter differences over e. Since
Y (P—P)=1-38P,
e

and Ry, ® Iis already available, we obtain Ry, ® P;. If a,b have the same sign, choose k of the
opposite sign and use

[Rak ® P, Ry ® Pyl = Rap ® Fy.
Thus every real edge within a fixed second coordinate is present:

Rp®P, = R(a,c),(b,c) € L. (A.4)

Every imaginary edge in such a column is present too. Given distinct b, e, choose a different
from both with sign opposite to that of b. The available matrix

Qab ® (P = Py(e)) = Kao)(b.0) ~ Ka.fn 0.1
has two disjoint supports. Its commutator with R, ) 5 ¢) isolates 2D, ¢ (5¢)- Commuting that
diagonal difference with R, ¢ ¢ c) supplies I ) (¢c) up to a nonzero real factor.
The columns connect

For a # e and ¢ # d, choose b different from a, e and of sign opposite to a. Equation (A.3)
contains
1Qab ® Ocd = lae)(b.d) + Lad), ()

Commute this with the already available [}, 4) (. 4). The second summand has disjoint support
and contributes zero; the first gives =R, ¢ (¢,d)-

We now have real edges between different first coordinates, whether or not their second
coordinates agree. Two vertices with the same first coordinate can be joined through any
vertex with a different first coordinate. These edges form a connected graph on the 64 states.
We also have imaginary column edges. Applying Lemma A.1 proves

31(64) C L. (A.5)

Every step used the stated cyclic rotations, the two ordered couplings, real linear combinations
and commutators.
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A.4 Overlapping pairs control a whole register

Two-cell control must still be connected across a longer register. The following argument
makes that step explicit.

Lemma A.5 (Overlapping factors). Let A, B, C be nonempty finite index sets, with |A|,|B| > 3.
A real Lie algebra containing

SBu(AxB)® I~ and I4Q® 3u(BxC)

contains 31u(A x Bx C).

Proof. For a real function § on the indices, write D(5) = i diag(d). Direct multiplication gives

[D(S): ny] = (5x - Ey)Ixy» [D(S): Ixy] = _(5x - 5y)ny-

These equations allow a diagonal difference to select one part of an edge sum.

First fix ay and distinct b, b’. From the second supplied algebra we have
T = Z R(a,b,c),(a,b’,c’)'
a

Choose ay, a, distinct from each other and from q;. A diagonal difference from the first algebra,
equal to 1 on the slice (ay,b), —1 on (a;,b) and zero elsewhere, turns T into the difference of
its two corresponding imaginary edges. Commute once more with the diagonal difference on
slices (ag,b) and (ay, b). Only the a; edge survives, with a minus sign. Hence Ry, p.¢) (a0,b".c") 18
available.

Next start from the first algebra’s sum
= Z Riapey(a b ') b+b.
CI

Choose b, outside {b,b’}. A diagonal difference from the second algebra, equal to 1 on the
fibre (b,c) and —1 on (by, ¢), selects I, ¢) (o b ) from T’. A second commutator with that
same diagonal gives the corresponding real edge.

We therefore have real edges whenever b # b’ and either the first or the third coordinate
agrees. This graph is connected. In fact, choose b, different from both b, b’ to join any two
vertices by

(a,b,c) — (a,by, ") — (a’,b’, ).
The fibre construction also supplies an imaginary edge. Lemma A.1 finishes the proof. [

Theorem A.6 (Approximation by native controls). On a register of n > 2 eight-state cells,
supply the local cyclic rotations and both ordered couplings E; ;1 and E; 1 j on every adjacent
pair. Finite sequences of these operations approximate every determinant-one unitary on the
register to arbitrary positive operator-norm accuracy.
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Proof. Take the closed group G generated by those operations. Its algebra L contains the
local cyclic directions, and conjugation by the couplings preserves it. The two-cell argument
gives all of 31(64) on each adjacent pair.

Induct on the number of cells. The case of two cells was proved above. For the induction
step, separate the first cell, second cell and the remaining tail. Full control on the first pair
and, by induction, on the second cell together with the tail satisfies Lemma A.5. Thus Lg
contains all traceless skew-Hermitian matrices on the complete register. The logarithm lemma
places every determinant-one unitary in G, which is precisely the asserted approximation
property. []

A.5 A finite alphabet has an infinite-order seed

The search construction in Chapter 14 needs a finite alphabet with effectively accessible
entries. Use binary coordinates for each eight-state cell. On one binary coordinate let

500 0

The third gate flips a target binary coordinate when both selected control coordinates are 1.
The target differs from each control; the two controls are allowed to coincide. With coincident
controls this is the controlled-NOT gate. This convention matters in the register argument
below.

These gates are unitary and have finite-order inverses: H? = I, P* = I, and the controlled flip
squares to I. Their finite words therefore form a group. Entries of every word lie in Q(v/2, i).

On three binary coordinates, let T interchange states 6 and 7, and let H, = H,H;H,. Consider
the eight-gate word

U = (H,T).

This is an exact choice of gates, with no angle selected from a numerical fit. Its infinite order
will supply a continuous direction in the closure of the finite words.

Let e; be the coordinate vectors and put
VvV = ¢ — €y, w=¢€ —eé3 —é€ +e;.

The unnormalized Walsh matrix W = 2+/2 H, has entries Wir = (-1y 'k where the dot product
is computed modulo two on the three binary coordinates. Expanding the two columns indexed
by 6,7, and then the four columns indexed by 1,3, 5,7, gives

Wv=2w, Ww=4v, Tv=—v, Tw=w+v.
Consequently

Uv=—-v-— %w, Uw=v— %w. (A.6)

The restriction to the plane spanned by v, w has characteristic polynomial x? + %x + 1 and
eigenvalue

3407
—

A
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It has modulus one. It is not a root of unity. If A* = 1 for some positive integer k, both A and
its conjugate would be algebraic integers, so their sum —3/2 would be an algebraic integer. A
rational algebraic integer must be an integer: substituting a reduced fraction into a monic
integer polynomial shows that its denominator divides its numerator’s highest power. The
denominator must therefore be 1. This contradicts the sum —3/2.

The closure of the integer powers of any unit complex number of infinite order is the whole
circle. Here is the needed elementary argument. Partition the circle into N equal arcs and
place N + 1 powers in them. Two lie in the same arc. Their quotient, or its inverse, has
argument f with 0 < f < 27 /N. Successive multiples of f before one full turn leave gaps at
most f, including the final gap. They approximate every point of the circle within 27 /N in
angle. They are still integer powers of the original number. Letting N increase proves density.

To identify the resulting matrix direction, calculate vIv = 2, wiw = 4 and vIw = —1. The
orthogonal projection onto their plane is

_ 4w + vwl + wvl + 2ww!
Q= 7 :

Set B = vw! — wvl and A = B//7. The same inner products give

0% =0, A% = —Q, QA = AQ = A.
Since T = I — vv! and W? = 8], expansion of (H,T)? gives

vl =l = LT =7 -7 1
U=I1-wv SWW = Swv =1 4Q+43.

For |z| = 1 define
M(z) =1 - Q +Re(2)Q + Im(z)A.

The displayed relations show M(z;z,) = M(z;)M(zy), M(1) = U, and M(e") = exp(tA). The
last equality follows directly by separating even and odd terms of the exponential series,
using A% = —Q. Density of the powers of A, together with continuity of M, puts exp(tA) in
the closure of finite words for every real t. Hence A, and therefore B, belongs to L for that
closure.

A.6 Sign masks isolate the seed’s edges

An infinite-order rotation alone need not control a whole space. We now use the other gates
to separate its matrix entries.

The square P? is the binary sign gate Z = diag(1,—1). Products of such gates give every
diagonal sign mask

Dse; = (—1)%e;, s, j €{0,1}.

Conjugating by a mask multiplies R, by (—1)*“®") where @ is coordinatewise addition
modulo two. The real linear combination

AY) = = Y (~D*'DYD,

N
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therefore retains exactly the edges with u @ v = d. Indeed, the coefficient is the average of
the character (—1)*@®4®V) It is 1 if its index is zero; otherwise pairing s with the result of
flipping a coordinate where that index is 1 makes the sum zero.

T

Expansion of B = vw! — wv! yields

B = Re1 — Rg3 — Re5 + Rg7 — Ry1 + R73 + Rys.
Thus
II;(B) = Rg7, 1I(B) = Rys, TI4(B) = Ry3, TIs(B) = —Ry1.
Each lies in L, because the masks are available words and L is a real vector space preserved
by their conjugations.
The bit flip is also available: X = HZH. Conjugating R¢; by flips of the higher coordinates
gives Ro3, Ry5 and Ry;. The edges

01, 23, 45, 67, 71, 73, 75

form a connected graph on the eight labels. Finally, conjugating R4; by the phase gate on the
lowest binary coordinate gives —Ig;. Lemma A.1 now gives

31u(8) C Lg. (A7)

The finite alphabet has acquired every local continuous direction through closure. The source
of that continuity was the explicit infinite-order seed, not a continuously adjustable gate in
the alphabet.

A.7 The finite alphabet connects the cells

It remains to obtain the native coupling used earlier. On one cell, the sign matrix S is the
product of the three binary Z gates: it records the parity of the three bits. The matrix Fis the
flip X on the lowest bit.

For distinct binary coordinates a, b, a controlled-NOT with control a and target b conjugates
Zj, to Z,7;,. This follows on a basis state: after the target flip, its sign is (—1)***s, Use three
such controlled-NOT gates, controlled by the three bits of cell j and targeted at the lowest
bit of cell k. Their product conjugates Z o to S;Z o. Conjugating next by H on that target bit
changes Z; o to Fi. Hence a finite word conjugates iZ o to iS;Fy.

Equation (A.7) supplies iZj  as a local direction. Conjugation therefore supplies iS;Fy, and its
exponential at 7/4 is
I +iS;F
\/_] = E]k
2
This coupling belongs to the closed word group. The reversed ordered coupling is obtained

by reversing the roles of the cells. All cyclic directions are already local members of 3u(8).
The native register argument thus applies inside this same closed group.

exp(i7S;Fk) =
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Theorem A.7 (Approximation by the finite alphabet). On any register of n > 2 eight-state
cells, the gates H, P and the controlled flip with the stated repeated-control convention generate
finite words dense in the determinant-one unitaries, in operator norm.

Proof. The preceding construction puts the local cyclic rotations and adjacent ordered cou-
plings in the closure of finite words. The proof of Theorem A.6 then places every determinant-
one unitary in that closure. [

This is the existence statement needed by the rational search. The finite words can be
enumerated, their entries can be enclosed by rational intervals, and their errors can be
certified with slack. The search uses those facts to find an approximation; density ensures
that a sufficient one will eventually be found. It supplies no practical running-time guarantee.

A.8 A complete record-and-field assembly

The pulse theorem needs a full register and a positive holding operator on it. We now give
the record-and-field extension used for the native two-flux construction. The retained source
is supplied on 14 + 2N eight-state cells with a positive interior Hamiltonian H,j4(N, m). Here
N > 0 fixes the size of its two reference banks, and m € Z is a fixed source-flux parameter. Its
material construction is outside this extension. The task here is to specify every added space
and energy term, then check that the whole space has the form required by the pulse theorem.

We work in the dimensionless energy units of the following cell clock. The energy scale and
h must be used consistently when applying Chapter 14.

