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Abstract

The leading two-derivative metric field equation of the Lorentzian Kuhn recognition
lattice is Einstein’s equation, with its full nonlinear dependence on the metric. The
identity holds at every symmetric background in the regular star-shaped chamber of a
flat reference metric. It follows from the linear identity at each constant background and
the vanishing of both residuals on jets of flat coordinate changes. A further proof extends
the identity to every regular background; independent verification of that extension is
pending. We distinguish this field-equation identity from the existence and convergence
of lattice solutions. For a specified static worldline matter model, the continuum equation
and the unique coupled band solutions agree through second order in source amplitude,
with the uniform virial stress supplied by the support itself. This result does not determine
whether the physical comparison cost prices particle counts or stresses. At third order,
the metric-projected gravitational source matches the cubic Einstein coefficient with an
𝑂(𝑠3) error for bounded finite-mode long-wave data; the complete cubic solution limit
remains unfinished, and independent verification of the source calculation is pending.
We give precise targets for that limit and for the nonlinear solution problem, retaining
the finite-spacing consistency conditions that an exact construction must satisfy.

1 The field equation and its solutions are separate results
An Einstein equation can emerge from a lattice action before one has constructed lattice
solutions converging to an Einstein metric. The first statement identifies the long-wave
differential operator. The second must control the other lattice variables, solve the matter
equations, choose the correct constraints, and bound the inverse of the lattice operator
uniformly as the lattice is refined.

This paper establishes the scope of the first statement and records the available solution results.
There are two expansion parameters. We use 𝑠 for lattice spacing in a local smooth-field
expansion and 𝜖 for source or field amplitude. “At every order” means that the coefficient of
𝑠2 retains the full nonlinear dependence on the metric and its first two derivatives. It does not
mean equality with Einstein’s equation at every power of 𝑠, or convergence of an amplitude
series.
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The geometric carrier is a four-dimensional Kuhn triangulation with fifteen edge classes. The
action is the Lorentzian Regge action used in the recognition-lattice construction [1, 2]. This
carrier and action are the model studied here. The reference family is

𝑔𝜅 = 𝐼 − 𝜅11𝑇, 𝜅 > 1
2 . (1)

The choice 𝜅 = 1 is a physical identification; none of the all-order identities requires that
choice. The results below do not derive this lattice carrier, the matter carrier, or their physical
interpretation from a theorem about comparison cost alone.

We mark independently checked theorems as independently verified. A completed proof
without that additional check is labelled proof complete, independent verification pending.
Definitions of a carrier are models; a proposed physical reading is an identification; a conse-
quence not supplied with a completed proof is an inference. Open targets remain open. These
distinctions matter particularly for matter transport and nonlinear solutions.

2 Local edge residuals and the metric projection
The oriented edge vectors are

𝑣𝑑 ∈ {0, 1}4 ⧵ {0}, 𝑑 = 1, … , 15.

Each unit hypercube contains the twenty-four simplices obtained by ordering its four coordi-
nate steps [4, 3]. For a metric 𝑔, its constant edge reading is 𝑣𝑇𝑑 𝑔𝑣𝑑. At the reference metric this
is 𝑛(1 − 𝜅𝑛), where 𝑛 = ∑𝑎 𝑣

𝑎
𝑑 is the Hamming weight. Throughout, |𝑣𝑑| denotes this weight

rather than the Euclidean norm. The geometry is restricted to the nondegenerate Lorentzian
domain of the action.

Let 𝐹𝑑 be the local derivative of the lattice action with respect to an edge of class 𝑑, expressed
as a smooth function of its finite edge stencil. A stencil index 𝑟 carries an edge vector 𝑣𝑟 and
its midpoint offset 𝑚𝑟 = 𝑜𝑟 + 𝑣𝑟/2 from the base vertex of the tested edge. For a symmetric
metric two-jet (𝑔, 𝑃 , 𝑄), write

𝑃𝑐𝑎𝑏 = 𝜕𝑐𝑔𝑎𝑏, 𝑄𝑐𝑒𝑎𝑏 = 𝜕𝑐𝜕𝑒𝑔𝑎𝑏.

The tensor 𝑄 is symmetric in 𝑐, 𝑒 and in 𝑎, 𝑏; 𝑃 is symmetric in 𝑎, 𝑏. Define the three stencil
coefficients by

(S0𝑔)𝑟 = 𝑔𝑎𝑏𝑣𝑎𝑟 𝑣 𝑏𝑟 ,

(S1𝑃)𝑟 = 𝑃𝑐𝑎𝑏𝑚𝑐
𝑟𝑣𝑎𝑟 𝑣 𝑏𝑟 , (2)

(S2𝑄)𝑟 =
1
2𝑄𝑐𝑒𝑎𝑏𝑚

𝑐
𝑟𝑚𝑒

𝑟𝑣𝑎𝑟 𝑣 𝑏𝑟 .

Repeated coordinate indices are summed. The spacing-squared coefficient of the local row is

Φ2,𝑑(𝑔, 𝑃 , 𝑄) = 𝐷𝐹𝑑(S0𝑔)[S2𝑄] +
1
2𝐷

2𝐹𝑑(S0𝑔)[S1𝑃,S1𝑃]. (3)

The ten metric combinations of a fifteen-row covector 𝑢 are

(ℱ 𝑢)𝜇𝜈 =
15
∑
𝑑=1

𝑣𝜇𝑑 𝑣
𝜈
𝑑𝑢𝑑. (4)
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The symmetric output has ten components. The other five combinations are additional
lattice variables; the metric projection does not discard their equations when a full solution is
sought. At a symmetric star-good background with 𝜅 > 1/2, shifting the stencil origin to the
tested edge midpoint leaves this second-order coefficient unchanged for jets with the stated
symmetries. The proof of this equality is complete; independent verification is pending. We
use that centered reading in the local consistency statement below.

Our continuum quantity is the contravariant Einstein tensor density of weight one,

ℰ𝜇𝜈(𝑔, 𝑃 , 𝑄) = √| det 𝑔| 𝑔𝜇𝑎𝑔𝜈𝑏(𝑅𝑎𝑏 −
1
2𝑔𝑎𝑏𝑅). (5)

The curvature convention is the one for which the identities below have the factor −1/2. For
clarity, its lower-index curvature is

𝑅𝑎𝑏𝑐𝑑 =
1
2(𝑄𝑏𝑐𝑎𝑑 + 𝑄𝑎𝑑𝑏𝑐 − 𝑄𝑎𝑐𝑏𝑑 − 𝑄𝑏𝑑𝑎𝑐)

+ 𝑔𝑒𝑓(𝐾𝑒𝑏𝑐𝐾𝑓 𝑎𝑑 − 𝐾𝑒𝑏𝑑𝐾𝑓 𝑎𝑐), (6)
𝐾𝑎𝑏𝑐 =

1
2(𝑃𝑏𝑎𝑐 + 𝑃𝑐𝑎𝑏 − 𝑃𝑎𝑏𝑐).

In particular 𝑅𝑏𝑑 = 𝑔𝑎𝑒𝑅𝑒𝑏𝑎𝑑. Both (3) and (5) are affine in the second jet, with a second-jet
linear part independent of 𝑃.

Definition 2.1 (Background domains). A symmetric constant background is regular when its
induced flat Kuhn edge field lies in the nondegenerate Lorentzian domain, det 𝑔 < 0, and all its
hinge deficits vanish. It is star-good relative to 𝑔𝜅 when the straight segment from 𝑔𝜅 to 𝑔 stays
in the specified Lorentzian nondegenerate domain, with negative determinant throughout.

The zero deficits persist along the star-good segment. The extension to an arbitrary continuous
path in that domain starting at 𝑔𝜅 is part of Proposition 3.4, whose proof is complete and
independent verification is pending: the flat-placement deficits are continuous and take
values in 2𝜋ℤ. This does not assert that every Lorentzian metric belongs to that connected
component.

3 The nonlinear metric identity
Lemma 3.1 (Linear identity at a constant background). For 𝜅 > 1/2, a symmetric star-good 𝑔,
and a symmetric second jet 𝑄,

ℱΦ2(𝑔, 0, 𝑄) = −1
2ℰ(𝑔, 0, 𝑄). (7)

Status: Theorem, independently verified.

This is the constant-background linear identity underlying the long-wave theorem in [1, Sec. 4].
Its finite calculation pairs the local hinge contributions of the Kuhn star. Zero constant-metric
residuals allow the midpoint quadratic stencil to be replaced by an edge-average quadratic
stencil. The two hundred and forty simplex–hinge incidence slots (twenty-four simplex types,
each with ten marked triangles) group into fifty hinge types in twenty-five plane groups. The
cyclic angle denominators cancel within the groups; the remaining contraction gives the Ricci
tensor and its trace term, with the normalization in (7). The statement is at every background
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in its stated chamber, rather than only at 𝑔𝜅. Appendix A displays the finite identities and
their contraction.

The passage from this linear identity to the nonlinear one is short. We give it explicitly because
it explains what the all-order claim establishes.

Lemma 3.2 (Flat-jet reduction). Fix a nondegenerate symmetric 𝑔. Suppose two tensor-valued
jet functions 𝐴(𝑔, 𝑃, 𝑄) and 𝐵(𝑔, 𝑃, 𝑄) are affine in 𝑄, with linear parts independent of 𝑃. Suppose
that they agree when 𝑃 = 0, and both vanish on the flat coordinate-change jet with any prescribed
symmetric 𝑃. Then they agree for every symmetric (𝑃, 𝑄).

Proof. Set 𝐾 as in (6) and define

𝑄0
𝑐𝑒𝑎𝑏 = 𝑔𝑟 𝑡(𝐾𝑟𝑎𝑐𝐾𝑡𝑏𝑒 + 𝐾𝑟𝑎𝑒𝐾𝑡𝑏𝑐). (8)

The quadratic change of coordinates

𝜑𝑎(𝑦) = 𝑦𝑎 + 1
2𝑔

𝑎𝑟𝐾𝑟𝑏𝑐𝑦 𝑏𝑦 𝑐

pulls the constant metric back to a metric whose two-jet at zero is (𝑔, 𝑃 , 𝑄0). Thus both
functions vanish at that jet. If 𝐿𝐴 denotes the second-jet linear part of 𝐴, then

𝐴(𝑔, 𝑃, 𝑄) = 𝐿𝐴(𝑄 − 𝑄0) = 𝐴(𝑔, 0, 𝑄) − 𝐴(𝑔, 0, 𝑄0).

