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Abstract

We derive the charged-lepton mass chain from the Recognition Composition Law (RCL)
together with normalization, curvature normalization, and standard regularity. Through
the theorem chain Tr1-Tr8, these postulates fix the golden ratio ¢ = (14 +/5)/2, the
minimal period Ty, = 8, the selected dimension D = 3, and the cube integers entering
the master mass law. The charged-lepton formula is then assembled from the coherence
scale, the lepton-sector baseline, the charge correction, and the derived generation steps. All
parameters are discrete structural inputs, integers from cube geometry, named symmetry
factors, and one external mathematical constant, rather than continuously adjustable dials.
The construction is a structural constraint on the effective charged-lepton flavor pattern, not
a replacement for the electroweak Higgs mechanism or for the full Standard Model quantum
field theory. At the conversion stage to the International System of Units (SI), the electron
fixes the single calibration anchor 7p, while the fine-structure constant « enters only as a
fixed external dimensionless constant in the refinement layer. The phrase “zero continuously
adjustable parameters” refers to the dimensionless content of the framework: the anchor
7o is a unit-scale calibration fixed by the measured electron mass and cancels identically
from every charged-lepton mass ratio. With that one anchor set, the remaining charged
leptons become forward predictions: m,, € (105.5, 105.9) MeV and m, € (1774, 1779) MeV,
with relative errors below 0.3% and 0.2%, respectively. Floating-point evaluation gives
my, ~ 105.658 MeV and m, ~ 1776.71 MeV.

Keywords: charged leptons; mass hierarchy; flavor structure; discrete geometry; golden
ratio; machine verification; recognition composition law

1. Introduction

The Standard Model accommodates the three charged-lepton masses, the electron, the

muon, and the tau, through independent Yukawa couplings in the electroweak Lagrangian.

Those couplings, and the hierarchy me : m,, : m; ~1:206.8 : 3477, are fixed empirically [1];
the theory does not explain why these values or ratios are realized. The masses are known
with high precision [1], but the explanatory problem remains open.

A large literature seeks structural explanations of charged-lepton hierarchies, but
each major class still leaves free input somewhere in the construction. Froggatt—Nielsen
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textures [2,3] trade Yukawa couplings for charge assignments and a flavon parameter; Koide-
type relations [4,5] compress the spectrum but do not derive the remaining parameters;
grand unified and texture-zero constructions [6—11] impose correlations or vanishing patterns
without eliminating empirical non-zero entries; discrete-flavor and modular frameworks [12—
20] organize masses through symmetries or modular forms but retain undetermined couplings
or moduli; and radiative or extra-dimensional mechanisms [21-27] shift the hierarchy into
new particles, couplings, or geometric scales. A broad review is given in Ref. [28].

The central question is not merely whether the three masses can be fit more compactly.
The deeper question is whether they can be derived from a single organizing principle with
no continuously adjustable dials. Specifically, this paper asks: (i) Is there a geometric or
combinatorial structure that selects the mass hierarchy base uniquely, without postulating
it? (ii) Do the generation offsets {0, 11,17}, the integers controlling the e — u — 7 steps,
follow from a single structural identity? (iii) Can all three masses be fixed simultaneously
by one empirical calibration anchor, making the muon and tau genuine predictions?

This paper takes up those questions within the charged-lepton sector. Starting from
the Recognition Composition Law and standard regularity assumptions, it derives a unique
cost functional, the theorem chain Tr1-Tr8, with Tr0 serving only as the logical background,
the cube-based ingredients of the mass law, and finally the charged-lepton mass chain. The
argument keeps two layers distinct: the discrete backbone fixes the leading hierarchy, while
the refinement layer supplies the sub-leading comparison terms. The claim is therefore
not merely a compact fit, but a discrete derivation whose load-bearing inputs are chosen
from finite, explicitly enumerated combinatorial alternatives (cube vertices, edges, faces,
the integer rungs, and a finite polynomial class for the charge index) rather than from a
continuum of fitted real-valued couplings; the later sections supply the numerical comparison
with data and the bookkeeping audit.

The present construction is not proposed as a new local quantum field theory and does
not replace the Standard Model Lagrangian. Its intended role is narrower: it supplies a
discrete structural rule for the effective charged-lepton flavor hierarchy, i.e., for the pattern
that in the Standard Model is represented by three independent charged-lepton Yukawa
couplings. Electroweak symmetry breaking is still understood in the usual way as the
mechanism converting those dimensionless effective couplings into physical masses. The
Recognition construction is therefore tested here as a constraint on the flavor data that
enter the low-energy theory, not as a complete microscopic account of gauge dynamics.

We also distinguish prediction from reconstruction more carefully. The electron mass
is used once to fix the SI conversion anchor 7p; this is a unit-scale calibration and cancels
from all mass ratios. The nontrivial tests are the anchor-free ratios m,/m. and m,/m,,.
The refinement layer uses the fixed dimensionless constant o and fixed structural rules; it
contains no continuously adjustable parameter, but it does contain discrete organizational
choices whose status is now recorded explicitly below.

In particular, the four MODEL-LAYER structural rules—the affine-log family for the
rung correction R, the polynomial class for the charge index Z, the electron-break J. rule,
and the generation-step refinement rule—are structural ansatze whose physical necessity
is not fully demonstrated from the Recognition postulates alone. They are motivated
by explicit physical requirements (monotonicity, charge-conjugation invariance, minimal
completeness, and the J-expansion-based a-order organization) and once adopted leave no
free real-valued coefficient, but they are not theorem-level consequences. Sections 5, 6, and 7
state this explicitly, and Table B2 records their MODEL-LAYER status.

This paper treats only the charged lepton sector. It isolates the charged-lepton chain
rather than attempting the full fermion spectrum at once; quark masses, neutrino masses,
and mixing parameters are outside the scope of the present paper.
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The remaining part of the paper is organized as follows. Section 2 states the postulates
and fixes the cost functional. Section 3 records the theorem dependency order. Section 4
derives the cube integers. Section 5 assembles the master mass law. Section 6 derives the
integerized charge map and the lepton charge index. Section 7 derives the charged-lepton
mass chain and compares it with data. Section 8 records the closure tally. Section 9 adds the
International System of Units (SI) conversion through the single anchor 7y. Section 11 states
the final scope of the claim. The appendices then serve as a reference layer: Appendix A
gives the numerical recipe, Appendix B the audit, Appendix C the theorem statements
and proof material (including Tr7’s cube identity W=17), Appendix D the rung-correction
derivation, and Appendix E the exponent bookkeeping.