One complete cell pair

Let % = C8, with the S and Falready specified in this appendix. Define

. -0 5
Q=isF, P=—= P=I-P

Because SF = —FS and $2 = F? = [ the matrix Q is a Hermitian involution and P, P are
complementary orthogonal projections. They each have rank four. An explicit orthonormal
basis for the range of Pis given by the columns
€2j — 1027€2j+1
Bj = J—J”’
V2

Direct multiplication gives OB = B, B'B = I, and BB" = P. The columns of FB form an
orthonormal basis for the range of P, since QF = —FQ.

j=0,1,23.

The eight-level clock is the positive matrix
e—iﬂjk/ 4
C = Tdiag(0,1,...,7)TT, Ty = . (A.8)

V8
The finite geometric sum shows that the columns of T are orthonormal. Thus 0 < C < 7L
Average its four conjugates to obtain
C + SCS + FCF + QCQ >0

1 > 0.

C=
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On the complete pair space & = #Z ® #, introduce the isometry
J=P®B+PQFB: # ®C*— 2.
Orthogonality of Pand P gives
J'l=Ly,  JJ'=P@P+P®P.

It puts the two cells in matching occupation sectors, while retaining all four reference coordi-
nates in either sector. Define the full pair holding by

H,

air = J(C® I))JT + (PCP) ® P + (PCP) ® P

+ I ® C + Tly. (A.9)

Every summand is positive. For example, v' J(C ® I;)JTv > 0 by positivity of C ® I, and PCP
is positive by the same argument. The two middle terms keep the clock on the unmatched
occupation sectors. Equation (A.9) is therefore an operator on all 64 pair coordinates, with its
seven-unit scalar baseline included.

For n pairs, write
n
%n = g,@n’ H, = Z(Hpair)r-
r=1

The subscript r places the pair operator in slot r and identities in every other slot. The space
has dimension 64" = 82", and H, > 0. For n = 0, the space is one-dimensional and the sum is
zero. Each pair retains its complete clock and reference contribution.

Three fresh pairs and their connecting edge

The added record has three original cells and three compensating reference cells. Its full
space is & = B, of dimension 8%, and its internal holding is Hs. The source-minus-reference
occupation is

3
Ofresh = Z(P ®I—-1Q® P),

r=1

In the occupation basis of each cell, its eigenvalue is ), (4, — v.), where u,, v, € {0,1}. The
four-dimensional coordinate inside each occupation sector is retained. Thus the fresh charge
takes the integer values from —3 to 3 on the complete space, including sectors outside a neutral
preparation.

The selected edge energy is

c(j) = 4 [jarsinh(j/z) —JiE e+ 2] ., jez (A.10)
The coeflicient four is part of this specified apparatus. To see positivity, put ¢ = arsinh(j/2).

The bracket becomes 2(¢sinht — cosht + 1). This is even, vanishes at zero and has derivative
2tcosht > 0 for t > 0. Hence ¢(j) > 0.
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The connecting-edge operator Egq, is diagonal in the occupation basis, with entry c(’ (u,—v))
on that coordinate. Equivalently, it is ¢(Qf.cg) by the finite spectral calculus. It is positive
on the entire fresh record. The new edge contributes zero on the neutral preparation, but its
operator remains in the full holding,.

Fix also an exterior flux f € Z. With all operators in physical cell coordinates, the placed
record holding is
leaced = Hyg(N,m) ® I + L1 ® Hs
+c(B)I + Loia ® Efyesh- (A.11)

The retained interior source holding excludes the exterior edge counted by c¢(f)I here. This
expression counts that edge once, adds the fresh connecting edge once, and preserves every
old and fresh coordinate. Each term is positive. The old-source positivity is the supplied input;
the added terms have just been constructed and proved positive.

Two finite field banks
Choose nonnegative integers a, b. The two banks have 2a and 2b complete pairs:
Fap = Boa® Bop,  Hpeld = Hza ® I +1® Hy,

Their full dimension is 8%4*4? and their holding is positive. A useful code in a bank of n pairs
has a chain label k € {0, ..., n} and two lists of n four-valued coordinates. The first k source cells
are occupied and the others unoccupied; each reference cell has matching occupation. The
two lists choose the coordinates inside the source and reference occupation sectors. Distinct
code labels give orthogonal vectors, so this is an isometric encoding of dimension (n + 1)4"4"
into the full 64"-dimensional bank.

For the two banks, their chain labels k, [ describe the integer pair (k — a,! — b). These pairs
cover the box [—a, a] x [-b, b]. If W is the resulting field-code isometry, then

wwh+(I-wwh =1

The second projection keeps the unused coordinates visible. The holding operator remains
Hpe1q on the whole space; no invariance of the selected code under that holding is assumed.

These field labels do not themselves make the old-source parameter m or the exterior parameter
B vary with the encoded state. They remain fixed in (A.11). A source coupling that reads
those labels as variable physical flux would be an additional operator correspondence. It is
not needed for the full-register pulse theorem proved here.

The whole register and the coordinate bijection

The complete carrier and holding are

H = (#®42N) @ B2) © Fyy, (A.12)
Hreg = Hplaced ® Ifelq + Iplaced ® Hfeld- (A.13)

Both terms are positive, hence Hyeg > 0. This conclusion concerns the full holding, including
the scalar edge energy and every unmatched or unused coordinate.
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To identify its cell count, take a tuple of
n=20+2N +4a+4b

labels from {0, ..., 7}. Split it into successive blocks of lengths 14 + 2N, 6, 2a, 2a, 2b, 2b. The
first is the old source. Group the six fresh labels into three source-reference pairs. Pair the
two 2a-blocks coordinate by coordinate to form the first field bank, and do the same for the
two 2b-blocks. Reading the source and reference entries of each pair and concatenating the
blocks reverses this map. This gives the required basis bijection with n eight-state cells. It
proves the tensor-power form directly, rather than inferring it from finite dimension alone.

The permutation matrix of this bijection transports the input layout, holding, evolution and
complete reader together. Conjugation preserves products, adjoints, exponentials and operator
norms, so it preserves the pulse error bound. This is a change of mathematical coordinates. It
does not supply a free physical permutation actuator. A separate unitary choice of occupation
coordinates can likewise be applied to the full operators without compressing their space.

For a requested instrument, choose the register sizes large enough for the fixed layout of
Chapter 14. Since n > 20, the requirement of at least two cells is already met. The positive-
pulse theorem now applies to this specified H,.z, conditional on the retained positive source
holding, preparation, complete readout, selectable controls and external switching. Shorter
pulses still require the larger amplitudes in (14.14). The construction supplies the complete
finite extension and its error accounting under precisely those interfaces.
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Appendix B
Deriving the conserved native count

The recorder bound uses the sum of the projections P, across the source and reference cells.
This appendix derives its conservation from the two native conserved quantities, clock energy
and occupation. The calculation is finite. It gives an expression for P, using the two one-cell
charges, identity, linear combinations and commutators. Those operations transport to sums
of charges over arbitrarily many cells.

B.1 Separate the spectral gaps of the clock
Conjugate the one-cell operators by the Fourier matrix W of Chapter 15. Write
D = W*KW = diag(0,1,...,7), T = W*(iSF)W.
Since N = (I —iSF)/2, we also have T = I — 2W*NW. Thus D and T are available from the

two charges and identity. The matrix T is Hermitian.

Let Ej; denote a matrix unit, with indices 0, ..., 7. For any matrix X,
[D, X];; = (i = )Xi-

The possible integer gaps are —7,—6, ..., 7. For one of these gaps d, define the polynomial

t—k
=[] =—
—7<k<7 d—k

k+=d

Every denominator is nonzero. At an allowed integer gap, p; is 1 for gap d and 0 for all the
others. Therefore

)(ij9 l_J:da

o 4 A00=1DX] (B.1)

(pd(adD)X)ij =

The left side is a finite linear combination of iterated commutators. This formula extracts a
specified spectral gap without assuming that its matrix entries are independently controllable.

Put A; = pg(adp)T. Because Tis Hermitian, A_; = A). Both sides are obtained by the same
gap-filter construction; taking an adjoint introduces no extra generator.
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B.2 The entries needed for the certificate

The Fourier entries can be calculated directly:

7
1 7 . i
T;j = gkg okt isp KU (B.2)
=0

Here s is the kth diagonal entry of S, and finterchanges 0 with 1, 2 with 3, 4 with 5, and 6
with 7. The powers of w are

1—i . 1+ —1+i

15 _’ - b - — -

; ; 1+
Only gaps 7, 5 and 3 are needed. Substituting these eight powers in (B.2) gives

A7 = azEyy,
As = asoEsg + ag1 Eg1 + az2Ey,
Az = a3gE3g + agoEq + aspEsy + ag3Ee3 + az4E7y,

where
—1+i-iV2 1+i+iV2
“ET I
—1++/2+i 1-v2—i
aél:f’ a72:T’
—14+i+iV2 1—~2+i
6130:#, 052=T’
—1++2—i 1—i—iV2
a63:T’ 074:T-

All remaining entries in these three gap matrices vanish by (B.1).

The numbers needed below are their squared magnitudes. Set

242 2— 2
8\/_, B = 8\/—’ cp =8+4V2, ¢ =8-4V2

The displayed coefficients give

|a7|2 = |f161|2 = |f172|2 =B,
|a5o|2 = |a30|2 = |a74|2 =aq,

c,f=1, c_a=1.

For example, |aso|> = (1 + (1 ++/2)?)/16 = (2 + +/2)/8. These exact radical identities fix all
coefficients in the count expression.
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B.3 A finite expression for the odd-mode projection

First isolate the two end levels:
Dy = ci[Ag, A7] = E77 — Eq.
For a diagonal matrix D’, the coefficient of Ej; in [D’, X] is multiplied by D} — Dj;. Hence
Bs = [Dyy, As] = asoEsg + azyE7a, Bs = [Dy, A3] = asoEsg + az4Eyy.

The interior entries have disappeared. Their adjoints are likewise finite expressions: B; =
[A;, D70] and B;; = [A;, D70].

Introduce four diagonal matrices obtained by further commutators:

Qall = [A5>A§]’

Qs = [Bs, Bs],
Ts = [[Qs, Bs], B,
Qs = [Bs, B3]

The rule EjjEy; = §;Ey makes their calculation short. The nonzero entries of As, Bs and B3
have different source and target indices, so cross terms vanish. We obtain

Qanl = a(Ess — Eqo) + B(Egs — E11) + B(E77 — Epp), (B.3)
Qs = a(Ess — Ego) + P(E77 — Eg), (B.4)
Ts = 2a®(Ess — Eqg) + 2f%(E77 — Eap), (B.5)
Q3 = a(Es3 — Ego + E77 — Eqq). (B.6)

For (B.5), the two entries of [Qs, Bs] acquire factors 2 and 2. Commuting with B; gives the
stated squared coefficients.

Proposition B.1 (The count identity). The odd-mode projection is the following finite expression:
1
Podad = E(I — Dyg — ¢, Qan + (24 + 442)05

- 16T5 + C_Q3),
where Pyqq = diag(0,1,0,1,0,1,0,1).