The same formula holds for 𝐵. Their agreement at 𝑃 = 0 proves the claim.

Status: Theorem, independently verified as part of the metric identity.

Theorem 3.3 (Einstein’s metric coefficient at every amplitude). Let 𝜅 > 1/2, let 𝑔 be symmetric
and star-good relative to 𝑔𝜅, and let 𝑃, 𝑄 have the symmetries stated above. Then

∑
𝑑
𝑣𝜇𝑑 𝑣

𝜈
𝑑Φ2,𝑑(𝑔, 𝑃 , 𝑄) = −1

2ℰ
𝜇𝜈(𝑔, 𝑃 , 𝑄). (9)

No smallness of 𝑔 − 𝑔𝜅, 𝑃, or 𝑄 is required beyond membership in this domain.

Status: Theorem, independently verified.

Proof. Take 𝐴 = ℱΦ2 and 𝐵 = −ℰ/2. Their second-jet affine property follows from (3) and
the curvature formula. A quadratic coordinate change of a constant flat metric gives a flat
placement of the same local lattice vertices, so its deficit residuals vanish. The continuum
curvature also vanishes on this jet. Lemma 3.1 supplies equality at 𝑃 = 0; Lemma 3.2 completes
the proof.

The result identifies the complete nonlinear two-derivative metric operator. In vacuum its
metric part is ℰ = 0. With matter, the normalization of the metric-projected lattice stress
must be matched to (9); a matter stress is not obtained by simply attaching an arbitrary fixed
tensor to the right-hand side.
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Proposition 3.4 (Regular-background extension). At every symmetric regular background, (9)
holds for symmetric 𝑃, 𝑄. There is no separate 𝜅 > 1/2 premise in this formulation: regularity
itself specifies the admissible background. For 𝜅 > 1/2, every background joined to 𝑔𝜅 by a
Lorentzian nondegenerate path with negative determinant is regular.

Status: Theorem: proof complete, independent verification pending.

Proof. Near a regular flat placement, nondegeneracy is open. Each deficit is continuous and
constrained to 2𝜋ℤ, hence stays zero in a sufficiently small neighborhood. The constant-
background linear calculation applies there, and the flat-jet reduction is unchanged. For the
path statement, continuity and discreteness keep each deficit at its initial value zero along the
path.

This extension enlarges the domain of the identity. It does not prove regularity of every
metric, invertibility of the five remaining modes at finite strength, or global existence of a
metric field taking values in that domain.

4 What the remaining rows and spacing errors require

4.1 The five internal combinations

Let 𝐶𝜁 be the stencil that assigns the same correction 𝜁𝑑 to every edge of class 𝑑. The constant-
class linear residual map at 𝑔 is

(𝐻0(𝑔)𝜁 )𝑑 = 𝐷𝐹𝑑(S0𝑔)[𝐶𝜁 ].

At a star-good background, ℱ𝐻0(𝑔) = 0. Thus a class correction can change the internal
equations without changing the metric equations at this order.

Proposition 4.1 (Five-row solvability near flat). For every 𝜅 > 1/2 there is a neighborhood of
𝑔𝜅 in which 𝐻0(𝑔) maps onto kerℱ. In a sufficiently small such neighborhood, if 𝑔 is symmetric,
𝑄 is a symmetric second jet, and a target 𝑡 ∈ ℝ15 satisfies

ℱ 𝑡 = −1
2ℰ(𝑔, 0, 𝑄),

there exists a class correction 𝜁 such that

𝐷𝐹𝑑(S0𝑔)[S2,av𝑄 + 𝐶𝜁 ] = 𝑡𝑑 (𝑑 = 1, … , 15). (10)

Here S2,av is the edge-average quadratic stencil, and the first jet is zero.

Status: Theorem: proof complete, independent verification pending.

Proof. Let 𝑉 be the fifteen-by-ten matrix of constant metric strains. At 𝑔𝜅, the matrix 𝐻0+𝑉𝑉 𝑇

is invertible. Continuity of the local residual derivatives and determinant preserves this
property near 𝑔𝜅. If (𝐻0 + 𝑉𝑉 𝑇)𝜁 = 𝑢 and ℱ 𝑢 = 0, applying 𝑉 𝑇 and using ℱ𝐻0 = 0 gives
(𝑉 𝑇𝑉 )𝑉 𝑇𝜁 = 0. The metric strains are independent, so 𝑉 𝑇𝑉 is injective. Thus 𝑉 𝑇𝜁 = 0 and
𝐻0𝜁 = 𝑢. Apply this to the difference between 𝑡 and the edge-average residual. Their metric
parts agree by Lemma 3.1 and the zero metric projection of the midpoint-to-average class
correction.

5



Einstein’s metric field equation Recognition Physics Institute

The proposition is a local algebraic result for the indicated quadratic stencil. An arbitrary
smooth field has a nonzero first jet, and a corrected field must also have a smoothly chosen
𝜁, controlled derivatives, and a small residual in the norm required by a solution theorem.
Equation (10) alone supplies none of those estimates. At a general finite-strength background,
surjectivity onto kerℱ remains a separate condition. The proof uses invertibility, not positivity
of the internal block.

4.2 Uniform consistency for midpoint sampling

Proposition 4.2 (No spacing-cubic term). Let 𝜅 > 1/2, and let 𝐺 be a symmetric 𝐶4 metric
field on ℝ4 whose values are star-good. On every compact set 𝐾 there are 𝑠0 > 0 and 𝐶 ≥ 0 such
that, for each edge class 𝑑, the edge-centered midpoint stencil obeys

|𝐹𝑑(sample of 𝐺 centered at 𝑥) − 𝑠2Φ2,𝑑(𝐺(𝑥), 𝜕𝐺(𝑥), 𝜕2𝐺(𝑥))| ≤ 𝐶|𝑠|4 (11)

for 𝑥 ∈ 𝐾 and |𝑠| ≤ 𝑠0.

Status: Theorem: proof complete, independent verification pending.

Proof. Reversing 𝑠 reflects the edge-centered stencil and leaves the row unchanged. The
sampled row is therefore even in 𝑠. Its constant term is zero, its second derivative is twice
(3), and its odd derivatives at zero vanish. A compact tube of admissible stencils bounds the
fourth derivative. Taylor’s theorem gives (11) uniformly for each class. Taking the maximum
of the fifteen constants and the minimum of their positive spacing bounds gives common
𝐶, 𝑠0.

There is no 𝑠3 term in this sampling expansion. This statement concerns spacing, not the
cubic coefficient in amplitude discussed below. It also leaves a generally nonzero 𝑠2 coefficient
in the five internal combinations when only the Einstein metric equation has been imposed.

4.3 Bianchi consistency and matter

Theorem 4.3 (Exact contracted Bianchi identity). For a symmetric 𝐶3 metric field with
det𝐺(𝑥) < 0 at the point in question, the density (5) satisfies

𝜕𝜇ℰ𝜇𝜈 + Γ𝜈𝜇𝜆ℰ
𝜇𝜆 = 0. (12)

Status: Theorem, independently verified.

The usual differential Bianchi identity contracts to ∇𝜇𝐺𝜇𝜈 = 0. Multiplication by √| det𝐺|
converts its first-index divergence to an ordinary divergence; the connection term for the
remaining contravariant index gives (12). The density trace terms cancel. Consequently any
proposed right-hand side equal to this density must obey the same identity. This is why a
metric-dependent matter stress and its support cannot be replaced by a fixed source without
accounting for the resulting constraint forces.

For 𝜅 > 1/2 and a symmetric 𝐶4 metric field that is star-good on the closed unit ball around
the tested vertex, the long-wave pairing of its midpoint-sampled rows with a flat vertex
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move has a spacing-cubic coefficient proportional to the ordinary divergence of the Einstein
density, with an 𝑂(𝑠4) remainder. The proof of this expansion is complete; independent
verification is pending. Its interpretation as the full curved-metric force law requires the
remaining connection and matter terms. That interpretation is an inference, not an additional
consequence already composed from the local metric identity.

5 Second order with worldline matter

5.1 The specified carrier and its stress

The solution theorem concerns a static periodic body held by a worldline support carrier. It is
not a theorem for arbitrary matter. Let

𝑛(𝑋) = ̄𝜌 + ∑
𝑚∈𝒜

Re(𝑐𝑚𝑒𝑖𝑚⋅𝑋), ∑
𝑎
𝑚𝑎 = 0. (13)

Here 𝒜 ⊂ ℤ4 is finite. With 𝑇 = (1, 1, 1, 1) and 𝜏 = √16𝜅 − 4, the continuum dust and
compensation densities are

𝒯 𝜇𝜈
dust =

𝜖𝑛(𝑋)𝑇 𝜇𝑇 𝜈

√−(𝑔𝜅 + 𝐻)(𝑇 , 𝑇 )
,

𝒯 𝜇𝜈
comp = −

𝜖 ̄𝜌
𝜏
𝑇 𝜇𝑇 𝜈. (14)

The constructed continuum stress is

𝒯𝑉 = 𝒯dust + 𝒯comp + 𝒯sup + 𝜖2𝒱 . (15)

The nonzero-mode support density 𝒯sup is supplied by the specified least-work support
construction; 𝒱 is its uniform second-order virial density. In the row-to-density normalization
of (9),

𝒱 = −2Re𝒯(𝑆2,grav(0) + 𝑆2,resp(0)), (16)

where 𝒯 converts the ten metric strain coordinates to a contravariant density, and the two 𝑆
terms are the gravitational quadratic and body’s metric-response loads in those coordinates.
The zero-mode balance of the lattice support fixes this value. It is not an arbitrary constant
fitted to the continuum equation.