2. Theoretical Framework

The framework begins with four postulates. Its starting object is a scalar cost assigned
to a positive multiplicative ratio: * = 1 means no change, while z > 1 and z < 1
represent reciprocal enlargements and reductions. The Recognition Composition Law (RCL)
requires the cost of combining two ratio changes to be expressible purely in terms of the

costs of the individual ratios, thereby sharply constraining the admissible functional form.

With normalization and regularity added, these postulates select a unique normalized
cost functional, denoted J, which becomes the basic object used in the later mass-law
construction. The four postulates are stated precisely as follows:

(P1) The Recognition Composition Law:

F(zy)+ F(z/y) = 2F(z) F(y) +2F(z) +2F(y), z,y>0. (1)
(P2) Normalization: F(1) =0 (zero cost at the identity ratio).

2 F(et)
t2

(P3) Curvature normalization: }ir% =1 (unit curvature at the minimum; this fixes
—

the normalization of .J).
(P4) Standard regularity: continuity on Rsg (the positive real numbers) and sufficient

smoothness for the d’Alembert uniqueness step.
The physical reading of P1 is that it is an independence axiom for a cost functional on
positive multiplicative ratios. If two ratio changes x and y are recognized independently,
then the joint cost of the composed ratio 2y and the relative ratio x/y is determined by
the individual costs alone. In this sense the RCL plays, for multiplicative recognition costs,
the same organizing role that additivity plays for distances and the product rule plays for
probabilities. It is not asserted here as a consequence of a known Lagrangian dynamics; it is
the structural composition postulate from which the cost law is then forced. This starting
point is not an ad hoc numerical device. The passage from the RCL to J is the classical
d’Alembert functional-equation route: after the logarithmic reparametrization « = ef, the
shifted function satisfies the standard equation H (¢t + s) + H(t —s) = 2H (t)H (s), whose
continuous solutions are classified by Aczél-type functional-equation theory. The resulting

cost J(z) = %(1’ +271) — 1 is also the canonical reciprocal convex penalty on positive ratios.

In information-geometric language it plays the same structural role that Kullback—Leibler
divergence and Fisher information play for probability models: it supplies a local quadratic
metric at the identity and a globally asymmetric-to-symmetric cost law for finite departures,
here specialized to multiplicative recognition ratios rather than probability densities. In an
equivalent closed form, J(x) = (z — 1)2/(2z) is the symmetric squared relative deviation of
x from unity: it vanishes only at the no-recognition point x = 1, is positive elsewhere, and
is invariant under the inversion = — 1/x (reversal of the recognition arrow). These four
postulates uniquely fix the cost functional J(z) = $(z +271) — 1 (Theorem Trl; proof in
Appendix C). The later structural chain does not assume Q3 at the outset: it combines this
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fixed cost functional with the cube family, and Theorem Tr7 then selects D = 3 and hence 1
the specific 3-cube Q3. Tr0 serves only as the logical background, while Tr1-Tr8 supply the 12
structural consequences used in the derivation. 130

The cost functional does not take masses as direct inputs; it fixes the admissible ratio 1
geometry. Structurally, the argument runs 132

RCL + normalization + regularity = J(z) = 3(z +271) — 1,

J together with 133
= (¢, Tmin =8, D = 3, cube data),
Tr0 and Tr1-Tr8

and those discrete outputs then determine 134
m(z) = A gOTi_erR(Zi). 135

The later sections then derive the lepton-sector ingredients appearing in this mass law 13
explicitly. 137

The physical reading of this arrow is deliberately conservative. The RCL and the 13
theorem chain fix the admissible ratio geometry and the discrete cube data; the mass law 13
then interprets these data as constraints on effective flavor-sector mass ratios. Thus the 10
construction should be compared with a flavor-structure rule or texture constraint, not with 1
a full derivation of the Standard Model action. The latter would require a separate bridge 12
from the Recognition variables to gauge fields, fermion kinetic terms, electroweak symmetry s
breaking, and renormalization-group transport. 144

3. Structural Theorems: TrO and Tr1-Tr8 15

This section fixes the logical order used later. Tr0 is only the ambient logical background; 1
Tr1-Tr8 are listed in strict backward-referenced dependency order. Table 1 records that 1«
order, and Appendix C collects the full statements, proof sketches, and formal references. s

Table 1. Dependency map for Tr0 and Tr1-Tr8 in the later charged-lepton derivation.

Item Statement Reason it is necessary Output for later derivation

Tr0 Classical logic  Implicit logical background Background inference
Trl Unique J(z) RCL + normalization + J(z)= %(:L" +z71l) -1
d’Alembert uniqueness

Tr2 hierarchy Additive scale closure forces r? = Fixes the ¢ ladder
base r+1
Tr3 m>0 Zero-mass limit lies at infinite cost Positive-mass rungs only
(Tr1)
Tr4 Paired transi- Reciprocal symmetry J(z) = Reciprocal sector pairing
tions J(1/x)
Tr5 Discrete dy- Finite cost for finite-time evolu- Integer step structure
namics tion
Tr6 Finite-cost Only finite-cost states are physical Finite occupied rungs only
states
7 D=3 Wendo(D) = FEpassive + /' = Selects the 3-cube; fixes
17 D=3 V7E7F7EpaSSiV97W
Tr8 Period 8 Shortest closed Hamiltonian cycle Mass-law offset —8

on Q3 has length 8

The next three sections unpack Table 1 in order: first the cube integers, then the 1
master mass law, and then the charge correction. 150

4. Cube Geometry at D = 3: Integer Constants 151

This section extracts the discrete constants that the later mass law uses explicitly. 1
Once Tr7 selects D = 3, the standard cube counts are as follows. The D-dimensional unit 1ss

https://doi.org/10.3390/sym1010000
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cube Qp has V(D) = 2P vertices, E(D) = D -2P~1 edges, and F(D) = 2D faces. At
D = 3 these give
V=8 E=12  F=6 2)

Discrete-step counting, together with cost minimization, fixes one active edge per elementary
step, so A = 1 [29]. Hence the number of passive edges is Epassive = £ — A = 11. The
derived cube sum

W(D) = Epassive(D> + F(D) = (D . 2D71 _ 1) +2D
takes the value 17 only at D = 3:
W(D)=17 <= D=3 3)

This is the point at which W is fixed for later use (Lean-verified [29]; proof in Appendix C,
Tr7).