(B.7)

Proof. All matrices on the right are diagonal. Set d = 24 + 44/2 and write s = v/2. In addition
to ¢, B = c_a = 1, direct substitution using s*> = 2 gives

(d—cp)a—322% =1, (d—cp)B—328%=1.
The diagonal entries inside the parentheses in (B.7), in index order, are therefore

2—(d—cp)a+320% —c_a =0,

1+c =2,
1—(d—c)p+32p% =0,
l+ca=2,
l1—ca=0,
14 (d—c)a —32a° = 2,
1-c, f=0,

(d—c)p—32B%+ca=2.
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Thus the diagonal inside the parentheses is (0,2,0,2,0,2,0,2). Division by 2 proves the
formula. O]

Finally, the jth Fourier column is an eigenvector of the four-step shift with eigenvalue ¥ =

(~1)Y. Consequently
W*P,W = P,y.

Conjugating (B.7) by W gives the required expression for P, in I, K, N. Conjugation preserves
linear combinations and commutators. The gap filters and all intermediate matrices above are
explicit finite expressions in those operations.

B.4 Transport to a conserving recorder

For m cells, possibly accompanied by a neutral factor, write £,,(T) = Z;n:l TG, This map
preserves addition and scalar multiplication. Expanding the commutator of two such sums,

[Ln(T), Zn(T)] = Y ITD, 7°0] = YT, 7719 = 2,([T, T']).
Jk J
Terms on different slots vanish. Also £,,,(I) = mI this scalar multiple of identity commutes

with every interaction.

If an operator U commutes with two matrices, it commutes with their products, sums, scalar
multiples and commutator. Start with the two conserved collective charges. Apply these facts
successively to the finite expression just proved. The result is

[U’ gm(HO)] = [U, gm(N)] =0 = [U, gm(Pc)] =0,

using the nonzero factor in Hy = ¢ K. Taking m = r + 2 and grouping the first two slots as the
source gives

Lm(P)=ARI+I®R,

the count used in the recorder theorem. No assumption about the state of the r recorder cells
occurs in this transport argument.
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Appendix C
A toolkit for reading the proofs

A long proof becomes easier to follow when its small moves are familiar. This appendix
explains the moves used throughout the book and points to places where they do actual work.
It can be read before the main text or consulted when a particular step becomes difficult.

The notation guide in Appendix E gives shorter reminders. Here the aim is to explain how to
use the notation while following an argument.

C.1 Read a theorem as a task

A theorem separates the data supplied from the conclusion to be obtained. Start by identifying
both. In Theorem 2.3, the supplied data are a carrier, a start and a step. The conclusion asks
for a map with two equations, and says that only one such map exists. There are therefore
two tasks: construct the map and rule out a different one.

The construction comes first. Its recursive equations tell us what value to give the start and
how to continue after a step. For uniqueness, the proof introduces an arbitrary competing map.
It uses only the two equations required of that competitor, then proves agreement at every
finite record. The competitor’s arbitrariness is what lets the conclusion cover all permitted
maps.

When the next theorem adds injectivity, do not carry that condition backward into the earlier
proof. The unique reading exists even for a target that merges records. The conditions in
Definition 2.4 enter the later proof that the reading is bijective. Separating the tasks prevents
a uniqueness theorem from acquiring a stronger conclusion than it proves.

An efficient way to read a displayed calculation is to mark each equality by its source: a
definition, the current hypothesis or an earlier result. If the source is unclear, inspect that one
step before continuing. Long strings of equalities are usually several short substitutions in
sequence.

C.2 Induction follows a finite construction

In Chapter 1, an orbit expression is built by the start constructor or by applying the step
constructor to an earlier expression. A proof by structural induction follows these two cases.
The induction hypothesis is the assertion already available for the earlier expression. The
step case must turn that assertion into the assertion for the new one.

Consider the second round trip in Theorem 1.4:

e(r(a)) = a.

At the start, the defining equations of e and r give the result. In the step case, suppose the

195



The § Foundation Jonathan Washburn

displayed identity holds for a. Then
e(r(8(a))) = e(r(a) + 1) = S(e(r(@))) = S(a).

The first two equalities unfold definitions. The last uses the induction hypothesis inside S.
That is the whole step. It does not assume the round-trip identity for the expression currently
being proved.

The object of induction changes across the book. An induction on an orbit expression follows
its start and step. An induction on a formula follows its logical constructors. An induction
on a derivation follows its last rule and the derivations of its premises. These proofs have a
common shape, but their cases come from different definitions.

Some induction hypotheses must quantify over an extra parameter. In the injectivity proof
of Chapter 2, the statement for a says that for every c, equality of the two readings implies
a = c. This lets the step proof use the hypothesis at the predecessor d of a newly examined
expression ¢ = S(d). A hypothesis fixed at one earlier choice of ¢ would not supply that step.

Recursion constructs an object by the same pattern. Induction proves a property of all objects
so constructed. The distinction becomes especially important in Chapter 9, where the available
construction rules are themselves being compared inside a specified language.

C.3 Maps, round trips and quotients

A map specifies one output for each input. A map is injective when equal outputs imply equal
inputs, and surjective when every member of its stated target is an output. A bijection has
both properties. The target matters: being onto the range of a map is different from being
onto a larger ambient carrier.

The two round trips of Theorem 1.4 do different jobs. Reading and then expanding recovers
the original tally. Expanding and then reading recovers the original number. Together they
establish a reversible change of representation. Chapter 8 repeats this argument for lists of
one mark and then uses both directions to transport quantified formulas. With only the first
direction, as Theorem 8.8 shows, purely existential statements go up and purely universal
statements come down, and Proposition 8.9 shows that no other quantifier prefix transfers.

A commuting diagram records an equality of routes. In Figure 2.1, the upper and right arrows
mean “step, then translate.” The left and lower arrows mean “translate, then step” The diagram
commutes because both routes have the value required by (2.1). The drawing summarizes an
equation; it does not prove the equation by itself.

A quotient has a different purpose. It deliberately identifies objects related by a specified
equivalence relation. A representative is one object used to describe a class. In Chapter 4, a
signed difference has representatives (a, b), and balance is the relation

(a,b) ~(c,d) <= a+d=c+b.

An operation on representatives becomes an operation on classes only after we show that
replacing the representatives by equivalent ones gives an equivalent output. This is the
well-definedness argument. Without it, the proposed answer could depend on a choice that
the quotient has discarded.
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For a reader r, the kernel relation identifies exactly those inputs with the same reading.
Theorem 8.13 sends the class of x to r(x). The definition of the kernel proves both that this
is well-defined and that it is injective. Its target is the range, so an element of that target
already comes with a preimage. This is why the theorem gives a bijection to the range without
claiming that the reader reaches every value in a larger target space.

C.4 Quantifiers say what information must be supplied

The assertion Vx P(x) asks for the property at an arbitrary input. The assertion 3x P(x) is
established constructively by giving an input together with its property. A negation =P means
that P would lead to an impossible case. These forms provide different information to a later
proof.

For example, a proof of =—=3n P(n) rules out the denial of all witnesses. It does not, by its form
alone, display a witness. Chapter 6 states the additional Markov principle used to make that
passage for decidable predicates. On the continuum this passage is exactly the step from “not
zero” to a sign (Theorem 12.11). The pairwise decisions and the global witness are separate
inputs to the reasoning.

Quantifier order is just as important. The finite-prefix result of Chapter 10 gives a program
for each supplied finite table. The program may depend on that table and its budget. A
uniform name asks for one program that works at every precision. Moving the existence of
the program ahead of the precision request changes what must be constructed. Theorem 11.11
proves that this change has real content in the specified classical comparison.

Freshness conditions enforce arbitrariness inside the proof language. When a universal
variable is introduced, the old hypotheses are lifted past it. They cannot silently fix its value.
When an existential witness is used, the final conclusion must not depend on which fresh
witness was chosen. The lifting marks in Appendix D are the bookkeeping that enforces these
conditions.

C.5 Equivalences and countermodels answer different
questions

To prove A <= B, prove both directions. In the catalogue results, one direction uses a logical
principle to obtain a classification. The reverse direction turns a question about that principle
into a particular congruence. Applying the proposed classification to that congruence supplies
the desired answer. This reverse construction is what makes the logical price exact.

Merely finding an EM-labelled proof does not establish that its conclusion requires excluded
middle. Chapter 6 gives two proofs of the same small disjunction with different ledgers. A
ledger describes the route actually taken. A necessity result must exclude a cheaper route or
recover the claimed resource from the conclusion.

A countermodel excludes a proposed rule by satisfying the retained rules while failing the
proposed conclusion. The two-chain model of Chapter 9 supports indexed recursion on both
chains, but the designated start reaches only the first. The proof then exhibits an expressible
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family that distinguishes this failure.

Two checks are indispensable. The interpretation must satisfy every rule of the weaker
language, including conversion and substitution. And the failed statement must really be
expressible in that language. An informal property outside the language cannot serve as its
separating judgment. Section 9.8 supplies the soundness argument that makes the concrete
models usable for this purpose.

The same two checks govern the models that separate logical principles. In Section 7.10 a
formula takes its value among the open sets of a space, or in a chain, rather than among true
and false. Lemma 7.16 is the soundness check: every derivable sentence takes the top value.
The principles and the versions of the classification are sentences of the system, which is the
expressibility check. A principle whose value lies below the top is then not derivable, and
two principles with different values in one model are not equivalent.

C.6 Reading the finite matrices

Chapters 14 and 15 use finite complex matrices. A column vector lists the coordinates of a
state vector. A matrix lists the coefficients of a linear map: each output coordinate is obtained
by multiplying a row by the input column and adding the products. The order of a matrix
product matters because the right-hand map acts first.

The adjoint, written A* or A7, is the conjugate transpose. Both symbols mean the same
operation here. A Hermitian matrix equals its adjoint. An orthogonal projection satisfies
P* = Pand P? = P, applying it twice has the same effect as applying it once. A unitary matrix
satisfies U"U = UU™ = [, so its adjoint reverses its action.

An isometry V may be rectangular. It satisfies V*V = I on its input space. Its columns have
unit norm and are mutually orthogonal. The matrix VV* acts on the larger output space
and projects onto the embedded input. This is the distinction used in the dilation proof of
Theorem 14.3: the complement I — VV™ is a necessary part of the full operation.

Block notation groups coordinates without removing them. In the dilation, the two block
rows specify outputs in the input-sized space and the larger space. To check the square of
that block matrix, multiply block rows by block columns in order. The off-diagonal blocks
vanish because the complement projection kills the image of V. The diagonal blocks become
identities. The proof in the chapter displays all four blocks.

A state matrix p is positive with trace one. Positivity says that x*px > 0 for every column
x; the trace is the sum of the diagonal entries. In a finite instrument, the output is divided
into blocks indexed by the retained mark. The trace of a block is that mark’s probability. The
block itself also contains the returned quantum state. Keeping only its trace would discard
part of the operation being compared.

The norm tells us which size of error is controlled. For an operator, its norm bounds its action
on unit vectors. For a Hermitian state difference, the trace norm is the sum of the absolute
eigenvalues. Chapter 14 uses the full trace norm, with no factor of one half. Chapter 15
instead bounds the absolute probability error of one sharp event, uniformly over all unit source
vectors. The hypotheses and constants should be read with those different comparisons in
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mind.

C.7 Eigenvalues, positivity and evolution

An eigenvector of a matrix is a nonzero vector whose direction is unchanged by the matrix; the
eigenvalue is its scalar multiplier. The finite spectral theorem says that a Hermitian matrix has
an orthonormal basis of eigenvectors and real eigenvalues. In that basis, checking positivity
means checking that the diagonal eigenvalues are nonnegative. Changing back to the original
coordinates keeps the same operator.