The model imposes the transverse band equations and the radical band equations orthogonal
to the worldline-blind subspace. It leaves the blind rows and the vertex-move rows above the
radical cutoff unimposed. Its coupled equations are

𝐷𝑆𝑁(ℓ0 + 𝑤)[𝑣] = 𝔱𝑁 ,𝜖(𝑤)[𝑣] for every imposed test field 𝑣 . (17)

The exact variational definition of 𝔱𝑁 ,𝜖, including its fixed-occupation derivative and support
transport, is given in Appendix B. The source scale on the lattice is 𝜖(2𝜋/𝑁 )2. The band
slice consists of fields whose Fourier support admits static integer representatives 𝑚 with
max𝑎 |2𝜋𝑚𝑎/𝑁 | < 𝛿, and that are orthogonal to the flat Hessian radical in the sum over edges.
Its transverse cutoff 𝛿 is distinct from the support’s radical cutoff 2𝜋𝑀/𝑁. Static periodic
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continuum fields are symmetric 𝐶2 fields, 2𝜋-periodic in each coordinate and invariant under
𝑋 ↦ 𝑋 + 𝑡𝑇. The continuum slice gauge has zero box mean and

∑
𝑑
(∑

𝑐
𝑣 𝑐𝑑𝜕𝑐[𝑣

𝑇
𝑑𝐻(𝑋)𝑣𝑑]) (𝑔𝜅𝑣𝑑)𝑎 = 0 (𝑎 = 1,… , 4).

The body has fixed counts; the compensation and transported support are represented by the
specified stress prescription. These choices, the reference class ratios, the body/support split
and the least-work reading are physical identifications within this model.

5.2 Explicit support and virial densities

Here are finite formulas for the matter terms in (15). Put 𝒜± = 𝒜 ∪ (−𝒜). In this sub-
section coordinate indices run from 1 to 4. Let 𝑔0 = 𝑔𝜅, 𝑅 = 𝑔−10 , 𝑇 = (1, 1, 1, 1) and
𝜏 = √16𝜅 − 4. Let 𝐵𝑖, 𝑖 = 1, … , 10, be the symmetric matrix basis consisting of four diag-
onal units and six matrices with ones in a symmetric off-diagonal pair, indexed in the order
11, 12, 13, 14, 22, 23, 24, 33, 34, 44. The edge classes are 𝒟 = {0, 1}4 ⧵ {0}, with 𝑣𝑑 = 𝑑 and
𝑞𝑑 = ∑𝑎(𝑣𝑑)𝑎; thus 𝑞𝑑 is Hamming weight. Write 𝑉𝑑𝑖 = 𝑣𝑇𝑑𝐵𝑖𝑣𝑑 and use ⋆ for the class 𝑣⋆ = 𝑇.
For 𝑦 ∈ ℂ10, 𝒯 (𝑦) is the unique complex symmetric matrix such that tr(𝐵𝑖𝒯 (𝑦)) = 𝑦𝑖 for
every 𝑖. Real parts below are taken entrywise, and all transposes are ordinary transposes,
including after complex extension.

We also specify the jet norm used in the solution bounds. Let 𝑊 have unit edge columns
on the five classes {1}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4} and {2, 3, 4}, and let Π be the first ten rows of
[𝑉 ∣ 𝑊 ]−1. Define

̄𝑤𝑑(𝑥) =
1
2[𝑤𝑑(𝑥) + 𝑤𝑑(𝑥 − 𝑣𝑑)], 𝐵(𝑥) = ∑

𝑖
(Π ̄𝑤(𝑥))𝑖𝐵𝑖,

𝑃𝑎(𝑥) = 𝐵(𝑥 + 𝑒𝑎) − 𝐵(𝑥), 𝑍𝑟(𝑥) = 𝑤𝑑𝑟(𝑥 + 𝑜𝑟) − 𝑣𝑇𝑟 [𝐵(𝑥) +∑
𝑎
𝑚𝑎
𝑟 𝑃𝑎(𝑥)] 𝑣𝑟.

Here the stencil indices are 𝑟 = (𝑏, 𝑏′, 𝑑𝑟)with 𝑏, 𝑏′ ∈ {0, 1}4, 𝑣𝑟 = 𝑣𝑑𝑟 , 𝑜𝑟 = 𝑏′−𝑏 and𝑚𝑟 = 𝑜𝑟+𝑣𝑟/2.
If ‖𝑓 ‖𝐴 = ∑𝑘 | ̂𝑓 (𝑘)| is the normalized discrete Wiener norm, the precise jet norm is

‖𝑤‖𝐽 = ∑
𝑎𝑏

‖𝐵𝑎𝑏‖𝐴 +∑
𝑐𝑎𝑏

‖𝑁𝑃𝑐,𝑎𝑏‖𝐴 +∑
𝑟
‖𝑁 2𝑍𝑟‖𝐴.

It controls more than edgewise values.

For 𝑞𝑑 ≥ 2 put 𝑛𝑑 = √𝜅𝑞
2
𝑑 − 𝑞𝑑, 𝐶𝑑𝑑 = 𝑐0,𝑑, 𝑎𝑑 = (2𝑛𝑑)−1 and 𝑏𝑑 = (2𝑞𝑑)−1. Put 𝐶𝑑𝑑 = 𝑎𝑑 = 𝑏𝑑 = 0

for 𝑞𝑑 = 1, and let 𝐶 be diagonal. For a real covector 𝑢, define the 15 × 4 and 15 × 5 matrices

Γ𝑑𝑎(𝑢) = 2(𝑣𝑑)𝑎(𝑣𝑑 ⋅ 𝑢), 𝐴𝑑𝑎(𝑢) = 𝑎𝑑Γ𝑑𝑎(𝑢), 𝐴𝑑5(𝑢) = 𝑏𝑑∑
𝑎
Γ𝑑𝑎(𝑢).

With 𝐸 = (𝐼40), the support response matrix is

𝑃(𝑢) = 𝑉 𝑇 diag(𝐶𝑑𝑑𝑎𝑑)𝐴(𝑢)[𝐴(𝑢)𝑇𝐶𝐴(𝑢)]−1𝐸. (18)

The inverse exists for the nonzero static integer modes used here that are not supported on
two coordinate axes, when 𝜅 > 1/2 and the eleven selected 𝑐0,𝑑 are positive.

8
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For a symmetric metric perturbation 𝐻(𝑋) define

𝐷𝜈
𝐻(𝑋) = −

𝑛(𝑋) − ̄𝜌
2𝜏

∑
𝜌
𝑅𝜈𝜌𝜕𝜌[𝐻(𝑋)(𝑇 , 𝑇 )], 𝐷̂𝐻(𝑝) =

1
(2𝜋)4 ∫[0,2𝜋]4

𝐷𝐻(𝑋)𝑒−𝑖𝑝⋅𝑋 𝑑4𝑋.

Let𝒲𝑀 consist of 𝑝 ∈ ℤ4 with −𝑀 < 𝑝𝑎 < 𝑀, 𝑝 ≠ 0,∑𝑎 𝑝𝑎 = 0, and 𝑝 not supported on two
coordinate axes. The specified nonzero-mode support density is

𝒯sup(𝜖, 𝐻 ; 𝑋) = −2𝜖 ∑
𝑝∈𝒲𝑀

Re[𝒯(𝑃(−𝑝)𝑖𝐷̂𝐻(𝑝)) 𝑒𝑖𝑝⋅𝑋] . (19)

The force 𝐷𝐻 is retained to first order in the metric perturbation; this is the force needed
through second order in 𝜖. The formula does not prescribe the full dust conservation defect at
an arbitrary metric.

To specify the virial, let 𝐻1 be the constructed first-order zero-mean slice field in Theorem 5.1.
Define its Fourier coefficients and strain coordinates by

𝐻𝑚 = 1
(2𝜋)4 ∫[0,2𝜋]4

𝐻1(𝑋)𝑒−𝑖𝑚⋅𝑋 𝑑4𝑋 = ∑
𝑖
ℎ𝑚,𝑖𝐵𝑖, 𝐴1(𝑚) = 𝑉ℎ𝑚.

They vanish off 𝒜± and satisfy ℎ−𝑚 = ℎ𝑚. Thus 𝐻1(𝑋) = ∑𝑚∈𝒜±
Re(𝐻𝑚𝑒𝑖𝑚⋅𝑋). The uniform

density below is a specified functional of this first-order slice field, rather than an additional
free constant.

The following contraction gives the two-derivative cubic vertex without an implicit cell matrix.
For matrices 𝑈 , 𝑈0, 𝑈1, 𝑈2 and arrays 𝐽 , 𝐾, define

𝛾 (𝑈 , 𝐽 )𝑎𝑏𝑐 =
1
2 ∑

𝑒
𝑈 𝑎𝑒(𝐽𝑒𝑐𝑏 + 𝐽𝑒𝑏𝑐 − 𝐽𝑏𝑐𝑒),

𝒢 (𝑈0, 𝑈1, 𝑈2; 𝐽 , 𝐾) = ∑
𝑎𝑏𝑐𝑑

𝑈 𝑎𝑏
0 [𝛾 (𝑈1, 𝐽 )𝑐𝑎𝑑𝛾 (𝑈2, 𝐾)𝑑𝑏𝑐 − 𝛾(𝑈1, 𝐽 )𝑐𝑎𝑏𝛾 (𝑈2, 𝐾)𝑑𝑐𝑑] .

Given three symmetric matrices 𝑍0, 𝑍1, 𝑍2 and three covectors 𝑘0, 𝑘1, 𝑘2 with 𝑘0 + 𝑘1 + 𝑘2 = 0,
put 𝐽𝑗𝑎𝑏𝑐 = (𝑍𝑗)𝑎𝑏(𝑘𝑗)𝑐 and Δ𝑙 = −𝑅𝑍𝑙𝑅. Define

ℒ𝜅(𝑍0, 𝑍1, 𝑍2; 𝑘0, 𝑘1, 𝑘2) = − √| det 𝑔0|
2

∑
(𝑙,𝑖,𝑗)

[12 tr(𝑅𝑍𝑙)𝒢 (𝑅, 𝑅, 𝑅; 𝐽𝑖, 𝐽𝑗)

+ 𝒢 (Δ𝑙, 𝑅, 𝑅; 𝐽𝑖, 𝐽𝑗) + 𝒢 (𝑅, Δ𝑙, 𝑅; 𝐽𝑖, 𝐽𝑗) + 𝒢 (𝑅, 𝑅, Δ𝑙; 𝐽𝑖, 𝐽𝑗)]. (20)

The sum has the six orderings of 0, 1, 2. This is the complex trilinear extension of half the
cubic Einstein–Hilbert vertex in its ΓΓ form; its minus sign includes the factor 𝑖2 from the two
derivatives. On metric strains it is the two-derivative cubic lattice contraction. The separate
metric-vertex identification has a complete proof; independent verification of that identity is
pending.