Tr8 fixes the minimal closed Hamiltonian cycle on @3 to have length Tinin = 8 [30].

With the exponent origin placed at the coherence energy unit Eeo, = @2, this yields the
reference offset
Tref = —Tmin = —8, (4)

Accordingly, the mass-law exponent later appears as r — 8 + R(Z).

Table 2. Discrete constants extracted from the selected 3-cube and used later in the mass law.

Symbol | Value | Formula Origin
\% 8 2P Vertices of Q3
E 12 | D-2P-1 Edges of Q3
F 6 2D Faces of Q3
A 1 — Cost minimization [29]

Epassive 11 E—-—A Passive edges
w 17 Epassive + F | Cube sum, unique at D = 3 ((3))

Thin 8 — Minimal closed Hamiltonian cycle on Q3 (Tr8)

Table 2 collects the discrete constants used explicitly in the next two sections of the
derivation.

5. The Master Mass Law

This section assembles the master mass law from three previously fixed ingredients:
the coherence energy quantum F .y, the sector mass scale Ag, and the rung correction R.
The coherence energy quantum

Econ = 907(D+2) = 9075 (5)

The exponent —(D + 2) = —5 is structurally determined by two independent routes: (i) the
Fibonacci deficit 2° — D = 8 —3 = 5, and (ii) the integration dimension D +2=3+2=15
(spatial + temporal + conservation constraint). Both routes yield the same answer and are
machine-verified [37]. E.op, is the fundamental energy unit of the p-ladder at D = 3.
The sector mass scale combines E.,, with two cube-derived integers, Bpow(s) and
ro(s):
Ay = 2Beowl(s) g orols), (6)
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For the charged lepton sector (colour-neutral, |@Q| = 1), the passive-edge coupling gives
Bpow(£) = —2Epassive = —22 (machine-verified [31]). The p-ladder offset follows from the
wallpaper-lattice formula

ro(s) = mg- W + cg, (7)

with mp = Ngee = 2P~ = 4 (the number of fermion sectors at D = 3; machine-verified [37])
and ¢y = —(Tiin — 7e) = —(8 —2) = —6 (the octave gap from the electron baseline rung),
giving rg(¢) = 62. These are traceable discrete structural inputs from cube geometry, not
continuously adjustable parameters. For charged leptons this yields

AE = 2722 Econ @627

with both exponents derived from cube data rather than fitted to the observed lepton
masses.

The rung correction R(Z) supplies the fractional, charge-dependent shift to the integer
rung r. We restrict the candidate space to the affine-log family

R(z)=a ln(l —+ %) +ec, b>1, (8)

which is the natural multiplicative-to-additive bridge from J-costs to ¢-ladder shifts. Within
this family, the three specific normalization conditions R(0) = 0, R(—1) = =2, and R(1) =1
then uniquely fix the parameters to a = 1/1In g, b = ¢, ¢ = 0, giving

R(Z) = logw<1 + Z). (9)
¥

The full derivation appears in Appendix D, which also explains why the affine-log family is

the natural bridge from multiplicative J-costs to additive p-ladder shifts and why the three

normalization conditions uniquely fix its parameters.

The rung correction is one of the points at which a structural choice enters the
construction. The theorem proved in Appendix D is a uniqueness result within the affine-
log family. The use of an affine logarithm is physically motivated by the conversion of
multiplicative ratio data into additive rung shifts, and by the requirement that the correction
be monotone, sub-linear, and neutral at Z = 0; it is not claimed here to be the unique
possible map among all conceivable monotone functions. Once this physically motivated
family and its three normalization conditions are adopted, no real-valued coeflicient remains
free.

At the structural level, the three components assemble into the master mass law:

m(Z) = A, 'wri—8+R(Zi)7 (1())
where r; is the species rung, —8 = —Ty,iy, is the period offset (4), and R(Z;) is the charge
correction. Within the framework this gives masses as positive, dimensionless ratios; the
later SI step introduces only the single empirical anchor 9. In Section 7, this structural
form is rewritten for charged leptons as an electron seed together with the break exponent
de and the two generation steps Se_,, and S, .. For two species in the same sector with
the same charge index, As; and R(Z) cancel, leaving

so the ratio depends only on the integer rung difference. Equation (11) is the leading integer-
backbone relation. The precision layer introduced in Section 7 applies fixed sub-leading

https://doi.org/10.3390/sym1010000

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223


https://doi.org/10.3390/sym1010000

Version May 14, 2026 submitted to Symmetry 7 of 29

corrections to the inter-generation exponents. This is why the tables below display both
the leading values o'! and ¢ and the refined exponents. The exponent components of the
mass law are isolated in Appendix E, while Appendix D gives the full derivation of the rung
correction R.

6. The Charge Subsystem: Integerization and the Z-Map

The rung correction R requires an integer charge index Z; for each charged lepton.
This section fixes that index in three steps: charge integerization, an even polynomial ansatz,
and coeflicient selection.

The charge-index construction is another place where the paper uses a constrained
structural rule rather than an unconstrained numerical fit. The requirements imposed
below are charge-conjugation invariance, neutral vanishing, non-negativity, and separation
of the charge label from the vertex and edge data already used for state and transition
counting. These requirements do not by themselves amount to a full dynamical derivation
of electric charge from a gauge field. They define the finite structural class within which the
charged-lepton index is fixed.

Tr5 requires a discrete charge label. For the charged leptons Q = +1, integrality alone
does not determine the overall scale k: any positive integer keeps Q = kQ integral. The
framework fixes k geometrically from the 3-cube face count, assigning one independent 2D
symmetry channel per face, so

k= F(3)=6. (12)

The face count is a discrete structural input: each face of Q3 provides one independent
2D symmetry channel for charge quantization. Faces are used here because the charge
label is attached to closed 2D sector data. In the present bookkeeping, vertices already
classify occupied states and edges already classify transition channels, so assigning the
charge index at the face level keeps the charge map distinct from the state-counting and
propagation-counting layers. This is a geometric choice rather than a derived dynamical
necessity (machine-verified [37]). Thus the face assignment should be read as a physically
motivated structural assignment: charge is attached to closed two-dimensional sector data,
so the six faces of Q3 provide the minimal independent face-channel scale. It is not used as
an adjustable parameter, because no continuous scale is varied and no lepton mass value
enters the choice. Hence the electron carries the integerized charge Q. = kQ. = —6.