This is the theorem used when Proposition 14.2 takes the square root of a positive Choi matrix:
take the nonnegative square root of each eigenvalue and change coordinates back. The proof
then reshapes its columns into branch matrices. The spectral theorem establishes the existence
of this factorization. It does not by itself give the effective naming procedure established later
by rational search.

The same method explains the exponential of a Hermitian energy operator. In an eigenbasis,
evolution multiplies each coordinate by a complex phase determined by that coordinate’s
energy and the elapsed time. Each phase has absolute value one, so the evolution preserves
lengths. A skew-Hermitian generator is the corresponding object with the factor of i already
incorporated; its real-time exponential is unitary.

Products of evolutions require care. Two energy operators need not have the same eigenvec-
tors, and their order can matter. This is why the pulse proof does not split the background
holding energy from the control by pretending they commute. It bounds the difference of the
full exponentials in (14.15). The scalar baseline can be separated because an identity operator
commutes with every matrix. Appendix A then explains how products and commutators
make further matrix directions available in the closure of finite operation sequences. A limit-
ing existence proof and a practical bound on the required sequence length remain different
questions.

C.8 Keeping both systems in the calculation

A tensor product keeps the coordinates of two systems together. A product vector x @ p
describes the particular separated preparation used in Chapter 15. An operator A ® [ acts on
the first factor, and I ® R acts on the second. The total count is their sum. Grouping several
cells into the recorder factor does not require those cells to be mutually uncorrelated.

This distinction is visible in the variance calculation. The proof uses the product between the
unknown source and the whole fixed recorder. It does not split the recorder into independent
cell states. The projection-sum estimate therefore remains valid when its cells and neutral
memory have internal correlations.

A retained reference plays another role. It is an additional system whose correlations with
the input must survive the comparison of instruments. The construction in Chapter 14 leaves
that reference untouched while comparing the complete output on the joint state. The error
bound is independent of the finite reference dimension. This is stronger information than a
comparison of mark probabilities alone.
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Whenever a tensor product appears, name the factors before manipulating the formula. Then
identify which factors each operator acts on. That small step explains the commutation of
operators on different slots, the role of the neutral pointer and the exact place where an initial
product preparation is used.
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Appendix D
The rules at a glance

This appendix collects the rules of Chapters 5 and 6 in one place. It is a reference for the
specified arithmetic language. The typed language of Chapter 9 has its own formation,
conversion and elimination rules; its three orbit constructions are recalled at the end.

D.1 Reading the notation

Terms are variables, 0, successors, sums and products. Formulas are equalities, 1, conjunctions,
disjunctions, implications and quantified formulas. Write —¢ for ¢ — L. A context I is a finite
list of hypotheses. In a displayed rule, the judgments above the line are premises and the

judgment below is the conclusion. A judgment displayed without premises is an available
leaf.

The expression ¢(t) means capture-avoiding substitution at variable position zero. The lift ¢ 1
moves the free variables past a new position; I' 1 lifts every formula of the context. These
operations are defined in Definition 5.2. In ordinary named-variable notation, they enforce
the familiar requirement that the newly bound variable is fresh for the old hypotheses.

D.2 The arithmetic base
Hypothesis and equality

el 't = '+ o(t
14 S I't=t, S (P()
'+ [+ ¢o(s)

Start, step and operations

I ~(5(0) = 0), I'tS@) = S(u)'

IT'Ht=u
I'-t+0=t, I'~t+S(u) =S+ u),
F'—t-0=0, F'—t-S(u)=t-u+t.

I+ ¢(0) ' Vx ((p(x) — <p(S(x)))
T+ Vxo(x) '

The induction variable in the last display is fresh for I'. Parameters other than that variable
may remain free. The formula ¢ may contain quantifiers; that fact affects its ledger entry.
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D.3 The logical rules

Implication and falsehood

Lory -9y Tro T-1
THo—1Y Ty ’ Iy
Conjunction
F'-¢ 'y FT'oAy oAy
ToAy IF'¢ ’ Ty
Disjunction
F'+o vy
ToVvy THoVvy
FT'HoVvy Loy LYy
[+ y '
Quantifiers
'+ Ve T+ o)
[+ Vo T+ o) -3¢’

I'-3p 'ty
Ty '

The final conclusion of existential elimination is lifted in the second premise. It therefore
cannot depend on the fresh witness position.

D.4 Additional schemas and their records

The three optional schemas are

EM: TV,
LPO: T+ [Vx(qo(x) v —wp(x))]
= [@xe(x) v (Yx—p(x))],
MP: T+ —=3xe(x) — Ixe(x).

The MP schema is restricted to quantifier-free ¢. Its interpretation uses the decidability
established in Lemma 6.2; it is not an unrestricted double-negation elimination rule. So
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restricted, and with induction on every formula, it is derivable from the base rules: a quantifier-
free formula is eventually constant in its searched variable (Lemma 6.8), and the existential is
a finite search (Theorem 6.9). The LPO schema applies to every formula, and with induction
on every formula it proves every instance of the EM schema (Theorem 6.10). At that level
the three schemas therefore mark two strengths: MP with the base rules, and LPO with EM
(Theorem 6.11). Without induction, or with induction on quantifier-free formulas only, they
mark four (Propositions 6.13 and 6.14).

For a derivation, the ledger (e,f,m;i) records, in order, occurrence of EM, LPO, MP and
induction on a formula containing a quantifier. Combine premises by inclusive-or in each
coordinate, then add the contribution of the current rule. Thus the ledger records occurrence,
not multiplicity. An empty ledger has four false coordinates. A posit-free derivation has its
first three coordinates false and may still have the fourth coordinate true.

These schemas are formulas of the arithmetic language. Principles about arbitrary propositions
and predicates in the surrounding mathematics are stated separately in Definition 6.1. The
soundness argument explains how the latter validate the former. A reader should not replace
one level by the other merely because both use the same abbreviation. The two levels also
differ in strength. In the metatheory the three principles keep their separate strengths; as
schemas of this language, with induction on every formula, MP is derivable and LPO is
equivalent to EM. Interpreting any derivation needs at most the metatheoretic LPO, applied
to the predicates that formulas define, and interpreting all derivations with an EM entry, or
all with an LPO entry, needs exactly that (Corollary 6.15).

Peano arithmetic, as presented in Chapter 8, uses the same formulas. It states successor
injectivity as the axiom S(t) = S(u) — t = u, makes excluded middle an ordinary rule
and keeps no ledger. By Theorem 8.11 it proves exactly what these rules prove with EM
allowed and LPO and MP excluded, from every finite context. Deleting excluded middle
from it gives Heyting arithmetic, which proves exactly what the posit-free derivations prove
(Corollary 8.12).

D.5 The three orbit constructions

Chapter 9 specifies a typed language with orbit type O, an empty type, dependent functions
and identity types. An iterator has a fixed target type B, a starting value b : B and an update
g: BB

I(B,b, g,0) = b, I(B,b, g,5(x)) = g(I(B,b, g, x)).

An indexed recursor still has fixed target B, but its update receives the preceding orbit point
as well as the preceding value:

R(B,b, g,0) = b, R(B,b, g,5(x)) = g(x,R(B,b, g, x)).

Here g : IIx : O(B — B). A dependent eliminator has a family P(x), a start b : P(0) and a
step g : IIx : O(P(x) — P(S(x))):

E(P,b, g,0) = b, E(P,b, g,5(x)) = g(x, E(P,b, g, x)).

Its result at x has type P(x).
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The symbol = here denotes the conversion relation of that language. It includes the specified
computation equations and their closure under constructors and capture-avoiding substitution.
The language does not silently add equality reflection, function extensionality or a uniqueness
rule for recursive definitions.

The optional discriminator has computation equations
D(0) =1dp(0,0),  D(S(x)) = 0.

It is part of the language used for the relevant separation result. Full formation and identity-
elimination rules remain in Chapter 9. These displays are a reminder of their inputs and
computation equations, not permission to ignore the typing conditions in that chapter.
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Appendix E
Notation and glossary

Symbols are local to the mathematical object under discussion. In particular, O denotes a
proof ledger in Chapter 6 and an orbit type in Chapter 9; I can be an iterator or an identity
matrix; and = is a congruence of signed records in Chapter 7 but the relation of naming the
same point in Chapter 12; and f_ is the collision search of a congruence, while SN is the
space of ultrafilters on the natural numbers, both in Chapter 7. The accompanying type or
definition decides which reading is intended. One clash is avoided by a change of type face:
Uis a unitary in Part IV, and the sans-serif U is the universal program of Section 16.3. This
guide groups the notation by its use.

E.1 Arithmetic and maps

INg, 0, S The carrier of finite orbit expressions, its start, and its step. An expression is 0 or S(a)
for an earlier expression a. Chapters 1-3.

r,e The reading of an orbit expression as a natural number and the expansion of a natural
number as an orbit expression. Their two round trips are Theorem 1.4.

(M,b,s) A pointed step system: a carrier M, a start b and a map s : M — M. The canonical
reading into it is Ry;. Chapter 2.

f o g Composition, with g acting first. Thus (f - g)(x) = f(g(x)).

f :+ A— B A map with domain A and specified target B. Its range is the set of outputs it
actually takes.

[a,b] A class of signed pairs in Chapter 4, when used as the representative of a difference.
For rational endpoints in Part III the same bracket shape denotes a closed interval; the
chapter and the type distinguish the two uses.

~ An equivalence relation specified at its use. Balance of signed pairs, equality of ratios by
cross-multiplication, and recognition congruences have different definitions.

~ip The index-period congruence: points before i remain distinct, and the tail from i repeats
with positive period p. Definition 7.2 gives the exact relation.

¢ The inclusion n — [n, 0] of the orbit into the constructed integers. Theorem 4.13.

(u;d) The class of a ratio record with signed numerator u and nonzero orbit denominator d.
Definition 4.9.
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E.2 Formulas, judgments and resources

¢, ¥, y Formulas of the language under discussion. Letters ¢, u ordinarily denote terms.
1 The false formula. Negation —¢ abbreviates ¢ — L.

A, V,— Conjunction, disjunction and implication. Their introduction and elimination rules
appear in Chapter 5 and Appendix D.

V,3 Universal and existential quantification. An existential witness supplies an object and its
required property.

I' - ¢ A derivability judgment: there is a finite argument for ¢ from context I' using the
specified rules. A context is a finite list of formulas.

p k¢ Truth of a formula under an assignment p in the stated interpretation. Derivability and
truth are different notions, connected in one direction by soundness.

Xp, X1, ... Variable positions. Immediately inside a quantifier, x; is its new bound variable.
Earlier positions move up.

¢ 1,T' 1 Lift free variable positions past a new binder, in a formula or throughout a context.

@(t) Substitute t at the designated variable position, avoiding capture. It does not mean textual
replacement without regard to binders.

(e, £, m;i) Four Boolean ledger entries: EM, LPO, MP and induction on a quantified formula.
Combining ledgers with LI takes inclusive-or in each coordinate.

EM Excluded middle for every proposition, or its explicitly specified object-language schema.

LPO The limited principle of omniscience. For a decidable predicate, it gives a witness or
says that all instances fail. The arithmetic schema applies to every formula and, with
induction on every formula, proves every instance of the EM schema. Chapter 6.