For every integer covector 𝑝 and row 𝑟 = 1, … , 10, the loads are

𝑆2,grav,𝑟(𝑝) =
1
2 ∑
𝑚∈𝒜±

ℒ𝜅(𝐻𝑚, 𝐻𝑝−𝑚, 𝐵𝑟; 𝑚, 𝑝 − 𝑚, −𝑝),

Φ(𝑝) = ̄𝜌 𝐴1(𝑝)⋆ +
1
2 ∑
𝑚∈𝒜

[𝑐𝑚𝐴1(𝑝 − 𝑚)⋆ + 𝑐𝑚𝐴1(𝑝 + 𝑚)⋆] ,

𝑆2,resp,𝑟(𝑝) =
𝑉⋆𝑟
4𝜏3

Φ(𝑝), 𝒱 = −2Re𝒯(𝑆2,grav(0) + 𝑆2,resp(0)) . (21)

9
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These formulas determine the uniform density from the specified body and reference carrier,
without a freely chosen uniform stress.

The carrier interpretation retains a distinction between the flat reference and actual occu-
pations. The lattice construction solves its least-work problem at flat proper lengths 𝑛𝑑. Its
total reference counts 𝑐∗𝑒 are positive on 𝑞𝑑 ≥ 2, zero elsewhere, and obey posting continuity
∑𝑒∶ head(𝑒)=𝑥 𝑐∗𝑒 = ∑𝑒∶ tail(𝑒)=𝑥 𝑐∗𝑒 at each vertex 𝑥; here 𝑒 is an oriented lattice edge of class
𝑑, and head and tail are its end vertices. Its relative stress is 𝑆𝑒 = (𝑐∗𝑒 − 𝜃𝑐0,𝑑)/(2𝑛𝑑), with
𝜃 > 0 the support strength. At the deformed squared length ℓ𝑒 < 0 the specified transported
support occupation is 2√−ℓ𝑒 𝑆𝑒. The flat reference carrier is re-solved at each metric before
this transport. Posting continuity of 𝑐∗ does not assert posting continuity of the transported
actual occupation. The reference 𝜃𝑐0 is nongravitating; the gravitating support contribution is
its deviation. The compensation in (14) is a fixed stress.

5.3 A complete second-order statement

The following hypotheses make the finite-mode statement precise. Choose 𝜅 > 1/2, support
strength 𝜃 > 0, an integer cutoff 𝑀 ≥ 1, and reference occupations 𝑐0,𝑑 > 0 on the eleven
selected timelike classes |𝑣𝑑| ≥ 2. Put 𝒜± = 𝒜 ∪ (−𝒜) and 𝒫 = (𝒜± + 𝒜±) ∪ 𝒜±. The set 𝒜
is nonempty, contains no zero mode, and never contains both 𝑚 and −𝑚. Each mode is static
as in (13), and 2|𝑚𝑎| < 𝑀. Every nonzero mode in 𝒫 avoids the blind lines: it is not supported
on only two coordinate axes. The coefficients 𝑐𝑚 and ̄𝜌 are arbitrary real/complex data as
appropriate; the algebraic theorem does not require 𝑛(𝑋) ≥ 0. Nonnegative occupation as a
physical body is an additional restriction on those data.

Theorem 5.1 (Second-order matter limit with the support virial). Under these hypotheses
there is a sufficiently small band cutoff such that, for every smaller positive band, there are
static periodic slice-gauge fields 𝐻1, 𝐻2, positive 𝜖0, and constants 𝐶𝑟, 𝐾 ≥ 0 with the following
properties for 0 < 𝜖 ≤ 𝜖0.

First, the continuum residual is uniformly bounded by

|ℰ(𝑔𝜅 + 𝜖𝐻1 + 𝜖2𝐻2) − 𝒯𝑉(𝜖, 𝜖𝐻1 + 𝜖2𝐻2)| ≤ 𝐾𝜖3 (22)

componentwise. No free support multiplier or free uniform stress is added to this equation.

Second, for every 𝜂 > 0 and every sufficiently large 𝑁, there is a band-slice solution 𝑤𝑁 of (17)
with jet norm at most 𝐶𝑟𝜖, unique among band-slice solutions in that ball. At every edge midpoint
𝑋𝑒,

|𝑤𝑁(𝑒) − 𝑣𝑇𝑒 (𝜖𝐻1(𝑋𝑒) + 𝜖2𝐻2(𝑋𝑒))𝑣𝑒| ≤ 𝐾𝜖3 + 𝜂. (23)

Status: Theorem, independently verified.

The construction solves the coupled band equations with a uniform small-amplitude estimate.
The first and second lattice coefficients converge to the edge readings of 𝐻1, 𝐻2. The quadratic
metric projection is the quadratic Einstein density; the support load has the required image by
its cubic Ward calculation. The nonzero modes then match the continuum dust, compensation
and support densities. At zero mode the support carries the entire constant-strain load; (16)
converts that load to its continuum density. Expanding the Einstein density and the dust

10
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denominator through second order leaves bounded cubic remainders, giving (22). Uniform
control of the lattice remainder and the coefficient limits gives (23).

The limits are ordered: 𝑁 → ∞ first at fixed 𝜖, with an 𝑂(𝜖3) error remaining. The theorem
does not assert an exact nonlinear continuum solution, an 𝑁−2 rate for a complete nonlinear
solution, or the imposition of every lattice row. The uniqueness is in the stated band-slice
jet-norm ball.

If the support’s zero mode is omitted from the continuum matter density, the same box mean
can instead be carried by a constant 𝐵0 in a separate support stress. In (15) it is included in
matter and no free constant is needed. This identifies the mean with the lattice support’s stress
at the given field; it does not determine the support’s constitutive response to an arbitrary
change of metric.

5.4 What is known about varying the support

The constant-strain stress balance extends beyond the second-order coefficient itself. Fix
𝐾2 ≥ 0 and retain the hypotheses of Theorem 5.1. For sufficiently small positive 𝜖, consider
all lattice fields satisfying

‖𝑤‖𝐽 ≤ 𝐾2𝜖, ‖𝑤 − 𝜖𝑊1 − 𝜖2𝑊2‖𝐽 ≤ 𝐾2𝜖3(1 + 1/𝜃),

where 𝑊1, 𝑊2 are the constructed first two lattice coefficients. The support’s normalized
constant-strain rows approach the negative gravitational-plus-body load, with error

|
row𝑟(𝜖(2𝜋/𝑁 )2𝔱sup(𝑤))

𝑁 4(2𝜋/𝑁 )2𝜖2
+ 𝑆𝑟| ≤ 𝐶𝜖(1 + 1/𝜃) + 𝜂, 𝑟 = 1, … , 10, (24)

for sufficiently large 𝑁, simultaneously for all such 𝑤. Here 𝑆 = 𝑆2,grav(0)+𝑆2,resp(0) and 𝜂 > 0
is arbitrary. The constant 𝐶 may be chosen before 𝜃; the smallness bound on 𝜖 may depend
on 𝜃. This theorem is independently verified and can be applied to the constructed unique
coupled solution. Its fixed-𝜖 error need not vanish.

The balance fixes the uniform stress at a given field. It does not say that 𝐵0 is held fixed, or
that it varies, under a new metric variation. The distinction is visible on one timelike edge.
With squared proper length −ℓ > 0, count 𝑐 produces stress 𝑐/(2√−ℓ). Fixed count and fixed
stress are different prescriptions.

For the unrestricted gas carrier, the comparison costs

∑
𝑒
𝑐0,𝑒𝐽 (𝑐𝑒/𝑐0,𝑒), ∑

𝑒
𝑐0,𝑒𝐽 (𝜎𝑒/𝜎0,𝑒), 𝐽 (𝑥) = 1

2(𝑥 + 𝑥−1) − 1 (25)

therefore make different choices when the metric changes. Both sums run over the selected
timelike edges; 𝜎𝑒 = 𝑐𝑒/(2√−ℓ𝑒) and 𝜎0,𝑒 = 𝑐0,𝑒/(2𝑛𝑑). More precisely, put 𝑛𝑑 = √−ℓ0,𝑑 on a
timelike reference class. For a multiplier 𝜇 in the model’s radical stress-constraint space with
𝜇𝑒 < 𝑛𝑑, define

𝑐flat𝑒 =
𝑐0,𝑑

√1 − 𝜇𝑒/𝑛𝑑
, 𝑐∗𝑒 (ℓ) =

√−ℓ𝑒
𝑛𝑑

𝑐flat𝑒 .

For ℓ𝑒 < 0, this is the unique minimizer of the stress-ratio cost among positive carriers on the
timelike classes, zero on the other classes, with the same radical stress pairings as 𝑐∗. Under

11
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the count-ratio cost, this universal transport rule fails: an explicitly admissible carrier can
have lower cost. Both statements are independently verified for this unrestricted gas carrier.
They do not establish the corresponding stress-pricing least-work theorem after restriction to
worldline occupations.

Inference. A count-priced coupled construction may have a different uniform background
response and higher-order gravitational terms. The available results do not construct that
coupled solution or prove the proposed order of the difference. Deriving which physical
quantity the native comparison apparatus prices in this matter carrier remains open. The
support balance and Theorem 5.1 remain valid at their specified model scope.

6 Third order: the coefficient is known before the solution
limit

The cubic Einstein coefficient and its lattice counterpart must not be confused with the
𝑠3 spacing term excluded by Proposition 4.2. At a fixed flat reference write the amplitude
expansion as

𝑤 = 𝜖𝑊1 + 𝜖2𝑊2 + 𝜖3𝑊3 + ⋯ .