The charge index Z(Q) must satisfy three requirements: charge-conjugation invariance
Z(Q) = Z(—Q) (particles and antiparticles share the same index); non-negativity Z > 0
(so the argument of R remains in its domain); and neutral vanishing Z(0) = 0 (neutral
particles receive no correction). Within a polynomial ansatz, these requirements restrict Z

to an even polynomial in @ with no constant term. The minimal two-term family is
Z(Q) = a@Q*+bQ* a,beZso, (a,b) # (0,0). (13)

Retaining the two lowest non-trivial even powers means imposing ¢ > 1 and b > 1
and then minimizing a + b. This selects (a,b) = (1,1) uniquely (Table 3). The minimal-
completeness criterion (both even powers present, minimum a + b) is an organizing principle
that selects (1,1) uniquely. We now state explicitly that this is an organizing principle
inside the stated polynomial class. The quadratic-only and quartic-only candidates are
not excluded by arithmetic alone; they are excluded by the requirement that the first two
charge-conjugation-even invariants both be represented in the minimal nontrivial charge
index. Within that rule, the quadratic-only and quartic-only choices are excluded because
each suppresses one of the first two charge-conjugation-even invariants. Requiring the
smallest polynomial that retains both even invariants, while introducing no higher powers,
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fixes (a,b) = (1,1) uniquely within the stated ansatz. The resulting Z, = 1332 is a discrete 2n
structural input; its arithmetic is machine-verified [37]. 272

Table 3. Candidate two-term even polynomials for the lepton charge index. The minimal choice
with both terms present is (1,1).

(a,b) | Z, | Status

(1,0) | 36 | Quartic term absent

(0,1) | 1296 | Quadratic term absent

(1,1) | 1332 | Both terms present; unique minimizer

The lepton charge index (no colour offset, ¢ = 0) is therefore 273

Zy = Q*+ Q% = 1332, (14) o

This single integer enters R and hence every charged-lepton mass in the framework. 275
7. The Charged Lepton Mass Chain 276

With the lepton-sector scale, rungs, and charge index fixed in the previous sections, o
the charged-lepton specialization of (10) can now be written as an electron structural seed s
together with a symmetry-breaking correction and two generation steps. For e, u, 7 this 2
consists of the electron leading term, the electron correction d., and the two generation a0
steps Se—y; and Sy, —r. The derived inputs used below include 7o = A+ 1= 2, where A =1 om
is the active-edge count per tick from Tr5 atomicity: the minimal stable charged state sits 2
one rung above the transition mechanism [32,37]; the rung correction uses R(—1) = —2 to s
fix its normalization (Appendix D), and the physical lepton charge index Z, = 1332 gives s
the relevant value R(1332) in all three mass formulas. 285

The formulas in this section should be read in two layers. First, the integer backbone 25
fixes the sector scale and the rungs 2,13,19. Second, the refinement layer introduces fixed, s
non-adjustable comparison terms involving «.. These terms sharpen the leading backbone 2
ratios but do not introduce a tunable lepton-sector coefficient. 289

The three charged-lepton rungs follow from the baseline r, = 2 [32] and cube combina- 20

torics: 201

Te = 2, Ty, =2+ Epassive =13, rr=2+W =19, (15) 202
These give the leading rung gaps 7, —7¢ = Epassive = 11 and 7 — 7, = W — Epassive = 203
F = 6; the subsections below derive the corresponding sub-leading corrections. 200
7.1. The electron leading-order mass: a closed form 205

Substituting the derived lepton-sector values Bpow = —22, 19(¢) = 62, and e = 2 [32] 206
into the mass law (10) gives the electron leading-order mass in the framework’s internal 207

units: 298

mstruct<e) = 2_22 : 9051- (16) 299
The exponent 51 = —5 4 62 + 2 — 8 collects the coherence scale, lepton offset, electron rung, 0
and period baseline, so mgtruct(€) is still expressed in the framework’s internal units. 301
7.2. The correction 6.: topological and a-correction decomposition 302

The leading-order mass mstruct(e) does not yet include the charge correction. The full 30

electron prediction is therefore mgred = mstmct(e) . @R(1332)_5€, where the break exponent s
de subtracts from the rung correction R. 305

https://doi.org/10.3390/sym1010000
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The symmetry-breaking correction d. decomposes into a topological base shift and

structural a-corrections: 307

W+ E
be = 2W + — L Ttotal + o+ Fiotal od . (17) =08

4 Epassive ——
structural a-corrections

topological
7.2.1. The topological base shift 309
The base shift has two parts: 310

1. 2W = 2x 17 = 34: twice the wallpaper-group count. The number W = Epassive +F = 31
114 6 = 17 is the endogenous cube sum derived intrinsically from @3 geometry; its  sw
coincidence with the count of 2D wallpaper groups (Fedorov, 1891) is noted but not a3
assumed as input. This is the dominant contribution to d.. It combines reciprocal s
pairing (Tr4), the derived count W = Epassive + F' = 17, and the minimal-cover claim  ss
that the electron scans each wallpaper class once in each orientation. Hence 316

ot — 144 + 144 =2 = 34. a7

forward orientation = backward orientation

The algebraic ingredients are Lean-verified [31]; the minimal-cover claim itself remains s
a formalization step [32]. 319
2. (W + Eiotal)/ (4Epassive) = (174 12)/(4 x 11) = 29/44: the ratio of combined 32
wallpaper-plus-edge content to total passive capacity. Since the derived num- sz

ber of fermion sectors is Ngee = 2P~1 = 4, this can be written as (W 4+ 3
Etotal)/(NsecEpassive) [33*35] 33
Together: base shift = 34 + 29/44 = 34.6590. 324
7.2.2. Structural a-corrections (not standard QED) 325