MP Markov’s principle. For a decidable predicate, double-negated existence yields existence.
The arithmetic schema in this book is restricted to quantifier-free formulas, and so
restricted, with induction on every formula, it is derivable from the base rules. With
induction on quantifier-free formulas only, some instance is not, Proposition 6.14.
Chapter 6.

WLPO, LLPO Weak and lesser limited principles of omniscience. Their sequence forms, and
their different conclusions, are specified in Definition 7.8 and used again in Chapter 12.
The abbreviations do not identify them with LPO or with each other: no two of MP,
LLPO, WLPO, LPO and EM are equivalent over intuitionistic second-order arithmetic,
Theorem 7.17.

MPy;,, Markov’s principle for binary sequences, Definition 7.8. With supplied decisions
it is the same principle as MP. Intuitionistic second-order arithmetic does not prove
it, Section 7.10. In Chapter 12 it is the exact price of a sign for a nonzero quantity,
Theorem 12.11.
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AC,, Countable choice, Definition 12.21. It selects a sequence of witnesses and decides
nothing: intuitionistic arithmetic with variables for sequences and countable choice for
numbers and for sequences proves none of LPO, WLPO, LLPO and MPy;,, and refutes
none of them, Theorem 12.22. Excluded middle does not replace it in four completeness
assertions, Theorem 12.27.

WEM Weak excluded middle: =P v =—P for every proposition P. Chapter 12.

I' Fpa ¢ Derivability in first-order Peano arithmetic, presented as a separate classical calculus
in Chapter 8. Theorem 8.11 identifies it with the derivations whose ledger records
neither LPO nor MP.

5™"(0) The numeral with n successors. Its value in a structure M is v(n) = Sj{(0,). Chapter 8.

(pN The negative translation of ¢, built from =, 1, — and V. Section 16.3.

E.3 Typed constructions and finite descriptions

IIx : AB(x) The type of functions taking x : A to an element of B(x). If the output type
does not depend on x, write A — B.

Id4(t,u) The identity type between two terms of type A in the language of Chapter 9.
0 Its empty type. This is a type, not the orbit’s starting element 0.
Ax.t A function whose output at x is . Application is written f(x) or by juxtaposition.

I, R, E Iterator, indexed recursor and dependent eliminator. Their successive inputs are
compared in Chapter 9; Appendix D repeats their computation equations.

D(x) The optional type family distinguishing the start from a successor in the specified typed
language.

I, R, &, &" The iterator, indexed and dependent fragments without the start discrimi-
nator, and the dependent fragment with it. Theorem 9.10.

U The universal program of Section 16.3. On input (e, n) it searches for a computation record
of program e on input n accepted by a fixed record test, and returns the output written
there. It is distinct from the unitary U of Part IV.

Conversion under that language’s computation rules. It is not an unstated equality-
reflection principle.

F, The finite stage of tallies within the budget n. Definition 10.1 fixes its boundary convention.

[€,,u,] The rational enclosure requested at precision index n. Its width is at most 1/(n + 1),
and later intervals lie inside earlier ones.

v(p) The displayed classical real value of interval protocol p. Chapter 11 specifies the classical
comparison.
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p = q Observational equality: the two protocols’ intervals overlap at every matching precision.
It is weaker than equality of their finite descriptions.

Rs The line built from ratios: regular sequences of ratio records taken up to =. Definition 12.14.

s =t The regular sequences s and t name the same point: for every k they eventually agree
within 1/(k + 1).

n(g) The point of Rs named by the constant sequence of a ratio record g.

within 1/(k + 1) For points x,y of Rs: x < y +n(1/(k + 1)) and y < x + n(1/(k + 1)).
Section 12.9.

E.4 Physical records and finite matrices

r: W — R In Chapter 13, the record produced from a world or preparation. A reader d
recovers a target fexactly whendor = f.

B™ The capacity of m answer positions from an alphabet of size B. Adaptive stopping is
represented by padded transcripts whose padding is ignored by the reader.

¢ An error tolerance. Each theorem specifies the distance or observable to which it applies.

A*, AT The adjoint, or conjugate transpose, of a complex matrix. The two notations denote
the same operation.

I The identity matrix on the space indicated by the equation. In a block display, its dimension
is fixed by that block.

tr,| - |, | - [l; Trace, operator norm and trace norm. The state-error convention uses the full
trace norm, without a factor of one half.

p A state matrix: positive with trace one. A pure state can be specified by a unit column
vector.

[A, B] The commutator AB — BA.

® Tensor product. In Part IV it retains the coordinates of both named systems; it does not
authorize discarding a factor.

Cy, K, A Choi block for instrument outcome y and its Kraus matrices. The additional index
z labels the finite factorization. Chapter 14.

V,U An isometry and a unitary, respectively, in the dilation construction. Their input and
output spaces are stated there.

H,, N, P, Native core energy, occupation and the projection whose collective count is derived
from the two conserved charges. Chapter 15 and Appendix B.

r,ein the recorder theorem The number of native recorder cells and the uniform event-
probability error. Here ris an integer resource count, not the reading map used in earlier
chapters.
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E.5 Glossary

Additive congruence. An equivalence relation preserved by the addition operation. A
recognition rule with this property remains consistent when records are extended.
Chapter 7.

Ambient mathematics. The surrounding language and reasoning in which a construction,
formal calculus or interpretation is studied. It must be distinguished from the object
language defined inside it. Chapters 1, 5 and 9.

Cancellative congruence. An additive congruence from which a common summand can
be removed: x + z ~ y 4+ zimplies x ~ y. Exactly these extend to the signed records.
Theorem 7.12.

Canonical reading. The map determined by the start and step equations into a specified
target system. Its uniqueness does not imply that it is injective or onto that target.
Chapter 2.

Categoricity. Uniqueness of a structure up to the specified isomorphism among structures
satisfying the stated conditions. The faithfulness and generation conditions are part of
the result here. Chapter 2.

Characteristic zero. A property of a field: no sum 1 + --- + 1 of one or more terms equals 0.
Theorem 4.15.

Commutative semiring. A set with two associative and commutative operations, a neutral
element for each, multiplication by the additive neutral element giving that element,
and distributivity. The orbit maps uniquely into every one. Proposition 3.11.

Complete positivity. Positivity of an operation after adjoining any finite retained reference.
It preserves positivity for correlated inputs as well as for the source considered alone.
Chapter 14.

Computation record. A finite table of evaluation facts for a program on an input, each
justified through an evaluation clause by facts later in the table, with a second table of
the values each justification uses. Acceptance and Record soundness, the two facts about
the fixed test for such records, are stated in Section 16.3 and derived in Theorem 16.1.

Conservativity. A richer system is conservative over a smaller one, for a class of statements,
when every statement of that class it proves the smaller one also proves. Theorem 16.5
proves the form used here, for negative sentences.

Cotransitivity. The property of the strict order of the line built from ratios: if x < y, then
x < zor z < yfor every z. Proposition 12.19.

Countable choice. The principle that a relation with a witness for every natural number
has a sequence of witnesses. It selects witnesses and decides nothing, Theorem 12.22.
Definition 12.21.
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Countermodel. An interpretation that satisfies the retained rules and fails a proposed con-
clusion. It separates resources only after both rule soundness and expressibility have
been checked. Chapter 9.

Decidable predicate. A predicate for which each supplied input admits a positive or negative
answer. Decidability of individual inputs does not supply an unbounded search result.
Chapter 6.

Dependent elimination. A construction whose output type may vary with the orbit point.
Its step transports data from the preceding type to the next one. Chapter 9.

Effective name. One finite program that returns a valid enclosure at every requested preci-
sion under the specified protocol. The existence of separate programs for finite prefixes
is weaker. Chapter 10.

Eventually constant. A formula in one searched variable whose truth value is the same
for all values beyond some bound. Every quantifier-free arithmetic formula has this
property, for each assignment of its other variables, with a bound computed from that
assignment. Lemma 6.8.

Exact price. A logical resource sufficient for a stated result and recoverable from that result
over the stated base. The reverse direction establishes necessity within that comparison.
Two exact prices differ when a model satisfies one and refutes the other; the six prices
of the recognition classification all differ, Section 7.10. Chapters 7 and 12.

Faithful generated system. A pointed step system whose step is injective, whose start is
not a step, and whose entire carrier is generated from that start in the stated inductive
sense. Definition 2.4. These are exactly the systems whose canonical reading is bijective,
Proposition 2.8.

Finite instrument. A finite family of quantum operations with a retained outcome mark,
whose sum preserves trace. It describes the returned state as well as the probabilities of
marks. Chapter 14.

Generation. The condition that the carrier has no extra elements outside the structure
reached from the designated start. It is equivalent to surjectivity of the canonical
reading, Proposition 2.8. Restricted to properties expressible by first-order formulas, it
no longer excludes extra elements. Chapter 2.

Group completion. The extension of an additive structure to a commutative group through
which every additive map into a group factors uniquely. Theorem 4.13.

Hereditary extensional equality. Equality of program codes at a finite type: at O, equality
of numbers; at A — B, equal inputs give hereditarily equal outputs. Section 16.3.

Heyting arithmetic. The intuitionistic first-order theory of 0, S, + and -, with induction for
every formula. The base rules with induction for every formula present it: from every
finite context, the posit-free derivations prove exactly its theorems, and they are the
translations of its derivations, up to the way the injectivity of the successor is written.
Corollary 8.12 and Remark 6.12.
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Initiality. Existence of exactly one structure-preserving map from the designated object into
every target of the specified kind. The target need not itself be faithful. Theorem 2.3.

Interpretation. An assignment of objects and operations to the language that respects its
formation and inference rules. A formula’s truth is evaluated within an interpretation.
Chapters 5, 8 and 9.

Intuitionistic second-order arithmetic. Heyting arithmetic with a second kind of variable
for sets of numbers, comprehension for every formula and induction stated for every set;
usually called HAS. The base over which the six principles of Chapter 7 are separated.
Definition 7.14.

Ledger. The recorded additional resources used by a particular derivation. It describes that
proof, not automatically the least resources needed for its conclusion. Chapter 6.

Located cut. A pair of inhabited, disjoint sets of ratios, the lower one closed downward
without a greatest element and the upper one closed upward without a least element,
such that whenever g < r, either q lies in the lower set or r in the upper set. Section 12.9.

Model of truth values. An interpretation in which a formula’s value lies in a complete
system of truth values with an implication, such as the open sets of a space or a chain.
Every sentence derivable in intuitionistic second-order arithmetic has the top value, so
a sentence with another value is not derivable there. Definition 7.15 and Lemma 7.16.

Negative formula. A formula built from equations, L, — and V. Section 16.3.
Numeral. The term S"(0), or its value S}/(0,) in a structure M. Chapter 8.

Observational equality. The equivalence of interval protocols defined by overlap at every
precision. In the stated classical comparison, it agrees with equality of displayed values.
Chapter 11.

Peano arithmetic. First-order classical arithmetic: six axioms for the start, the step, addition
and multiplication, induction for every formula, and excluded middle. The rules of
Chapter 5 with the EM rule, and without LPO and MP, prove exactly its theorems.
Theorem 8.11.

Posit-free. Using none of EM, LPO or MP as added arithmetic rules in the ledger of this
book. It does not exclude the base rules or induction on quantified formulas. The
posit-free derivations prove exactly the theorems of Heyting arithmetic, and they are
the translations of its derivations, up to the way the injectivity of the successor is
written, Corollary 8.12. Chapter 6.