The known gravitational contribution to the source for the third-order linear equation is
2𝐵(𝑊1, 𝑊2) + 𝑅3(𝑊1), where 𝐵 and 𝑅3 are the quadratic and cubic Taylor coefficients of the
lattice residual. Matter contributes additional terms. The unknown 𝑊3 belongs to the linear
left-hand side.

Let 𝐺𝑆 be the local residual paired with a constant symmetric metric strain 𝑆, and let ℰ𝑆 be
the corresponding contraction of (5). A jet direction 𝑗𝑖 consists of a metric value, first jet and
second jet, with the required symmetries. The available pointwise result is

Proposition 6.1 (Cubic source matching). For 𝜅 > 1/2, take two symmetric jet directions 𝑗1, 𝑗2
and stencils

𝜆𝑖 = S0𝐵𝑖 + 𝑠S1𝑃𝑖 + 𝑠2S2𝑄𝑖 + 𝐶𝑐𝑖 + 𝑟𝑖.

Suppose, for 𝑖 = 1, 2, the three pieces S0𝐵𝑖, S1𝑃𝑖, and S2𝑄𝑖 have fixed bounds in stencil supremum
norm, ‖𝐶𝑐𝑖‖ ≤ 𝐾𝑐𝑠2, ‖𝑟𝑖‖ ≤ 𝐾𝑟|𝑠|3, |𝑠| ≤ 1, and 𝐾𝑐, 𝐾𝑟 ≥ 0. Then

𝐷2𝐺𝑆[𝜆1, 𝜆2] +
1
6𝐷

3𝐺𝑆[𝜆1, 𝜆1, 𝜆1]

= − 𝑠2
2 (𝐷2ℰ𝑆[𝑗1, 𝑗2] +

1
6𝐷

3ℰ𝑆[𝑗1, 𝑗1, 𝑗1]) + ℛ𝑠, |ℛ𝑠| ≤ 𝐶|𝑠|3. (26)

All derivatives are at the flat reference stencil or flat reference metric jet. The constant depends
on the stated bounds and these local derivatives. For a fixed finite family of Fourier modes, set
𝑠 = 2𝜋/𝑁 with 𝑁 ≥ 3 and 𝑠 ≤ 1. Suppose every mode’s metric edge readings are bounded by
a common constant, its canonical internal amplitudes by a common constant times 𝑠2, and its
integer frequency has ℓ1 norm at most 𝑅, with 3

2 𝑠𝑅 ≤ 1. Then this estimate holds uniformly in
the lattice site and side length.

Status: Theorem: proof complete, independent verification pending.

The proof differentiates the all-order identity at the flat metric to obtain the exact cubic
two-derivative coefficient. In the local stencil expansion, constant and first-spacing terms

12
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cancel. Flat/class-constant couplings also vanish in these metric pairings. The remaining
terms have either the displayed spacing-squared coefficient or at least three powers of spacing.
The finite-mode statement supplies the required stencil bounds by Taylor expansion of the
phases.

This is a pointwise paired-source theorem. The following estimate isolates one step between
it and a Fourier source limit.

Proposition 6.2 (Removing the midpoint phase). On a periodic lattice with 𝑁 ≥ 1, let ̂𝑟𝑑(𝑚)
be the normalized vertex Fourier coefficient of a real row 𝑟𝑑(𝑥), and let 𝑋𝑑(𝑚) = 𝑝𝑑(𝑚) ̂𝑟𝑑(𝑚) be
its midpoint coefficient, where 𝑝𝑑(𝑚) = exp(−𝜋𝑖 𝑚 ⋅ 𝑣𝑑/𝑁) in this convention. Suppose 𝑠 ≠ 0 and

|𝑟𝑑(𝑥)| ≤ 𝐵𝑑𝑠2, |∑
𝑑
𝑎𝑑𝑟𝑑(𝑥) − 𝑠2𝑓 (𝑥)| ≤ 𝐶|𝑠|3

for real weights 𝑎𝑑 and a real function 𝑓. Then

|∑
𝑑
𝑎𝑑
𝑋𝑑(𝑚)
𝑠2

− ̂𝑓 (𝑚)| ≤ ∑
𝑑
|𝑎𝑑|𝐵𝑑|𝑝𝑑(𝑚) − 1| + 𝐶|𝑠|. (27)

The Fourier convention is ̂𝑓 (𝑚) = 𝑁−4∑𝑥∈{0,…,𝑁−1}4 𝑒−2𝜋𝑖𝑚⋅𝑥/𝑁𝑓 (𝑥), and the same convention
defines ̂𝑟𝑑.

Status: Theorem: proof complete, independent verification pending.

Proof. A normalized Fourier coefficient is bounded by the supremum norm. Thus | ̂𝑟𝑑/𝑠2| ≤ 𝐵𝑑,
and removing its phase costs at most 𝐵𝑑|𝑝𝑑 − 1|. The Fourier transform of the stated pointwise
error, divided by 𝑠2, has modulus at most 𝐶|𝑠|. Linearity and the triangle inequality give
(27).

Completing the third-order solution limit still requires convergence of the Fourier coefficient
on the right, convergence of the second-order amplitudes including their zero mode, and the
matter response at the same order. Proposition 6.2 retains its supplied row and pointwise-error
bounds; it does not prove those bounds for the actual solution coefficients. No complete
third-order coupled Einstein limit is claimed here.

7 Precise nonlinear targets and afinite-spacing obstruction

7.1 The solution target

For a specified matter model, denote its imposed rows by ℐ𝑁 ,𝛿, its lattice stress by 𝔱𝑁 ,𝜖(𝑤), its
continuum density by 𝒯 (𝜖, 𝐻), and its allowed support multipliers by a stated setℳ. Use the
unit action normalization of Section 5. For a matrix 𝑀 define the frame operator

𝒦(𝑀)𝜇𝜈 = ∑
𝑑
𝑣𝜇𝑑 𝑣

𝜈
𝑑(𝑣

𝑇
𝑑𝑀𝑣𝑑).

Here (𝐷𝜆)𝑎𝑏 = 𝜕𝑎𝜆𝑏 for a 𝐶3 static periodic covector field, and 𝐵0 is a constant matrix. Their
edge readings supply the radical support covector before metric projection.

13
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Open third-order target. There is a positive band bound such that, for each smaller positive
band, one can choose static periodic slice-gauge fields 𝐻1, 𝐻2, 𝐻3, an amplitude bound 𝜖0 > 0,
and constants 𝐶𝑟, 𝐾 ≥ 0. Put 𝑈𝜖 = 𝜖𝐻1 + 𝜖2𝐻2 + 𝜖3𝐻3. For every 0 < 𝜖 ≤ 𝜖0, an allowed pair
(𝜆, 𝐵0) ∈ ℳ should satisfy

|ℰ(𝑔𝜅 + 𝑈𝜖) − 𝒯 (𝜖, 𝑈𝜖) − 𝒦(𝐷𝜆 + 𝐵0)| ≤ 𝐾𝜖4

at every point, componentwise. For every 𝜂 > 0 and all sufficiently large 𝑁, the same
coefficients should approximate a coupled band-slice solution 𝑤𝑁, unique in the ball ‖𝑤𝑁‖𝐽 ≤
𝐶𝑟𝜖, with

sup
𝑒

|𝑤𝑁(𝑒) − 𝑣𝑇𝑒 𝑈𝜖(𝑋𝑒)𝑣𝑒| ≤ 𝐾𝜖4 + 𝜂.

The limit remains 𝑁 → ∞ first at fixed 𝜖. The pointwise cubic gravitational source theorem is
one ingredient in this target, not its continuum or lattice existence clause.

A full nonlinear solution limit asks for the following exact statement.

Open target. There is 𝛿∗ > 0 such that, for every 0 < 𝛿 ≤ 𝛿∗, there are 𝜖0 > 0 and 𝐶𝑟 ≥ 0 such
that for each 0 < 𝜖 ≤ 𝜖0 there is a static periodic slice-gauge metric perturbation 𝐻𝜖 satisfying

ℰ(𝑔𝜅 + 𝐻𝜖) = 𝒯 (𝜖, 𝐻𝜖) + 𝒦(𝐷𝜆 + 𝐵0), (𝜆, 𝐵0) ∈ ℳ. (28)

For some 𝐾 and every sufficiently large 𝑁, one requires a band-slice field 𝑤𝑁 with jet norm at
most 𝐶𝑟𝜖, solving

𝐷𝑆𝑁(ℓ0 + 𝑤𝑁)[𝑣] = 𝔱𝑁 ,𝜖(𝑤𝑁)[𝑣] (𝑣 ∈ ℐ𝑁 ,𝛿),

unique in that ball, and satisfying

sup
𝑒

|𝑤𝑁(𝑒) − 𝑣𝑇𝑒 𝐻𝜖(𝑋𝑒)𝑣𝑒| ≤ 𝐾𝑁−2. (29)

Theweaker target replaces the last bound by convergencewith no rate. The allowedmultipliers
are part of the model and must correspond to its unimposed equations. For the virial-inclusive
second-order stress in (15), the proved second-order target takes 𝜆 = 𝐵0 = 0; it does not
establish (28) exactly.

There are several concrete unfinished connections. A continuum slice solution with controlled
regularity must be constructed for the chosen nonlinear matter law. A sampling and internal-
correction map must turn that solution into an approximate lattice solution with a residual
small in the actual inverse estimate. Its class correction must depend smoothly on the
continuum jets. The projection and inverse estimates must then convert consistency into
the bound (29). Available sampling, even-Taylor and correction estimates cover parts of this
chain; the combined full smooth-correction and all-order solution bridge remain open. Even
for the narrower case of a supplied conserved finite-mode source, the available conditional
reduction requires two open premises: analytic continuum solutions and multipliers with
bounds on every derivative order, and the corresponding approximate-family construction. It
does not establish the generalized nonlinear matter-law target stated here. For a finite-strength
body, the five-row solvability condition must also be established throughout the relevant
background range.