These a-terms are not standard QED radiative corrections; within the present frame- s
work they arise from the Taylor expansion of 2J(1 + «) using the Trl cost functional. The sz
specific order-matching rules assigning a? to the base shift and a3 to the edge aggregate are s
structural ansétze motivated by the J-expansion. We state explicitly that the fine-structure s
constant « is introduced phenomenologically in the present paper and is not derived within s
this framework. It enters the refinement layer as a fixed external dimensionless constant s
taken from experiment, with no continuous adjustment. « is therefore not a fitted lepton- s
sector parameter, but the manuscript counts it among the explicit external inputs to the s
refinement layer rather than among the theorem-backed structural ingredients. It is useful s34
to draw a finer distinction between the algebraic form and the numerical value of o in the 33
refinement layer. Within the stated MODEL-LAYER refinement rules (the electron-break s
e rule and the generation-step refinement rule), the algebraic form of the a-corrections is s
fixed before comparison with data: the powers a? and o2, the signs —a? and + Eiota0°, and 33
the edge-aggregation factor Eyota = 12 are organized by the Taylor expansion of 2J(1+ ) 33
together with the cube edge bookkeeping of Q5. None of these algebraic features is fitted 30
to the lepton masses, but neither these refinement rules nor the numerical value of o is sz
claimed here as a theorem-level consequence of the Recognition postulates alone. What the 3
framework does not derive is the numerical value o ~ 1/137.036 itself: that value is taken 343
from experiment. This is exactly analogous to the role of g in the SI bridge: the algebraic 3
role of 79 (one unit-conversion anchor) is fixed by the construction, while its numerical s
magnitude is calibrated empirically. More precisely, the role split is fixed by what each order s
can encode in the present construction. The quadratic term is the leading local correction s«
to a single ascending ¢-step, so J-convexity fixes its sign as —a?. The cubic term is the s
first order whose sign survives the orientation bookkeeping of the edge network: each edge 3w
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contributes —a3, the bipartite parity of Q3 contributes a second minus sign, and summing

over the Fioa = 12 edges yields 4 Fiora 0 = +12a3. Accordingly, the quadratic term

corrects the local rung shift, whereas the cubic term enters only after aggregation over the

full edge channel.

1. a?~5.325 x 107°: the leading structural a-correction. Its coefficient is exactly 1: the
J-expansion 2J(1 + a) = a? +ca® +--- (Trl, the uniqueness result [36]) forces the
a? coefficient to be 1 by normalization.

2. EBiotal - ® =120 ~ 4.66 x 1075 the edge-aggregated structural correction.
The coefficient + Fiota1 = 412 is now derived: each of the Eio, = 12 edges contributes
—a? per channel from 2J (1 + «); the 3-cube is bipartite with orientation parity
(-=1)P = —1 at D = 3, giving the aggregate (—1) x (—1) x 12 = +12 (Thm. 2.2 [33~
35]).

Total structural a-correction &~ 5.79 x 107°; total break: &, ~ 34.6591.

7.3. The electron-to-muon step

The generation step S, is:

1
Se—sp = Epassive + i a? =~ 11.0795. (18)
Decomposition. Epassive = 11 gives the dominant topological gap, 1/ (47) = EpassiveOsced
is the geometric seed correction with qgeeq = 1/ (47rEpaSSive), and the final —a? term is the
derived structural subtraction associated with an ascending -step [33—-35]. Thus the first
generation step is the passive-edge count with one small positive seed correction and one

2

still smaller negative a* correction.

7.4. The muon-to-tau step

The generation step S, is:

Spsr = F - w o ~ 5.8650. (19)
Decomposition. F = 6 supplies the zeroth-order face-count gap, while the only sub-leading
term is the derived linear correction —(2W + D)a/2 = —(37/2)«, whose coefficient comes
from the same face-duality bookkeeping used in the wallpaper count [33-35]. At leading
order the two generation steps therefore satisfy Sl(fzq-/ S(EQ# = F/ Epassive = 6/11; the full
ratio drops to = 0.529 once the linear-« term is included. The predictive content of these
two step formulas is their rigidity: after the backbone integers Fpassive and F' are fixed, the
sub-leading terms contain only 7, o, and cube-derived integer coefficients. No coefficient is
adjusted to the muon or tau masses.

7.5. The full lepton mass chain

Substituting all charged-lepton ingredients, the three predicted masses are:

M2 — e () - o R(1332) 0 (20)
mgred _ mgred . (pse—m, (21)
mgred _ mzred . (pSu—m’ (22)

where mgpruet(e) = 2722¢%1, R(1332) ~ 13.953, 8. ~ 34.659, Se_, ~ 11.0795, S,_,r ~
5.8650.
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7.6. Lepton mass predictions

The electron fixes the universal SI anchor 7p; once that anchor is set, the muon and tau
follow with no further lepton-mass input. Table 4 separates the integer backbone (EpassiVe =
11, F = 6) from the precision-layer corrections, and Table 5 gives the corresponding SI-scale
comparison.

Table 4. Leading-order integers vs. precision-layer formulas vs. PDG reference. The leading-order

11

columns (¢ and @6) follow from cube combinatorics alone; the refined columns include the

sub-leading corrections of Section 7.2. No lepton mass value enters the prediction columns.

Step Leading integer Refined step Framework PDG

e—p o1 x199.005 (p11-080 206.768 206.768
=T o8~ 17.944 (0865 16.816  16.817

Table 5. Charged lepton mass predictions vs. PDG data (floating-point evaluation). The electron
row fixes the calibration; the muon and tau use no further lepton-mass input. Lean-certified bounds

are wider: see Section 10.

Particle Predicted (MeV) PDG (MeV) Relative error

e 0.51100 0.51100 0 (calibration)
7 105.658 105.658 ~—1x1076
T 1776.71 1776.86 ~—9x107°

The minimal numerical reproduction sequence for these values is recorded in Ap-
pendix A.

8. Closure Summary

This section records only the closure tally of the charged-lepton framework. The tally
is meant as compact bookkeeping rather than as a second theorem layer: it summarizes
which ingredients are theorem-level consequences, which are derived from cube data and
sector bookkeeping, which are fixed structural rules defining the charged-lepton refinement
class, and which belong only to calibration or convention.

3 FORCED + 4 DERIVED + 4 MODEL-LAYER + 1 calibration anchor (7o)
+1 convention (A=1) (23)

= 13 audited components; 0 continuously adjustable fitted parameters.

The MODEL-LAYER category is the fifth bookkeeping bucket introduced in this revision: it
isolates the affine-log family for the rung correction, the polynomial class for the charge index,
the electron break d. rule, and the generation-step refinement rule as fixed structural choices
that define the charged-lepton refinement class. These are not theorem-level consequences
of the Recognition postulates alone, but they contain no continuously adjustable real-valued
coefficient. The “zero continuously adjustable fitted parameters” statement refers to the
dimensionless lepton ratios m, /m. and m,/m,, which are independent of the SI anchor 7y
and use no muon or tau mass input. Appendix B gives the itemized audit; Figure 1 is only
a compressed dependency sketch; Table 1 records the full Tr-order. Section 9 then adds the
SI unit-conversion bridge through the single empirical anchor 7g.