Positive cone. A subset of a ring closed under addition and multiplication that contains
exactly one of x and —x for each nonzero x, and does not contain 0. Proposition 4.16.

Quantifier prefix. A string of quantifiers placed before a quantifier-free formula. The pre-
fixes that go up into every structure obeying the six arithmetic rules are exactly the
purely existential ones, and those that come down from every such structure are exactly
the purely universal ones. Proposition 8.9.
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Quotient. A carrier formed by treating equivalent representatives as one element. Operations
descend to the quotient only when they respect the equivalence relation. Chapter 4.

Reduces to. A rule reduces to a set of rules when each instance of its schema has a derivation,
from no hypotheses, whose additional rules all belong to that set; the base rules are
always available. The rule can then be removed from any derivation. Section 6.7.

Regular sequence. A sequence (s,) of ratio records with [s,, —s,| < 1/(m+ 1)+ 1/(n+ 1)
for all m, n. Its points form the line R, Definition 12.14.

Retained reference. A system kept in the error comparison while the operation acts on
another system. It exposes errors in correlations that a comparison of isolated source
states can miss. Chapter 14.

Sharp event. An event represented by an orthogonal projection. The projection identities
are used in the recorder noise bound. Chapter 15.

Soundness. Every derivable judgment is valid in the specified interpretation under the stated
hypotheses. It does not say that every true statement is derivable. Chapter 5.

Uniformity. One supplied object or procedure works for every input in the theorem’s stated
range. In the recorder theorem, one fixed program state and apparatus must satisty the
error bound for every source input. Chapters 10 and 15.

Well-definedness. Independence from choices that a construction has discarded, such as
the representative of a quotient class. Chapter 4.
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Appendix F
Selected solutions

Each heading gives the chapter and the question number. The solutions show the decisive
steps and point back to their hypotheses. Try the question before reading its solution; in
particular, identify the object of an induction and the direction of each map yourself.

F.1 Distinction and rigidity

Chapter 1, question 1

Separation says that an expression with outer constructor S cannot equal the expression with
outer constructor 0. This uses the difference between the two constructor forms. Injectivity
compares two expressions with the same outer constructor: if S(a) = S(b), their enclosed ex-
pressions must be equal, so a = b. The two facts concern different comparisons. One excludes
an equality across constructors; the other recovers an equality from within a constructor.

Chapter 1, question 2

For r(e(n)) = n, induct on the natural number n. At a successor,
r(e(n+ 1)) =r(S(e(n))) =r(e(n)) +1=n+1.

The final equality uses the induction hypothesis. For e(r(a)) = a, induct on the orbit expression
a. Its step is

e(r(S(@))) = e(r(a) + 1) = S(e(r(a))) = S(a).
The variables over which the two conclusions quantify determine the objects of induction.
Both start cases follow by unfolding the two definitions at zero.
Chapter 2, question 1

For a competing structure-preserving map f, the induction hypothesis is f(a) = Ry/(a). At
the step,

f(8(@) = s(f(a)) = s(Ri(a)) = Rp(S(a)).

The first equality uses preservation of the target step; the second uses the induction hypothesis;
the third is the defining equation of Rj;. None of the three faithful-generation conditions is
needed. This proves uniqueness of a reading into any pointed step system, including one
whose step merges distinct inputs.
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Chapter 2, question 3

Apply target induction to
P(y) :  3Ja€ NgRyfla) =1y.

At the target start b, use the witness a = 0. If a witnesses P(y), then S(a) witnesses P(s(y)),
because Ry(S(a)) = s(Ry(a)) = s(y). Target generation makes this property hold at every
target element. Step injectivity and separation from the start are not used in this surjectivity
argument.

Chapter 2, question 5

The step is injective: distinct orbit elements have distinct successors, and s(x) = 05 is the
successor of no orbit element. The start is a step, since s(x) = 0, so the second condition
fails. Target induction fails for the property y # *: it holds at 05 and is preserved by s, which
never returns =, yet it fails at . The reading is the inclusion of the orbit, injective but not
surjective. This is the first assertion of Proposition 2.8, and it shows that Lemma 2.5 needs its
two conditions only at reached elements.

F.2 Arithmetic and its extensions

Chapter 3, question 1

Addition is defined recursively in its second argument. In the commutativity step, the definition
and induction hypothesis give

a+S®)=S(a+b)=5b+a).

The required answer is S(b) + a. The earlier lemma for a step in the first argument gives
S(b) +a = S(b + a), so it supplies the final equality in the reverse direction. Without that
lemma, the recursive definition alone does not rewrite the desired first argument.

Chapter 3, question 2

Prove right cancellation by induction on the common addend c. At ¢ = 0, the hypothesis
a+0=>b+0isa=b. Atc = S(d), the hypothesis becomes S(a + d) = S(b + d). Step injectivity
gives a + d = b + d, and the induction hypothesis gives a = b. Left cancellation then follows
by commutativity. This proof stays entirely within the constructed expressions; it does not
pass through the reading r.

Chapter 3, question 6

Let 0 exchange 1 and 2 and fix every other natural number, and put ¢ = ¢ o r. Define
a®b=¢ p(a)+ b)) and a ® b = ¢~ (p(a)p(h)). Every semiring law transfers along the
bijection ¢. The neutral elements are ¢~ 1(0) = 0 and ¢~ 1(1) = S(5(0)). Since (1) = 2, we get
1® 1 = ¢~ 1(4), the tally with four steps. The hypothesis a ® u = S(a) fails already at a = 0:
there 0 ® u = u = S(5(0)), while S(0) is the tally with one step. The start is kept; the step is
not.
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Chapter 4, question 1

Givena+d =c+bandc+ f = e +d, rearrange additions to obtain
(a+fl+d=@+d)+f=(C+b)+f=(c+f)+b=(e+d)+b=(e+b)+d.

Cancellation gives a + f = e + b, the desired balance. All terms remain in the nonnegative
carrier. Truncated subtraction discards the part below zero and cannot be treated as an additive
inverse. The balance equation retains both sides until cancellation is justified.

Chapter 4, question 3

For ratio representatives (u, d), (v, e), (w, f), the two supplied cross equalities are ue = vd and
vf = we. Their consequence is

(uf)e = (wd)e.

The middle denominator e is nonzero. After the faithful integer reading, nonzero integer
cancellation yields uf = wd; faithfulness returns this equality to the constructed integers.
This is the exact point where the denominator condition is used. Allowing a zero middle
denominator would remove the cancellation step.

Chapter 4, question 5

With i/(n) = 2n, an additive g on the integers with g(:"(n)) = r(n) must satisfy g(2) =r(1) = 1.
Additivity gives g(2) = g(1) + g(1), so 2g(1) = 1, which has no integer solution. The carrier
is the ordinary integers; the failure comes from the map n — 2n.

F.3 Rules and logical resources

Chapter 5, question 1

The hole formula is 1 + S(0) = S(xy). The two terms are 1 + 0 and 1. Substituting the first
produces 1 + S(0) = S(1 + 0), supplied by the successor clause for addition. The zero clause
supplies 1 + 0 = 1. Equality substitution then fills the hole with the second term, giving
1+ S(0) = S(1). No induction is used.

Chapter 5, question 2

Universal introduction lifts the old context before introducing the new variable. The truth of
those lifted hypotheses under an extended assignment depends only on the old assignment,
not on its new first entry. That entry may therefore be any natural number. The premise
derivation establishes the body at every such entry, which is the universal conclusion.

In existential elimination, a witness supplies the new entry and makes the existential body
true. The lifted old hypotheses remain true. The conclusion in that premise is also lifted, so its
truth does not depend on the witness entry. It therefore descends to the original assignment
as the required conclusion.
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Chapter 5, question 5

The rule at y = areads x + S(a) = S(x + a), and S(a) = a, so x + a = S(x + a): the sum must be
a fixed point of S, that is, a or b. With only the new element a, every sum x + a would be g, so
0+ a = a and the law Vx(0 + x = x) would hold. The second fixed point b allows 0 +a = b # a.
The remaining checks are those listed in the text.

Chapter 5, question 6

The zero clause gives 0+0 = 0. The successor clause gives 0+ S5(0) = S(0+0), and substitution
turns it into 0 + S(0) = S(0). The successor clause again gives 0 + S(S(0)) = S(0 + S(0)), and
substitution gives 0 + S(S5(0)) = S(S(0)). No induction occurs. An induction-free derivation of
Vx(0 + x = x) would make the formula true in Wby Theorem 5.8, but 0 + a = b # a there.

Chapter 5, question 7

Injectivity fails: S(0) = 1 = S(1), while 0 # 1. Every other base rule, induction included, holds
in the Boolean structure, by the third case of Theorem 5.8. A derivation from no hypotheses
that avoids injectivity would therefore make —(5(S(0)) = S(0)) true there. But S(S(0)) and
S(0) both have value 1, so the formula is false. With injectivity the derivation is short: assume
S(5(0)) = S(0), apply injectivity to obtain S(0) = 0, refute that by separation, and discharge
the assumption.

Chapter 6, question 1

The EM instance directly concludes (0 = 0) v =(0 = 0) and has ledger (true, false, false; false).
In the other derivation, reflexivity gives 0 = 0 with an empty ledger, and left disjunction
introduction preserves that empty ledger. Thus the displayed EM use is avoidable for this
conclusion. Looking only at that proof would establish what it used, not what every proof
must use.

Chapter 6, question 3

The induction formula is ¢(x) = Vy(y = y), independent of x. It contains a quantifier, so
the induction rule contributes the fourth entry. The base, step and all other rules use no
EM, LPO or MP. The ledger is therefore (false, false, false; true). It is posit-free and nonempty.
The formula tested for the induction entry is ¢, not merely the final universally quantified
conclusion.

Chapter 6, question 5

The left side x-xhas coefficients (0, 0, 1) and the right side y+yhas (2y), so B = 1+1+2y = 2y+2.
For y = 8, B = 18, and the search over n = 0,...,18 finds n = 4. For n > 18 the digit lists
(0,0,1) and (16, 0, 0) differ. The formula 3z (x = z + z) holds at every even x and fails at every
odd x, so its truth value never settles. The lemma’s proof described each side by finitely many
coefficients; a quantifier hides the value of z, so no such description exists.

216



The § Foundation Jonathan Washburn

Chapter 6, question 6

The EM rule at Ix¢ gives (3x¢) V 3x¢. In the first case, introduce the left side of the LPO
conclusion. In the second, assume ¢ at a fresh variable; existential introduction, with that
variable as the witness, gives Jx ¢, which contradicts ~3x¢. Discharging the assumption and
generalizing gives Vx ¢, the right side. Implication introduction then adds the premise of the
LPO instance, which is never used. Existential introduction occurs only in the passage from
—3x ¢ to Vx—¢. The ledger is (true, false, false; false).

Chapter 6, question 7

The only inductions are those in the proof of (6.6): one on the quantified formula Vy(x =
y V =(x = y)), and two quantifier-free ones on y that split into the zero and successor cases.
For the equation x = 0, let fbe x = 0 V =(x = 0) under a quantifier whose variable does not
occur in it. Assuming —f gives ~(x = 0), since x = 0 would give f; that in turn gives f, a
contradiction. So =—f holds, and with it =—3z . The MP rule at the quantifier-free f gives
3z B, and existential elimination returns . The ledger is (false, false, true; false).