These are open mathematical targets about the actual equations. One cannot supply them
by assuming a continuum solution, assuming a residual estimate containing the desired
conclusion, or summing a formal amplitude series without a convergence bound.

14
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7.2 An exact local obstruction on the finite lattice

Theorem 7.1 (A first-order field that has no second-order correction). At the identification
𝜅 = 1, on the periodic Kuhn lattice of side eight, there is an explicitly specified field ℎ and a vertex
move 𝑧 at 𝑦 = (2, 1, −1, 0) such that

𝐷2𝑆[ℎ, 𝛿𝑒] = 0 for all thirty edges incident to 𝑦, 𝐷2𝑆[𝑑, 𝑧] = 0 for every 𝑑,

but
𝐷3𝑆[ℎ, ℎ, 𝑧] = 756√3 ≠ 0. (30)

Consequently there is no correction 𝑑, with arbitrary values on the whole torus, satisfying

𝐷2𝑆[𝑑, 𝛿𝑒] + 𝐷3𝑆[ℎ, ℎ, 𝛿𝑒] = 0 on those thirty edges.

All fifteen edge classes are included in this statement.

Status: Theorem, independently verified.

The field is the wrapped midpoint sample of the cubic static potential Φ = 𝜉 31 − 3𝜉1𝜉 22 , with its
specified slaved internal correction; 𝜉1 = (𝑥0 + 𝑥1 − 𝑥2 − 𝑥3)/2 and 𝜉2 = (𝑥0 − 𝑥1 + 𝑥2 − 𝑥3)/2.
The contradiction follows by pairing the proposed second-order equations with the supported
vertex move: its Hessian pairing vanishes, while (30) does not. This is an exact obstruction
for the stated first-order field and local rows. The wrapped field is not asserted to solve the
first-order equations everywhere on the torus.

The corresponding statement on the infinite record lattice is also available, with its own exact
local bridge. To specify its field without a wrapped-coordinate convention, write an edge as
(𝑥, 𝐴) for ∅ ≠ 𝐴 ⊂ {0, 1, 2, 3}, put 𝑛 = |𝐴|, and evaluate the spatial coordinates at 𝑥 + 𝑣𝐴/2.
Define

ℎ(𝑥, 𝐴) = −2Φ(𝜉 (𝑥 + 𝑣𝐴/2))(𝑛 + 𝑛2/2) + 𝜉2(𝑥 + 𝑣𝐴/2)𝑏𝐴,

𝑏𝐴 =

⎧
⎪
⎪

⎨
⎪
⎪
⎩

45/8, 𝐴 = {0}, {3}, {0, 1, 3}, {0, 2, 3},
−45/8, 𝐴 = {1}, {2}, {0, 1, 2}, {1, 2, 3},
45/4, 𝐴 = {1, 2},
−45/4, 𝐴 = {0, 3},
0, otherwise.

(31)

Proposition 7.2 (The obstruction on ℤ4). For the native Lorentzian Regge rows on ℤ4 at
𝜅 = 1, the static field (31) solves every first-order row. Its second-order vertex-move defect at
𝑦 = (2, 1, −1, 0), in displacement direction 𝑢, is

756√3 (𝑢0 + 𝑢1 − 𝑢2 − 𝑢3).

There is no record field 𝑑 such that the exactly quadratic curve

ℓ0 + 𝑡ℎ + 1
2 𝑡
2𝑑

satisfies all thirty Regge rows incident to 𝑦 for all sufficiently small 𝑡.

15
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Status: Theorem, independently verified.

The local box rows agree exactly with the torus action rows whenever the edge data agree in
the required finite window. Hinge shares agree because the local and torus counts coincide
on every hinge incident to the tested edge. Translation of the polynomial field reduces its
first-order equations to the finite polynomial-basis row identities. The bridge transfers the
cubic pairing and its four displacement components toℤ4. The nonzero defect then contradicts
the second-order equations as in Theorem 7.1.

The explicitly proved family statement is for the displayed quadratic curves. It is not stated
here as an exclusion of every arbitrary 𝐶2 family. Exact nonzero defects and quadratic-curve
obstructions are also known for three specified cubic Taylor fields of a point-mass potential.
Identifying those polynomial fields with the actual far field of a nonlinear lattice point mass
remains an inference; an asymptotic nondecaying displacement is not established by the exact
defect alone. These results also leave open a different first-order field, a restricted null-stratum
equation, or a modified action. A nonlinear construction for the present all-fifteen-row action
must address its actual finite-spacing compatibility conditions.

Separate compact-body constructions already provide exact exterior continuum curvature
identities for specified radial metrics and native lattice families with controlled residuals.
A residual bounded by a power of the body scale is still an approximate lattice solution.
Those results do not supply an exact all-row nonlinear exterior solution, a general horizon
construction, or the limit (29). The long-wave Einstein identity, the second-order matter
theorem, and the exact local obstruction can therefore all hold together: they concern different
operators, rows, limits and data. The next result must connect those precise objects.

A The finite contraction behind the linear identity
We record the finite identities used in Lemma 3.1, the constant-background identity under-
lying [1, Sec. 4]. Fix 𝜅 > 1/2 and a symmetric background 𝑔 that is star-good relative to
𝑔𝜅. Put 𝛾 = 𝑔−1 and Δ = √− det 𝑔, and let 𝐵 be any symmetric test matrix. The calculation
below retains arbitrary entries of 𝑔; it is not an expansion about 𝑔𝜅. For covectors 𝑎, 𝑏 write
𝛾 (𝑎, 𝑏) = 𝑎𝑇𝛾𝑏, and define

𝑋𝛾(𝑊 ; 𝛼, 𝛽) = −𝛼𝑇𝛾𝑊 𝛾𝛽 +
𝛾(𝛼, 𝛽)

2
(
𝛼𝑇𝛾𝑊 𝛾𝛼
𝛾(𝛼, 𝛼)

+
𝛽𝑇𝛾𝑊 𝛾𝛽
𝛾(𝛽, 𝛽)

) , (32)

⟨𝑈 , 𝑉 ⟩𝛾 =
1
2𝛾

𝑎𝑐𝛾 𝑏𝑑𝑈𝑎𝑏𝑉𝑐𝑑, (𝑎 ∧ 𝑏)𝑐𝑑 = 𝑎𝑐𝑏𝑑 − 𝑎𝑑𝑏𝑐.

In particular, ⟨𝑎 ∧ 𝑏, 𝑐 ∧ 𝑑⟩𝛾 = 𝛾(𝑎, 𝑐)𝛾 (𝑏, 𝑑) − 𝛾(𝑎, 𝑑)𝛾 (𝑏, 𝑐).

Edge averages, simplex fits and the hinge cycle

For an edge of vector 𝑣 based at 𝑜, the edge average of the quadratic metric 𝑞𝑎𝑏(𝑥) =
1
2𝑄𝑐𝑒𝑎𝑏𝑥

𝑐𝑥𝑒

is
𝑞𝑄(𝑜, 𝑣) = 𝑄𝑐𝑒𝑎𝑏 (

1
2(𝑜

𝑐 + 𝑣 𝑐/2)(𝑜𝑒 + 𝑣 𝑒/2) + 1
24𝑣

𝑐𝑣 𝑒) 𝑣𝑎𝑣 𝑏. (33)

Thus it differs from the midpoint reading by the class-constant field 𝑘𝑣 = 𝑄𝑐𝑒𝑎𝑏𝑣 𝑐𝑣 𝑒𝑣𝑎𝑣 𝑏/24.
Write (𝐶𝑘)𝑟 = 𝑘𝑣𝑟 for its class-constant stencil. The metric pairing of the linear residual

16
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annihilates every such class-constant field:

∑
𝑑
𝐵(𝑣𝑑, 𝑣𝑑) 𝐷𝐹𝑑(S0𝑔)[𝐶𝑘] = 0. (34)

Indeed, varying a constant metric preserves the zero flat residual; symmetry of the action
Hessian gives (34). Consequently the edge average may replace the midpoint stencil in this
metric pairing.

All simplex data can be recovered without an incidence table. The corners of a Kuhn simplex
are 𝑧𝑗 = 𝑧0 +∑𝑗

𝑖=1 𝑒𝜎(𝑖), 0 ≤ 𝑗 ≤ 4. Given its ten edge readings 𝑤𝑖𝑗, set

𝐻𝑖𝑗 =
1
2(𝑤0𝑖 + 𝑤0𝑗 − 𝑤𝑖𝑗), 𝑊 = 𝐸−𝑇𝐻𝐸−1, 𝐸 = (𝑧1 − 𝑧0, … , 𝑧4 − 𝑧0), 1 ≤ 𝑖, 𝑗 ≤ 4,

where 𝑤𝑖𝑖 = 0. This fit satisfies (𝑧𝑗 − 𝑧𝑖)𝑇𝑊(𝑧𝑗 − 𝑧𝑖) = 𝑤𝑖𝑗. For a tested edge based at 𝑎, use
𝑤𝑖𝑗 = 𝑞𝑄(𝑧𝑖 − 𝑎, 𝑧𝑗 − 𝑧𝑖) in this formula, with 𝑖 < 𝑗. The barycentric gradients supply the two
apex covectors 𝛼, 𝛽 opposite a marked triangle. If ℎ is that triangle’s Gram determinant, the
angle derivative is

𝐷𝜃[𝑊 ] = Δ
√−ℎ

𝑋𝛾(𝑊 ; 𝛼, 𝛽). (35)

This follows by differentiating the cofactor formula for the dihedral angle; in 𝐷(adj𝐺) =
𝐷(det𝐺)𝐺−1 − det(𝐺)𝐺−1(𝐷𝐺)𝐺−1 the determinant derivative cancels.

Around a fixed hinge, choose the facet normals 𝑁𝑖 cyclically so the apex covectors of simplex
𝑖 are 𝑁𝑖−1, −𝑁𝑖. The fitted metrics obey

𝑁𝑖−1 + 𝑁𝑖+1 = 𝑐𝑖𝑁𝑖, 𝑊𝑖+1 − 𝑊𝑖 = 𝑁𝑖 ⊗ 𝑍𝑖 + 𝑍𝑖 ⊗ 𝑁𝑖.