9. The SI unit-conversion step

Up to this point the paper has produced charged-lepton masses only as framework
quantities. This section adds the SI bridge by assigning one empirical duration 79 in SI
seconds to a single framework period step. The exact SI constants cgr and hgr then convert
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+ regularity

|

[ Trl: J unique ]

[RCL + normalization}

[ Tr2: @v(forced) ]

|

[Tr?/TrS: D=3, period—8]

Cube integers
Va E7 F: Epassivm W: A
Mass law
+ Z-map

[Dimensionless lepton mass formulas]

Figure 1. Compressed dependency chain from the RCL and selected structural theorems to the
dimensionless charged-lepton mass formulas. Solid arrows denote derived or forced steps; the dashed
arrow indicates that Tr2 () is forced independently of Trl rather than derived from the preceding
node. Intermediate consequences Tr3-Tr6 are omitted here for readability; see Table 1 for the full
order.

the universal framework mass quantum into SI units. No new structural input is introduced
here, and no discrete quantity is re-derived.

The single ST anchor 79 > 0 (seconds per period step) is fixed by matching the full predicted
electron mass mgred to its SI value:

red — _
mg hSI - 2 22¢51+R(1332) de hSI

(24)

T = =
SI .2 ST .2
myg CSI mg CSI

We use the full mgred here, not the bare structural seed 272251, so that the calibration
entry in Table 5 is enforced by definition and the muon and tau values become genuine

anchor-free predictions. This fixes the absolute SI scale through the electron by definition.

The non-trivial SI checks are therefore the muon and tau values, equivalently the mass
ratios, because 7y cancels from every ratio.

Why 19 and nothing else? In framework units, ¢ = 1 and the action quantum is fixed
by the coherence unit. Once one period step is assigned the SI duration 79, every length,
energy, and mass conversion follows from the exact SI definitions of cg; and hgr; no second
empirical scale is introduced.

Derived SI conversion factors. Given the single empirical anchor 79 > 0 and the 2019
Sl-exact constants csy, hgy, the conversion factors are:

meters per length step: Z(S)I = ¢g1 - 70, (25)
. st hsr
joules per coh: Efj = —=, (26)
70
ES! h
kg per mass quantum: mgl ==0 - "8 (27)
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Derivation: Length: In framework units, ¢ = 1, so one length step per period step becomes
cg17o meters in SI.

Energy (26): The same period step, expressed in SI seconds, has duration 79, so
the framework action quantum maps to hgy. Hence one coherence unit carries energy
Egl = hs1/70-

Mass (27): E = mc? then gives mi! = ES'/c2; = hgr/(10c%;).

— 922,51

by the universal SI mass quantum mg' = hgy/ (Tocd;) gives the electron mass in SI kilograms:

Universal SI mass factor. Multiplying the structural electron mass mstruct (€)

hst
T0 * C%I

SI —22 51
mg = (27%-¢”)  x (28)
framework (derived)

SI bridge (one anchor)

The same universal factor mgl multiplies every framework mass. It therefore cancels in any
ratio: for any two fermions i, j,
SI RS
e (29)
iy

So the SI anchor 79 cancels in every mass ratio: the charged-lepton ratios m,/m. and

my/my, remain pure dimensionless predictions.

10. Machine Verification

The derivation chain and mass bounds are partially certified in Lean 4 [37] within the
IndisputableMonolith library. The following results compile with zero sorry:

51 is proved as

D Algebraic structure: the electron structural mass mggryct(€) = 222, ©
a theorem from cube-geometric definitions.

e Dimension forcing: Wepgqo(D) = 17 & D = 3 for all D > 1, by case analysis and
exponential dominance.

o Gap function: within the affine-log family with b > 1, the normalizations R(0)=0,
R(1)=1, R(—1)=-2 uniquely force (a,b,c) = (1/Iny, ¢, 0).

. Charge index: Z; = 1332 from polynomial minimality with Q. = —6.

o Baseline rung: r. = A+ 1 = 2 from active-edge count.

. Coherence exponent: 2 — D =5at D = 3.

e Mass bounds (Lean-certified interval arithmetic): 105.5 < mgred < 105.9 MeV and
1774 < mE™ < 1779 MeV, giving relative errors < 0.3% (muon) and < 0.2% (tau).

Scope of certification. The Lean certificates verify algebraic structure and coarse interval

bounds. The tight numerical values (m,, ~ 105.658 MeV, relative error ~107) reported in

Table 5 come from floating-point evaluation, not from the Lean certificates. The distinction

is recorded so that readers can assess which claims are machine-verified and which rest on

numerical computation. In particular, machine verification in the present manuscript certifies

the RCL cost theorem, the cube arithmetic, the sector-scale bookkeeping, the charge-index

arithmetic, and interval bounds for the stated formulas. The physical interpretation of the

four MODEL-LAYER structural rules—the affine-log family for the rung correction R, the

polynomial class for the charge index Z, the electron-break d. rule, and the generation-step

refinement rule—is documented as structural input to the refinement layer rather than as

an independent theorem of the Standard Model.

11. Conclusions

Starting from the Recognition Composition Law and three regularity conditions, this
paper derives the charged-lepton mass chain with zero continuously adjustable parameters
and a finite set of discrete structural inputs, each traceable to a named geometric quantity
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from the 3-cube Q3. The electron fixes the single SI calibration anchor 79; the muon and
tau masses then follow as forward tests of the same discrete backbone and refinement layer.
We make the role of the electron explicit: 7y is a unit-conversion anchor rather than a
fitted physical parameter, and it cancels identically from every charged-lepton ratio. The
anchor-free predictions tested here are the dimensionless ratios m,,/m. and m,/m,,, which
use no muon or tau input. Equivalently, the absolute electron mass is used once to set the
SI scale, but the predictive content of the charged-lepton chain is contained in ratios that
are independent of 7y, so the “zero continuously adjustable parameters” claim refers to
the dimensionless lepton spectrum and not to the SI unit assignment. Table 5 gives the
floating-point comparison; Section 10 gives the Lean-certified interval bounds.