Chapter 6, question 8

The two results concern different sets of derivations: the proposition permits no induction,
and the theorem permits induction on every formula. A reduction without induction remains a
reduction with it, so the positive reductions of the proposition persist; its separations need not.
Induction on quantified formulas decides equality, as in (6.6), and derives every MP instance,
by Theorem 6.9. Once MP costs nothing, the reduction of EM to LPO and MP becomes a
reduction of EM to LPO, and the four strengths collapse to two: MP falls to the level of no
rule, and EM to the level of LPO. The same observation shows that induction fails in the
two-stage model, since the formula Vx(x = 0 v =(x = 0)), which induction proves, fails in
that model. Induction on quantifier-free formulas already proves that formula, but it does
not supply the collapse. In the model of Proposition 6.14 quantifier-free induction holds, yet
VxVy(x = y vV —(x = y)) and an MP instance fail. With only that induction, MP keeps a level
of its own, and the four strengths remain.

F.4 Recognition and representation

Chapter 7, question 2

Take the supplied collision a ~ b with a < b. Its positive difference b — a is already a period at
a, so it bounds the search for the least positive period. Once that period pis selected, a ~ a+ p
supplies an upper bound a for the search for the least index. Pairwise decidability decides
each candidate relation in these two bounded searches. The collision is the finite witness that
prevents either search from being an unbounded existence task.
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Chapter 7, question 4

Define x ~p yby x = yV P. Its equivalence and addition properties follow by cases on supplied
proofs of these disjunctions; defining the relation does not require deciding P.

If the catalogue says this relation is equality, then P would give 0 ~p 1, hence 0 = 1, a
contradiction. This branch supplies —P. If the catalogue supplies an index and positive period,
it gives a related pair i and i + p. These are unequal, so their relation i =i+ p v P supplies P.
The two catalogue branches therefore decide the original proposition.

Chapter 7, question 5

If 0 has no witness, the second alternative of (7.4) never applies, so x ~y ygives x = y. If ~g is
equality and 6(n) held, then n ~¢ n + 1, since n < min(n,n + 1), and this would give n = n + 1.
Hence no n satisfies 6.

In the forward direction, WLPO is applied to f_. In its all-zero branch a related pair x ~ y
must be shown equal. Decide whether x = y. The answer x # y would place the pair below
x +y+1and make f_(x + y + 1) = 1, so only the answer x = yremains. Equality of two
counts is decided by comparing them, a finite procedure; no principle about an unbounded
search is involved.

Chapter 7, question 6

Suppose (x, y) and (x”, y") are both first collisions. If y” < y, the related pair (x’, y”) violates
the leastness of y; if y < y’, the reverse holds. So y = y’. If x” < x, then x” ~ yviolates the
second leastness condition of (x, y); if x < x’, the reverse holds. So x = x”.

For ~; , the pair (i,i + p) is related. Any related pair x < yhasi < xand x + p < 3, so no
related pair has its larger element below i + p, and no x” < i is related to i + p. Hence (i,i + p)
is the first collision, and the event of y sits at 2(i + p) + (i mod 2). The position determines its
half y, the larger element, and y determines the smaller element as the least count related to it.
Only the parity of that element remains to be recorded.

Chapter 7, question 7

Adding 2 to 0 and to 3 gives 2 and 5. Both are at least 2 and both leave remainder 2 modulo 3,
s0 0+ 2 ~53 3+ 2. But 0 and 3 are different and 0 < 2, so they are not related. The relation is
not cancellative.

For ~( 3, relation (7.8) gives [a, b] = [c, d] exactly when (a + d) mod 3 = (c + b) mod 3. Since
I([e,d]) — I([a,b]) = (c + b) — (a + d), this says that 3 divides the difference of the integer
readings: = is congruence modulo 3 of the readings I(u) and I(v).

Chapter 8, question 1

In the list induction step, the head of a nonempty list must be the one available mark. It is
therefore the same head that expansion places in front of the recursively expanded tail. The
induction hypothesis identifies the tails, completing the round trip.
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If two lists have equal lengths, expanding that equality and using the round trip identifies the
lists. This injectivity is used to reflect equality in the term and formula interpretation. With
more than one possible mark, length would discard the head’s identity, and that argument
would fail.

Chapter 8, question 4

The quotient relation is x ~ y exactly when r(x) = r(y). Consequently [x] — r(x) is
independent of the representative. If two outputs agree, the same kernel definition identifies
their classes, proving injectivity. An element of the range is, by its definition, some r(x); its
preimage is [x]. A value in a larger ambient target need not have such an x, so that larger
surjectivity does not follow.

Chapter 8, question 5

Forx =n>0and y =a: S(a) = a,son-S(a) = n-a = b, since neither factor is 0 and one of
themisag;andn-a+n=b+n=>b.Forx=y=a:a-S(a)=a-a=b,anda-a+a=b+a=b,
because x + a = b for every x.

Each numeral instance —(S(5"(0)) = S"(0)) is a quantifier-free sentence true in IN, so it holds
in Wby the first conclusion of Theorem 8.8. The universal sentence ranges over all of W,
including a, where S(a) = a. The instances speak only about numerals, and the numerals miss
a.

Chapter 8, question 6

Every equation holds in the one-element carrier, so injectivity of the step and the four recursion
equations hold. Separation fails, because the only element is zero and is also its own successor.
Then v(0) = v(1), so v is not injective, and the first conclusion of the theorem fails: the
quantifier-free sentence S(0) = 0 is true in the carrier and false in IN.

Chapter 8, question 7

Assume S(t) = S(u) as a hypothesis, apply the injectivity rule to obtain t = u, and discharge
the hypothesis by implication introduction. No additional principle or induction occurs, so
the ledger is empty. In the other direction, a use of the injectivity rule on a derivation of
S(t) = S(u) becomes implication elimination, applied to the axiom S(¢) = S(u) — ¢t = u and to
the translated derivation of S(t) = S(u).

Chapter 8, question 8

Take the usual derivation: the base 0 + 0 = 0 is the axiom ¢ + 0 = t; the step assumes 0 + x = x,
uses the axiom 0 + S(x) = S(0 + x) and equality substitution, discharges the assumption
and generalizes; induction on 0 + x = x concludes. It uses no excluded middle, and its only
induction formula is quantifier-free. By the final clause of Theorem 8.11, the EM and induction
entries of its translation are false, and the LPO and MP entries are false for every translation.
The ledger is empty. The translation is the derivation (5.5) of Chapter 5, whose empty ledger
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Chapter 6 records: its conclusion contains a quantifier, but its induction formula does not.

F.5 Iteration and effective description

Chapter 9, question 2

The recursor’s step for predecessor is g = Ax.Ay.x. After applying the successor equation, the
two function evaluations are

pred(S(x)) = g(x, R(0,0, g, x)) = (Ay.x)(R(O,0, g,x)) = x.

The first argument of g is the preceding orbit point x. The second, which the function ignores,
is the preceding recursive value. An ordinary iterator step receives only that second kind of
input; the indexed recursor supplies the position explicitly.

Chapter 9, question 3

Write a point of the two-chain model as (i, n), with start (0,0) and successor (i,n + 1). The
maps are c(i,n) = (0,n) and q(i,n) = (i, n). Both send the start to itself. For c,

c(S@i,n)) = (0,n+ 1) = S(c(i,n));

for g, step preservation is immediate from its identity definition. At (1,0) their values are
(0,0) and (1, 0), so they differ. The recursive equations do not force equality on the chain that
the designated start never reaches.

Chapter 10, question 1

Let L be the length of the supplied tally x. Its own-budget representative belongs to F;. Define
the global output using that representative and the map for F;.

If the same tally is supplied as an element of F,,, then L < n. Use the inclusion F; < F,.
Compatibility says that applying the map at F, after this inclusion gives the same output as
the map at F;. This proves agreement with every permitted presentation. The own-budget
construction gives the output; the compatibility equation proves its independence from a

larger budget.

Chapter 10, question 4

The program can witness the finite-prefix assertion for requests below N, provided the supplied
endpoint pairs form the required prefix. A uniform name has to halt and return the correct
endpoints of one valid protocol at every request. Printing zeros afterward supplies termination,
but does not by itself establish those endpoint conditions. A correct finite prefix leaves the
infinitely many remaining requests as a separate obligation.
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F.6 Enclosures and exact comparison

Chapter 11, question 1

If a < b, nesting gives {; < €, < w,. If b < a, it gives £; < u, < up,. Both prove £, < u;,. Choosing
k = max(a, b) combines the two arguments as €, < #; < uy < .

Chapter 11, question 2

Overlap bounds the gap between one protocol’s endpoint and the other protocol’s corre-
sponding interval. Adding the two width estimates then bounds the absolute difference of
the displayed values by 2/(n + 1). To apply the reciprocal-squeeze lemma in its stated form,
requestn = 2m + 1. Then 2/(n+ 1) = 1/(m + 1) for every m, so the displayed values agree.
Overlap supplies the comparison; shrinking widths force its gap to vanish.

Chapter 12, question 2

Each jump stage inspects only its own finite prefix. Either it finds a first event within that
prefix or it does not; both results are decidable by finite search. This defines every stage
without a decision about the whole sequence.

When a particular first event N has been supplied, 2V

is an explicitly constructed later stage.
It exposes the nonzero jump at a precision fine enough for the contradiction in Lemma 12.5.

The supplied N determines the later stage by a finite calculation.

Chapter 12, question 3

For the zero test, WLPO decides whether every comparison test in the relevant binary sequence
vanishes. That is enough to decide equality to zero as a proposition: zero or not zero. In the
reverse direction, applying the proposed zero test to the jump construction decides whether
the original binary sequence is all zero.

For trichotomy, the nonzero alternative must provide a strict sign. The proof uses LPO to
obtain an actual event in the comparison sequence, hence a finite strict-separation witness.
WLPO’s negative answer to “all zero” does not by itself display that event. This is the
additional step needed for the stronger comparison. Proposition 12.13 isolates that step. It is
the implication ~Z(x) — P(x)V N(x), and by Theorem 12.11 its exact price is MPy;,. Together
with Theorem 12.6 this recovers LPO < WLPO A MPy;,,.

Chapter 12, question 5

Assume —P(x) and ~N(x), and fix n. The comparison |g,|(n + 1) < 2 - 2" is decidable, so
it suffices to refute its failure. Suppose 2 - 2" < |g,|(n + 1). The sign of the integer g, is
decidable. If g, > 0, then |g,| = g, and n is a positive witness. If ¢, < 0, then |g,| = —¢,, so
gn(n+ 1) < —2- 2" and n is a negative witness. Either contradicts a hypothesis, so the bound
holds at n. Decidability is used only at the single stage n: once for the zero bound and once
for the sign of g,,. The proof never decides P(x); it only refutes a witness at the stage under
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consideration, which is what the hypothesis =P(x) provides, and no search is made.

Chapter 12, question 6

Let x” have numerators —¢g,. Condition (12.1) involves |g,,2" — ¢,2™|, which negating both
numerators leaves unchanged. A negative witness for x is a positive witness for x’, and
x” = x. So stability of N for every presentation is stability of P for every presentation, and
Corollary 12.12 for P gives it for N.