The second relation expresses agreement on the shared facet. Explicitly, if 𝐽 = 𝑊𝑖+1 − 𝑊𝑖 and
𝑁𝑖(𝑥) = 1, then 𝑍𝑖 = 𝐽𝑥 − 1

2(𝑥
𝑇𝐽𝑥)𝑁𝑖. The required denominators 𝛾 (𝑁𝑖, 𝑁𝑖) are nonzero in the

chosen domain. Direct substitution in (32) gives the telescoping identity

𝑋𝛾(𝑊𝑖; 𝑁𝑖−1, −𝑁𝑖) =
1
2 {𝛾 (𝑁𝑖, 𝑁𝑖)𝛾 (𝑍𝑖, 𝑁𝑖+1) − 𝛾(𝑁𝑖, 𝑁𝑖+1)𝛾 (𝑍𝑖, 𝑁𝑖)}

+ 𝐿𝑖 − 𝐿𝑖−1 +
1
2(𝑃𝑖 − 𝑃𝑖+1), (36)

𝐿𝑖 =
𝛾(𝑁𝑖, 𝑁𝑖+1)

2
𝑁 𝑇
𝑖 𝛾𝑊𝑖+1𝛾𝑁𝑖
𝛾 (𝑁𝑖, 𝑁𝑖)

, 𝑃𝑖 = 𝑁 𝑇
𝑖−1𝛾𝑊𝑖𝛾𝑁𝑖.

For a Kuhn hinge the wedge 𝑁𝑖 ∧ 𝑁𝑖+1 = 𝜔𝑡 is constant. Summing (36) therefore yields

∑
𝑖
𝑋𝛾(𝑊𝑖; 𝑁𝑖−1, −𝑁𝑖) =

1
2⟨Ξ𝑡, 𝜔𝑡⟩𝛾, Ξ𝑡 = ∑

𝑖
𝑁𝑖 ∧ 𝑍𝑖. (37)

The facet denominators have disappeared.

The two triangles in each plane

Write 𝑣𝐴 for the indicator vector of a nonempty coordinate set 𝐴. Each hinge type is (𝐴, 𝐵)
with 𝐴, 𝐵 disjoint and nonempty, represented by the triangle (0, 𝑣𝐴, 𝑣𝐴 + 𝑣𝐵). The two types
(𝐴, 𝐵) and (𝐵, 𝐴) belong to one plane 𝑃. There are fifty ordered types and twenty-five planes.
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The twenty-four simplex types, each with ten marked triangles, give two hundred and forty
incidence slots, partitioned by these types.

For a triangle with tangent vectors 𝑢1, 𝑢2 put 𝐺𝑖𝑗 = 𝑔(𝑢𝑖, 𝑢𝑗), 𝐵𝑖𝑗 = 𝐵(𝑢𝑖, 𝑢𝑗) and

ℎ𝑡 = 𝐺11𝐺22 − 𝐺2
12, 𝑇𝑡 = 𝐵11𝐺22 + 𝐵22𝐺11 − 2𝐵12𝐺12,

𝑎0 = 4𝐵11(𝐺22 − 𝐺12) + 4𝐵22(𝐺11 − 𝐺12), 𝑎1 = 4𝐺12(𝐵11 + 𝐵22 − 2𝐵12).

Here 𝑢1 = 𝑣𝐴, 𝑢2 = 𝑣𝐴 + 𝑣𝐵 for type (𝐴, 𝐵), and 𝑎0 + 𝑎1 = 4𝑇𝑡. The sum 𝐶𝑡 of area-gradient
times angle-gradient contributions about that type is exactly

𝐶𝑡 =
Δ

16ℎ𝑡
(𝑎0𝑆0 + 𝑎1𝑆1), 𝑆0 = 𝑆1 =

1
2⟨Ξ𝑡, 𝜔𝑡⟩𝛾. (38)

The two sums 𝑆0, 𝑆1 correspond to the tested-edge bases 0 and 𝑢1. Their equality follows by
substituting (33) in the fit: the resulting Ξ𝑡 is the same at those two bases. Only the three
triangle edges enter the area derivative. Formula (38) also follows directly from (35) and
𝐴 = √−ℎ𝑡/2.

Choose the two annihilator covectors of 𝑃 as the columns of 𝑀𝑃 in the table below. Define

Γ𝑃 = det(𝑀𝑇
𝑃𝛾𝑀𝑃),

𝑇𝑃(𝛾 , 𝐵) = tr(𝛾𝐵)Γ𝑃 − adj(𝑀𝑇
𝑃𝛾𝑀𝑃) ∶ (𝑀𝑇

𝑃𝛾𝐵𝛾𝑀𝑃), (39)

where 𝑈 ∶ 𝑉 = ∑𝑖𝑗 𝑈𝑖𝑗𝑉𝑖𝑗. The finite identities are

ℎ𝑡 = det(𝑔)Γ𝑃, 𝑇𝑡Γ𝑃 = 𝑇𝑃ℎ𝑡, 𝑟1Ξ(𝐴,𝐵) + 𝑟2Ξ(𝐵,𝐴) = −𝑐𝑃(𝑅)𝜔𝑃, (40)

where 𝑅 = 𝑅(𝑔, 0, 𝑄), 𝜔𝑃 = 𝑚1 ∧ 𝑚2, and 𝜔𝑡𝑗 = 𝑟𝑗𝜔𝑃, 𝑟𝑗 ∈ {1, −1}. The first identity is the
complementary-minor identity. The second is its trace variation. The last is a rational linear
identity in 𝑄; the exact curvature forms 𝑐𝑃 are given below. These formulas give

𝐶(𝐴,𝐵) + 𝐶(𝐵,𝐴) = −Δ
8
𝑐𝑃(𝑅)𝑇𝑃(𝛾 , 𝐵). (41)

For explicit reconstruction of the finite data, encode a set by its binary mask, with coordinate
0 the low bit. For (𝐴, 𝐵) enumerate the Kuhn simplices containing (0, 𝑣𝐴, 𝑣𝐴 + 𝑣𝐵): their cube
bases have 𝑧𝑎 = 0 on 𝐴 ∪ 𝐵 and 𝑧𝑎 ∈ {−1, 0} elsewhere. For each base retain exactly the
coordinate permutations whose corner chain contains the three specified vertices. Order these
simplices around the common triangle, read their facet normals from 𝐸−1, and apply the fit
and jump formulas above. This determines Ξ𝑡 and 𝑟𝑡 and reproduces the last identity in (40)
by coefficient comparison. No background metric entries are used in that comparison.
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𝑃 𝐴 𝐵 𝑚1 𝑚2
0 1 2 0 0 −1 −1 0 0 −1 0
1 1 4 0 −1 0 −1 0 −1 0 0
2 1 6 0 −1 1 −1 0 −1 1 0
3 1 8 0 −1 −1 0 0 −1 0 0
4 1 10 0 −1 −1 1 0 −1 0 1
5 1 12 0 −1 −1 1 0 −1 0 0
6 1 14 0 −1 0 1 0 −1 1 0
7 2 4 −1 0 0 −1 −1 0 0 0
8 2 5 −1 0 1 −1 −1 0 1 0
9 2 8 −1 0 −1 0 −1 0 0 0
10 2 9 −1 0 −1 1 −1 0 0 1
11 2 12 −1 0 −1 1 −1 0 0 0
12 2 13 −1 0 0 1 −1 0 1 0
13 3 4 −1 1 0 −1 −1 1 0 0
14 3 8 −1 1 −1 0 −1 1 0 0
15 3 12 −1 1 −1 1 −1 1 0 0
16 4 8 −1 −1 0 0 −1 0 0 0
17 4 9 −1 −1 0 1 −1 0 0 1
18 4 10 −1 −1 0 1 −1 0 0 0
19 4 11 −1 0 0 1 −1 1 0 0
20 5 8 −1 −1 1 0 −1 0 1 0
21 5 10 −1 −1 1 1 −1 0 1 0
22 6 8 −1 −1 1 0 −1 0 0 0
23 6 9 −1 −1 1 1 −1 0 0 1
24 7 8 −1 0 1 0 −1 1 0 0
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The curvature table and final contraction

Number the coordinate pairs 01, 02, 03, 12, 13, 23 by 1, … , 6 and write 𝑟𝑖𝑗 for the corresponding
pair–pair curvature component. For example, 𝑟16 = 𝑅0123 and 𝑟34 = 𝑅0312. The entries below
are 𝑓𝑃 = 3𝑐𝑃/4:

𝑃 𝑓𝑃(𝑅)
0 −𝑟16 − 𝑟23 − 2𝑟26 − 2𝑟34 + 2𝑟36 − 𝑟45 − 2𝑟46 + 2𝑟56 + 3𝑟66
1 −𝑟13 − 2𝑟15 − 𝑟16 + 𝑟34 + 2𝑟35 + 2𝑟45 + 𝑟46 + 3𝑟55 + 2𝑟56
2 2𝑟16 + 𝑟34 + 𝑟45 − 𝑟46 − 2𝑟56
3 −𝑟12 − 2𝑟14 + 2𝑟16 + 2𝑟24 + 𝑟34 + 3𝑟44 + 2𝑟45 − 2𝑟46 − 𝑟56
4 −𝑟16 + 𝑟34 + 𝑟45 + 2𝑟46 + 𝑟56
5 −𝑟16 − 2𝑟34 − 2𝑟45 − 𝑟46 + 𝑟56
6 −𝑟45 + 𝑟46 − 𝑟56
7 2𝑟13 + 𝑟15 + 2𝑟16 + 2𝑟23 + 𝑟26 + 3𝑟33 + 𝑟34 + 2𝑟35 + 2𝑟36
8 −𝑟16 + 𝑟23 − 𝑟26 + 𝑟34 − 2𝑟36
9 2𝑟12 + 𝑟14 − 𝑟16 + 3𝑟22 + 2𝑟23 + 2𝑟24 − 2𝑟26 + 𝑟34 − 𝑟36
10 2𝑟16 + 𝑟23 + 2𝑟26 + 𝑟34 + 𝑟36
11 −𝑟16 − 2𝑟23 − 𝑟26 − 2𝑟34 + 𝑟36
12 −𝑟23 + 𝑟26 − 𝑟36
13 𝑟13 − 𝑟15 − 𝑟16 − 2𝑟34 − 2𝑟35
14 𝑟12 − 𝑟14 − 𝑟16 − 2𝑟24 − 2𝑟34
15 𝑟16 + 2𝑟34
16 3𝑟11 + 2𝑟12 + 2𝑟13 − 2𝑟14 − 2𝑟15 − 𝑟16 − 𝑟24 − 2𝑟34 − 𝑟35
17 𝑟13 + 2𝑟15 + 2𝑟16 + 𝑟34 + 𝑟35
18 −2𝑟13 − 𝑟15 − 𝑟16 + 𝑟34 + 𝑟35
19 −𝑟13 + 𝑟15 − 𝑟35
20 𝑟12 + 2𝑟14 − 𝑟16 + 𝑟24 + 𝑟34
21 𝑟16 − 𝑟34
22 −2𝑟12 − 𝑟14 + 2𝑟16 + 𝑟24 + 𝑟34
23 −2𝑟16 − 𝑟34
24 −𝑟12 + 𝑟14 − 𝑟24