The three questions posed in the Introduction are answered explicitly: (i) Tr2 forces
¢ = (v/5+41)/2 as the unique mass-hierarchy base, without postulating it (Section 3);
(ii) the generation offsets {0, Epassive, W} = {0, 11,17} follow from the single cube identity
W = Epassive + F at D = 3, proved intrinsically in Appendix C, specifically Tr7; and
(iii) the electron mass fixes the one SI anchor 79, making the muon and tau masses genuine
forward predictions (Section 9).

The framework presented here is primarily structural and combinatorial; it does not
yet provide a complete microscopic theory connecting these geometric properties directly to
space-time dynamics. For comparison with Standard Model phenomenology, the natural
reading is that the cube-geometric construction constrains the discrete flavor pattern entering
the effective charged-lepton Yukawa sector, while electroweak symmetry breaking retains its
standard role of converting those dimensionless couplings into physical masses through the
Higgs vacuum expectation value. In that sense the present framework is not offered as a
replacement for the Higgs mechanism, but as a proposed structural constraint on the hierarchy
of effective lepton couplings prior to electroweak conversion. The manuscript should therefore
be read as a structural derivation of the charged-lepton pattern, together with a one-anchor
SI calibration scheme, rather than as a complete microscopic theory of flavor. Equivalently,
the paper proposes a recognition-geometric constraint on the effective charged-lepton
Yukawa hierarchy. It does not attempt to derive the Higgs vacuum expectation value, the
electroweak gauge group, or the full renormalized Standard Model flavor Lagrangian in this
manuscript. The status of the construction within established physics is therefore comparable
to that of structured Yukawa ansédtze in flavor-physics phenomenology—Froggatt—Nielsen
abelian charge assignments, modular-symmetry constructions, or texture-zero patterns—
which postulate a structural rule for the Yukawa matrix without deriving it from a more
fundamental gauge dynamics. What distinguishes the present construction from those
alternatives is that its structural inputs are a finite list of integer cube counts together with
the single externally fixed dimensionless constant «, and that none of those inputs is a
continuously adjustable real-valued coefficient. In the Standard Model effective Lagrangian
L D yij Li®erj+ h.c., electroweak symmetry breaking converts the dimensionless Yukawa
eigenvalues into physical masses through m; = y; v/+/2 with v ~ 246 GeV; the Recognition
construction constrains the pattern of those eigenvalues, not the Higgs vev or the gauge
structure that produces it. The derivation does not extend below Tr0O and Tr1-Tr8; it does
not cover the quark or neutrino sectors, and a full SI calibration analysis is deferred. Not
every sub-leading digit in the refined mass ratios is yet secured by a formal theorem. This
distinction matters scientifically: if the refinement layer is later strengthened, the whole
charged-lepton chain tightens; if some refinement term is revised, the integer cube backbone
still remains intact.

The principal structural results are:
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1. Themasslawm = Ay - s01"—8+B(Z)

is derived from the structural chain Tr0-Tr8 together
with the cube integers: the sector scale, rung, period offset, and charge correction each
have an explicit theorem-level source (Section 5).

2. The sector mass scale for charged leptons is A, = 2722 E,.p, ¢52; both exponents come
from cube combinatorics, not from fitting to observed masses (Section 5).

3. The lepton charge index Z, = 1332 is fixed by cube-face integerization and polynomial
minimality; it is the single integer entering the rung correction R for all three charged
leptons (Section 6). The face integerization and polynomial minimality rule are struc-
tural choices inside a finite charge-index class, not a claim that the full electromagnetic
gauge sector has been dynamically derived here.

4. The rung correction R(Z) = log,(1 + Z /) is fixed by three-point calibration within
the affine-log family used in the paper (Theorem D2); the nontrivial normalization
R(—1) = —2 is explained in Appendix D.

5. The lepton mass chain (d¢, Se—p, Su—sr): the leading coefficients (Epassive, F') come
from cube geometry, while the refinement terms are derived at the level of the present
paper (Thms. 2.3-2.5 [33,34]). Once the electron fixes the 7y calibration, the muon and
tau become forward tests of the same chain (Table 5; Section 9). The word “forward”
here refers to the fact that no muon or tau mass value is used after the electron anchor
and the fixed refinement rule have been specified. The result is therefore a highly
constrained prediction within the Recognition framework, not an unconstrained curve
fit.

6. W =17 arises intrinsically as Fpassive + F = 11+ 6 ((C3)); equivalently, the lepton-
sector formulas are invariant under the replacement W — Epacsive + F' (see Appendix C,
Tr7).

7. Global closure: Appendix B classifies each load-bearing ingredient as either theorem-
level, downstream-derived, calibration-dependent, or conventional (Sections 5-8). Every
input is therefore a discrete integer, a fixed external constant, or a unit convention,
not a continuously adjustable fitted dial.

The framework therefore makes sharp anchor-free tests in the lepton sector: the ratios
my, /me and mr/m,, are pure structure tests because 7y cancels identically. Both are already
directly testable against existing precision data. The central claim of this work is: the RCL,
the Tr-chain, the convention A = 1, the fixed external constant «, and one empirical SI
anchor 7y determine the three charged-lepton masses with zero continuously adjustable
dimensionless parameters; every discrete structural input is traceable to a named geometric
quantity from @3. Equivalently, the framework makes three nontrivial falsifiable claims: the
leading integer backbone must give the two generation gaps through o'' and ¢9; the fixed
refinement layer must move those leading ratios into the Lean-certified intervals reported
above; and the same fixed rules must use one electron SI anchor without any muon or tau
mass input. Failure of any one of these checks would rule out the present charged-lepton
realization rather than merely refit one of its coefficients, because no such coefficient is
available.

The following items remain as future work: a deeper derivation of the affine-log
rung-correction family, the sub-leading v order-matching rules, and the charge-index face
assignment from the next dynamical layer of Recognition theory; providing a dynami-
cal mechanism connecting the cube-geometric structure to Standard Model electroweak
symmetry breaking; and extending the framework to the quark and neutrino sectors.

Author Contributions

Conceptualization, J.W.; Methodology, J.W. and E.A.; Software, JJW. and E.A_;
Validation, J.W. and E.A.; Formal Analysis, E.A. and J.W.; Investigation, J.W. and E.A.;

https://doi.org/10.3390/sym1010000

527

528

529

530

531

532

533

534

535

536

537

538

539

540

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575


https://doi.org/10.3390/sym1010000

Version May 14, 2026 submitted to Symmetry 16 of 29

Writing—Original Draft Preparation, J.W.; Writing—Review and Editing, E.A. and J.W.
All authors have read and agreed to the published version of the manuscript.