Chapter 12, question 7

If t, = (1), an event occurs at some k < n, and the same event gives t,,; = n(1). If t, = n(0),
then t, < t,,1 because n(0) < n(0) and n(0) < n(1). Every term lies between n(0) and n(1), so
the sequence is bounded. The limit L and the index N come from existential statements, and
they are used inside a proof of one proposition: LPO’s alternative for the given a. Using a
witness of an existential statement to prove a proposition is ordinary existential elimination.
No infinite family of selections is assembled into a sequence, and the test sequence itself is
defined by bounded searches, not selected.

Chapter 12, question 8

Cotransitivity applied to 7(0) < n(1) places L strictly above 5(0) or strictly below 5(1). Each
case excludes one alternative of WLPO, and neither requires knowing which of (0) and (1)
the point L equals. In the case 7(0) < L the argument gives only that the bits are not all zero.
If every ratio below L is exceeded by a term, apply this at the ratio 0: some b, exceeds 1(0).
Then b, = 5(1), since b, = n(0) would give n(0) < n(0), and so a(n) = 1. The case L < n(1)
still gives that every bit is zero, so the two cases give LPO.

F.7 Records and physical construction

Chapter 13, question 1

The collision lemma assumes one fixed reader whose entire input is the record r(w). If it
also receives a control setting c(w), equal values of r no longer imply equal inputs to that
reader. The complete record must include the setting, for example as the pair (r(w), c(w)).
The capacity theorem then applies to this enlarged record space. A setting that carries target
information cannot be omitted from the count.

Chapter 13, question 4

For worlds with a common record, let y be the reader’s common answer. The two accuracy
bounds give d(f(w), y) < eand d(f(w’), y) < &. Symmetry reverses the second distance. The
triangle inequality then gives

d(f(w), f(w") < d(f(w),y) +d(y, f(W) < 2e.
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A selected family with pairwise distance strictly greater than 2¢ therefore cannot contain a
record collision. The non-strict bound just proved would not contradict a distance equal to 2¢;
the strict margin is necessary for this particular argument.

Chapter 14, question 1

The identity VTV = I gives the upper-left block of U%. It also gives (I — VVT)V = 0 and
its adjoint, which make the off-diagonal blocks vanish. Finally VvTisa projection, so the
lower-right block is

vwi+a-vvih=vvt+r-vvt=1.

The complement is the part of the larger output space outside the embedded input. Including
its action is what makes the construction a unitary on the whole displayed space.

Chapter 14, question 3

For an accepted word, the exact entry discrepancy is bounded by word-evaluation error, the
accepted rational discrepancy, and target-naming error. These are e + r + e, with e = r/8,
giving 5r/4 < 2r. This proves accuracy of the word actually accepted.

To prove that the search terminates, first use density to obtain a word whose exact entries
are within e of the target. Its rational discrepancy in absolute complex value is then bounded
by the two evaluation errors and that true gap: e + e + e = 3e < r/2. The rational certificate
criterion makes this candidate pass. The second argument proves that some candidate will be
accepted; it does not assume that the search already found one.

Chapter 14, question 5

Set h = |H|. Since t < §h/[2(th + 1)],
th_o th _5
h — 2th+1~ 2
Alsot < T/(f+ 1) implies & < €T /(£ + 1) < T. For each pulse, its scalar baseline contribution

is t(h/1)|G| = h|G|. Summing gives Ac(w). The amplitude scale h/t grows when duration
shrinks; the integrated baseline does not disappear.

F.8 Conservation and the closing argument

Chapter 15, question 2
With D = M — P, expand
(I — P)D(I — P)— PDP = D — DP — PD.

Substituting D = M — P and using P? = P gives M + P — MP — PM, the noise block. Apply
the event-error bound to the two vectors (I — P)x and Px. They are orthogonal and sum to x,
because Pis an orthogonal projection. Their squared norms therefore sum to |x|?, leaving
one factor of e in the noise estimate.

223



The § Foundation Jonathan Washburn

Chapter 15, question 4

The centered total-charge vector is

(A-DyY® p+9 ® (R—bI)p.

Its cross inner product factors as ((A — D)y, ¥ ){p, (R—bI)p) and is zero by the source witness’s
centered mean. The two squared norms are 3/4 and (R — bI)pl|?, since both yand p are unit
vectors. Their sum is the stated total spread.

The factorization of the cross term uses the initial product ¥ ® p between source and whole
recorder. It makes no factorization assumption about the cells inside p. Internal recorder
correlations remain permitted.

Chapter 16, question 1

The target step’s injectivity and its separation from the target start give injectivity of the
canonical reading. Target generation gives surjectivity by the image predicate used in the
solution to Chapter 2, question 3. Initiality then makes the resulting structure-preserving
bijection unique. Each conclusion uses its own condition; the existence of the initial map
alone supplies neither of the two bijection properties.

Chapter 16, question 3

Faithful storage proves that decoding the stored record recovers the same program expression.
Execution after recovery therefore has exactly the same behavior as execution before storage,
including failure to halt. A uniform interval name has a stronger specification: for every
precision request it must return a valid pair of endpoints. A program that fails to halt on one
such request fails that specification even if its storage and recovery are exact.

Chapter 16, question 7

The translation of Vx—(S(x) = 0) is Vx(==(S(x) = 0) — 1), expressed by

H(((IdO(Sx, 0) — O) RN ()) N ())_

x:0

The valuation gives the identity type the value true and 0 the value false. Then Id — 0 is false,
its implication into 0 is true, the next implication into 0 is false, and the product over O, with
v(O) true, is false. Theorem 9.8 excludes a closed term. Peano arithmetic proves the sentence,
so & does not prove the translation of every theorem of Peano arithmetic; the discriminator
is needed.

224



Appendix G
Finding an argument

This guide follows the questions answered by the main proofs. Each entry points to the
conclusion and to the earlier result on which it depends. It is a route back into the argument,
with the hypotheses kept in view.

G.1 What determines arithmetic?

Theorem 1.4 identifies the finite orbit expressions with their natural-number readings in both
directions. The initial-map theorem, Theorem 2.3, then constructs a unique reading into
any pointed step system. To make that reading bijective, use the injectivity and generation
conditions of Definition 2.4; the conclusion is Theorem 2.7. Proposition 2.8 shows that these
conditions are also necessary for a bijective reading.

The arithmetic operations are developed in Chapter 3. Their order of proof matters: the
preparation lemmas support addition’s laws, and those laws support multiplication. For
the passage to signed differences and ratios, start with the two equivalence relations in
Chapter 4. The well-definedness arguments explain why an operation gives one answer
despite a change of representatives. Theorem 3.10 and Corollary 3.12 show that the operations
are forced once adding one is the step, and Proposition 3.11 gives the unique map into every
commutative semiring. Section 4.9 proves that each extension is the unique solution of its task:
Theorem 4.13, Corollary 4.14 and Theorem 4.15, with the forced order in Proposition 4.16.
Theorem 12.24 does the same for the line built from ratios, with countable choice.

G.2 What does a proof use?

The rules are collected in Appendix D; their interpretation and soundness are in Theorem 5.5.
For the additional rules, Theorem 6.6 states the surrounding principles that validate the
recorded uses. Chapter 6 also separates a proof’s actual ledger from a claim of necessary
resources. Section 5.7 shows what separation, injectivity and induction each supply, using
Theorem 5.8. With induction on every formula, the exact price of each additional rule is
given by Theorems 6.9, 6.10 and 6.11; Proposition 6.13 gives the prices without induction,
and Proposition 6.14 with induction on quantifier-free formulas only. Corollary 6.15 replaces
the assumptions of Theorem 6.6 by the least ones: an MP entry needs no principle, and the
derivations with an EM or LPO entry need, taken together, exactly the metatheoretic LPO for
the predicates that formulas of the language define, which for these predicates is the same as
excluded middle. Theorem 8.11 identifies the rules, with excluded middle and without LPO
and MP, with Peano arithmetic, and Corollary 8.12 identifies the posit-free derivations with
Heyting arithmetic, up to how the injectivity of the successor is written.

The constructive recognition catalogue begins with a decidable relation and an exhibited
collision: Theorem 7.6. Its priced formulations and their reverse implications appear in
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Theorems 7.7, 7.9 and 7.10, and Section 7.9 collects them. Theorem 7.11 carries the prices to
readers, and Corollary 7.13 carries all six prices to signed records, with the parity question
asked of the period. Theorem 7.17 shows that the six prices are different: Section 7.10 builds
the four models of intuitionistic second-order arithmetic that separate them, with Lemma 7.16
turning each model into a failure of derivability. Theorem 8.6 identifies the fragment preserved
by the two arithmetic presentations, Theorem 8.8 what a one-way translation keeps, and
Proposition 8.9 that no other quantifier prefix is kept. For a general reader, the quotient is
identified with its range in Theorem 8.13.

G.3 Which constructions give stronger eliminations?

Begin with the exact language in Section 9.2. The separation results culminate in Theorem 9.10;
the model argument they use is completed in Section 9.8. In particular, the countermodels
must preserve substitution and conversion, and the separating families must be expressible.
Those checks make the displayed models evidence about the specified language. That the
strongest fragment proves the translation of every theorem of Peano arithmetic is the first
assertion of Theorem 16.6; the second gives the converse, through the compiled programs of
Section 16.3.

G.4 Does aricher language prove more about numbers?

Theorem 8.11 identifies Peano arithmetic with the derivations whose ledger records neither
LPO nor MP. The finite-type logic of Section 16.3 is read through compiled programs and
hereditary extensional equality. Its two working results, Theorems 16.3 and 16.4, rest on
Lemma 16.2, which in turn rests on the two facts about the record test that Theorem 16.1
derives. Theorem 16.5 then gives conservativity for negative sentences, and Theorem 16.6 the
comparison of & with Peano arithmetic.

G.5 When does finite information give one uniform
procedure?

Theorem 10.3 assembles compatible finite-stage maps. Faithful program storage is Theo-
rem 10.8. Neither result by itself supplies termination at every precision. Theorems 10.12
and 11.11 state the stronger naming property and the boundary between it and separate
finite-prefix descriptions.

For interval protocols, existence of a displayed classical value and its uniqueness are established
in Chapter 11. Equality of those values agrees with observational equality in Theorem 11.5.
The exact logical costs of zero testing, trichotomy, the weaker sign decision and the sign of a
nonzero quantity are Theorems 12.6, 12.7, 12.8 and 12.11. Theorem 12.17 and Corollary 12.18
carry them to the line built from ratios. Table 12.3 prices that line’s completeness, and
Theorems 12.25 and 12.26 work two reversals in full. Theorem 12.22 shows that the countable
choice those prices use decides none of the omniscience principles, and Theorem 12.27 that
excluded middle cannot replace it. Keep the chosen representation and the stated comparison
relation attached to each result.
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G.6 What can a physical record preserve?

The collision lemma leads to exact capacity in Theorem 13.4. Adaptive tests are handled by con-
structing their full transcripts before applying the same argument; the bound is Theorem 13.7.
Approximate targets require the strict separation margin in Theorem 13.9.

For finite instruments, Theorem 14.3 constructs the whole-space unitary. The naming equiv-
alence is Theorem 14.9, and the supplied-control physical construction is Theorem 14.11.
Appendix A gives the finite-control argument. The construction retains the mark, returned
state and any finite reference.

The conserving-recorder restriction has different apparatus conditions. Theorem 15.5 com-
bines the noise estimate, the explicit source witness and the recorder spread bound. Its derived
count uses the finite identity proved in Appendix B. Chapter 16 brings these conclusions
together while retaining the conditions of each.
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