For arbitrary symmetric 𝛾 , 𝐵 and every algebraic curvature tensor, the table obeys the polyno-
mial identity

24
∑
𝑃=0

𝑐𝑃(𝑅)𝑇𝑃(𝛾 , 𝐵) = −4𝐵𝑚𝑛 (𝛾𝑚𝑏𝛾 𝑛𝑑 Ric𝑏𝑑 −
1
2 scal 𝛾

𝑚𝑛) , (42)

where Ric𝑏𝑑 = 𝛾 𝑎𝑒𝑅𝑒𝑏𝑎𝑑 and scal = 𝛾 𝑏𝑑 Ric𝑏𝑑. Here is a finite way to verify the contraction
without imposing any special form of the background. The pair–pair matrix of an algebraic
curvature tensor is

⎛
⎜
⎜
⎜
⎜
⎜
⎝

𝑟11 𝑟12 𝑟13 𝑟14 𝑟15 𝑟16
𝑟12 𝑟22 𝑟23 𝑟24 𝑟16 + 𝑟34 𝑟26
𝑟13 𝑟23 𝑟33 𝑟34 𝑟35 𝑟36
𝑟14 𝑟24 𝑟34 𝑟44 𝑟45 𝑟46
𝑟15 𝑟16 + 𝑟34 𝑟35 𝑟45 𝑟55 𝑟56
𝑟16 𝑟26 𝑟36 𝑟46 𝑟56 𝑟66

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.
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Antisymmetry recovers the other components, and the displayed relation 𝑟25 = 𝑟16 + 𝑟34 is
the first Bianchi identity. There are twenty independent entries. Substitute this matrix and
the two tables in (42). Both sides are linear in those twenty entries; for each entry, set it to
one and the others to zero. Expansion of (39) then gives identical cubic polynomials in the
symmetric entries of 𝛾, linear in 𝐵. This proves (42) for arbitrary such 𝛾 , 𝐵, 𝑅.

Finally the flat Schlaefli identity and zero deficits express the paired linear residual as minus
the slot sum. Thus

⟨𝐵,ℱ Φ2(𝑔, 0, 𝑄)⟩ = − ∑
slots

𝐶𝜎,𝑐 =
Δ
8

24
∑
𝑃=0

𝑐𝑃(𝑅)𝑇𝑃(𝛾 , 𝐵)

= −1
2⟨𝐵, ℰ(𝑔, 0, 𝑄)⟩.

Since 𝐵 is arbitrary, this is (7). Only the first variation of the angle has been linearized; its
dependence on the constant background has remained exact throughout.

21



Einstein’s metric field equation Recognition Physics Institute

B The finite lattice matter prescription

Here are variational definitions of the source in (17). Write 𝑒 = (𝑥, 𝑑), 𝑒− = 𝑥, 𝑒+ = 𝑥 + 𝑣𝑑 on
Λ𝑁 = (ℤ/𝑁ℤ)4, and let 𝐸𝑡 = {(𝑥, 𝑑) ∶ 𝑞𝑑 ≥ 2} be the selected timelike edges. Set ℓ0,𝑒 = 𝑞𝑑−𝜅𝑞2𝑑 ,
ℓ = ℓ0 + 𝑤, 𝑛𝑑 = √−ℓ0,𝑑 on 𝐸𝑡, 𝑡𝑁 = 2𝜋/𝑁, 𝜎 = 𝜖𝑡2𝑁 and 𝛿𝑀 = 2𝜋𝑀/𝑁. The fixed body counts
and fixed compensation stress are

𝑐1,(𝑥,𝑑) = 1𝑑=⋆𝑛(𝑡𝑁𝑥), 𝑏(𝑥,𝑑) = 1𝑑=⋆
̄𝜌

2𝜏
.

Here 𝑛 is (13), evaluated using any integer representative of 𝑥; periodicity makes that choice
immaterial. Use the real edge pairing ⟨𝑎, 𝑣⟩ = ∑𝑒 𝑎𝑒𝑣𝑒. For fixed occupations 𝑐, put

𝐴𝑐(ℓ) = ∑
𝑒
𝑐𝑒√−ℓ𝑒, 𝑠(𝑐, ℓ)𝑒 =

𝑐𝑒
2√−ℓ𝑒

, 𝐷𝐴𝑐(ℓ)[𝑣] = −⟨𝑠(𝑐, ℓ), 𝑣⟩.

All occupations below vanish off 𝐸𝑡; in these formulas their off-mask stress is defined to be
zero. The solution ball keeps ℓ𝑒 < 0 on 𝐸𝑡.

We specify the support rows. Let ℛ𝑀 consist of

𝑟(𝑥,𝑑) = 𝑣𝑇𝑑𝐵𝑣𝑑 + 2𝑣𝑑 ⋅ [𝜉 (𝑥 + 𝑣𝑑) − 𝜉 (𝑥)], 𝐵 = 𝐵𝑇,

where each component of the real vertex field 𝜉 has Fourier support in the static band of radius
𝛿𝑀 defined above. Write Δ𝑒𝜓 = 𝜓(𝑒+) − 𝜓(𝑒−) and define

ℬ𝑀 = {𝑟 ∈ ℛ𝑀 ∶ ∃𝜓 ∶ Λ𝑁 → ℝ, 𝑟𝑒/(2𝑛𝑑) + Δ𝑒𝜓 = 0 for all 𝑒 ∈ 𝐸𝑡}.

Let 𝑃𝐵 be the orthogonal projection ontoℬ𝑀 for the edge pairing. Define the nonlinear Regge
residual ℛ𝑁(𝑤) by

⟨ℛ𝑁(𝑤), 𝑣⟩ = 𝐷𝑆𝑁(ℓ0 + 𝑤)[𝑣] − 𝐷2𝑆𝑁(ℓ0)[𝑤, 𝑣],

and set

𝑔(𝑤) = ℛ𝑁(𝑤) + 𝜎[𝑠(𝑐1, ℓ0 + 𝑤) − 𝑏], 𝑓 (𝑤) = −
(𝐼 − 𝑃𝐵)[𝑔(𝑤) − 𝑔(0)]

𝜎𝜃
.

The reference carrier is 𝑐0,𝑒 = 𝑐0,𝑑 > 0 on 𝐸𝑡, zero elsewhere. For the small loads used in the
theorem, let 𝐶(𝑓 ) be the least-work flat-reference carrier: it minimizes

∑
𝑒∈𝐸𝑡

𝑐0,𝑑𝐽 (𝐶𝑒/𝑐0,𝑑), 𝐽 (𝑧) = 1
2(𝑧 + 𝑧−1) − 1,

over 𝐶𝑒 > 0 on 𝐸𝑡, 𝐶𝑒 = 0 off 𝐸𝑡, subject to

∑
𝑒∶𝑒+=𝑥

𝐶𝑒 − ∑
𝑒∶𝑒−=𝑥

𝐶𝑒 = 0 (𝑥 ∈ Λ𝑁), ∑
𝑒∈𝐸𝑡

𝐶𝑒 − 𝑐0,𝑑
2𝑛𝑑

𝑟𝑒 = ⟨𝑓 , 𝑟⟩ (𝑟 ∈ ℛ𝑀).

Equivalently its multiplier form is 𝐶𝑒 = 𝑐0,𝑑/√1 − 𝜇𝑒/𝑛𝑑 − 2Δ𝑒𝜓 on 𝐸𝑡, with 𝜇 ∈ ℛ𝑀 and
positive radicands, satisfying those same constraints. The excess support stress and its
transported occupation are

𝑆𝑒(𝑤) =
𝜃[𝐶(𝑓 (𝑤))𝑒 − 𝑐0,𝑑]

2𝑛𝑑
, 𝑐sup,𝑒(𝑤) = 2√−ℓ𝑒 𝑆𝑒(𝑤) (𝑒 ∈ 𝐸𝑡),
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and zero off 𝐸𝑡. The exact source covector is therefore

𝔱𝑁 ,𝜖(𝑤)[𝑣] = 𝜎{𝐷𝐴𝑐1+𝑐sup(𝑤)(ℓ0 + 𝑤)[𝑣] + ⟨𝑏, 𝑣⟩}

= 𝜎 ∑
𝑒
[𝑏𝑒 − 𝑠(𝑐1, ℓ0 + 𝑤)𝑒 − 𝑆𝑒(𝑤)]𝑣𝑒.

The derivative holds 𝑐1 + 𝑐sup(𝑤) fixed: it does not differentiate that occupation’s selection
map. The imposed tests are the band slice defined above andℛ𝑀 ∩ℬ⟂

𝑀. The flat carrier 𝜃𝐶(𝑓 )
obeys posting continuity; its transported excess need not. Only this excess gravitates: the
reference 𝜃𝑐0 is excluded. Its least-work rule prices flat-reference counts; carrying its excess to
the new geometry at fixed stress is the stated transport prescription, not an actual-geometry
worldline minimization.
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