These appendices serve as reference material for the main text rather than a second
narrative; each appendix is cited where it is used.

Appendix A Minimal numerical reproduction sequence

This appendix records the minimal numerical sequence needed to reproduce the
paper’s charged-lepton outputs from already-derived structural inputs. It introduces no new

structural claim.

Structural inputs

Start from the cube-combinatorial inputs:

p=155 D=3 Epsive=11, F=6 W=1T.

1

The refinement layer also uses the fixed external constant a™". L=

Numerically, a™ =
137.0348851720; this quantity is not derived from cube combinatorics. It is introduced
phenomenologically, with its numerical value taken from experiment rather than from the
RCL, the Tr0-Tr8 theorem chain, or cube combinatorics; only its algebraic role in the fixed
refinement formulas is structural.

Generation steps

Compute the canonical generation steps:

1
Se—s = Bpassive + - = o? ~ 11.079524219,

2W + D
Sysr =F— % o ~ 5.864997880.
Ratios and SI calibration
Then evaluate the mass ratios:
M pSemn x4 206,768, T = o= ~ 16.816.
Me my,

The absolute masses are recovered only at the SI stage, using Section 9 and the single
calibration me® = 0.51099895 MeV to fix 79. No charged-lepton mass other than the
electron calibration appears on the right-hand side.

Appendix B Derivation bookkeeping summary

This appendix records the bookkeeping status of every load-bearing ingredient used in
the charged-lepton framework. Each item is classified according to whether it is theorem-
level, downstream-derived, calibration-dependent, or conventional. The purpose of this
appendix is organizational: it collects in one place how the final mass formula depends on
proved inputs, derived consequences, one empirical anchor, and one explicit convention.

Bookkeeping categories

The 13 audited components fall into five bookkeeping categories:

1.  FORCED: necessary consequence of Tr0 and Tr1-Tr8, with no additional structural
input.

2. DERIVED: obtained from cube identities or downstream constructions once the
structural theorems are fixed.
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3.  MODEL-LAYER: fixed structural rules that define the charged-lepton refinement class,
with no continuously adjustable coefficients.

4.  Calibration: the single empirical SI anchor 79, fixed by the electron mass and cancelled
in mass ratios.

5. Convention: the transparent normalization choice A = 1, with no physical effect.

We use “FORCED?” only for consequences of the stated theorem chain, “DERIVED” for

quantities fixed once the cube data and sector bookkeeping are in place, and “MODEL-

LAYER?” for fixed structural rules that define the charged-lepton refinement class. The four

MODEL-LAYER items—the affine-log family for the rung correction R, the polynomial

class for the charge index Z, the electron-break . rule, and the generation-step refinement

rule—are not continuously adjustable parameters, but they are structural choices that define

the model class being tested. Derivation audit.

Theorem B1 (Component derivation audit). The 13 audited components of the charged-
lepton mass framework fall into five categories: FORCED, DERIVED, MODEL-LAYER,
calibration anchor, and convention. No continuously adjustable fitted parameter appears,
and every item carries explicit derivation status.

Proof. We verify each component against its derivation section. Tables B1 and B2 record the
FORCED, DERIVED, and MODEL-LAYER items; the calibration anchor and convention
are then stated separately below.

FORCED (3):

Table B1. FORCED components of the master mass law: necessary consequences of TrO and

Tr1-Tr8 with no free parameters.

Component Theorem Section
Epassive + F =W <= D=3 Tr7 (cube-arithmetic identity at D=3) §4
Integer rungs Tr5 (discreteness) §3
Mass-scale form As Tr4+Tr24+Tr8 (mass-law structure) §5

DERIVED and MODEL-LAYER (8):

Table B2. DERIVED and MODEL-LAYER components of the master mass law. DERIVED
items are fixed by cube combinatorics and sector bookkeeping. MODEL-LAYER items are fixed
structural rules inside the charged-lepton refinement class. The single calibration anchor is listed

separately below.

Component  Derivation Status Section
Cube inte- D=3 cube combinatorics; yields DERIVED  §4

gers V,E,F, Epassive, W, A

Sector scales Cube-partition bookkeeping DERIVED  §5
Baseline Active-edge count plus one stable DERIVED  §7
rung re = 2 rung

W =17 Cube identity Epassive + F = 11+ 6 DERIVED App. C
Charge in- Face integerization and minimal even MODEL- §6

dex Zy polynomial class LAYER

Rung correc- Three-point calibration within affine- MODEL- Section D
tion R log family LAYER

Electron Fixed topological and « refinement MODEL- §7
break de rule LAYER

Generation  Fixed edge/face refinement rule with MODEL- §7
steps 1/(4x), —a?, and (2W+D)/2 LAYER
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Convention (1): A = 1 — notational convention; sets cost-unit scale. Zero physical e
consequence: all p-exponents, mass ratios, and dimensionless predictions are strictly A- 635
independent. 636
Calibration (1): 79 (SI seconds per period step) — the single empirical calibration anchor, e
fixed by matching the full predicted electron mass mE™ to the measured SI value, equiv- e
alently 75 = 2722 pO1HR(332)=de 61 /(mSLc2). This is a unit-conversion anchor, not an s
adjustable physical coupling: the muon and tau formulas use no electron, muon, or tau o
mass value other than through this single SI scale-setting step, and 7y cancels identically sn
from every charged-lepton ratio. The “zero continuously adjustable parameters” statement s
therefore applies to the dimensionless lepton ratios m,/m. and m;,/my, which are tested e
against experiment with no further empirical input. 644
The tally matches eq. (23): 645

3FORCED + 4 DERIVED + 4 MODEL-LAYER + 1 calibration + 1 convention 4 0 pending = 1.

The refinement layer uses only the fixed external constant «, not an adjustable fit parameter. s
The claim of zero continuously adjustable fitted parameters is therefore narrower than a e
claim of zero assumptions. The framework has assumptions and structural rules, all of o0
which are exposed above; the point is that none of them is a real-valued dial tuned to the e

muon or tau masses. [l 651

Theorem B2 (Parameter-freedom). The structural core of the mass framework contains es
exactly zero continuously adjustable fitted parameters, relying instead on discrete structural —es3
choices traceable to Qs geometry. The later refinement layer also uses the fived external s

constant o, not a tuned dial. Every structural input is either: 655
(i) an integer from the cube vocabulary (Table 2), namely 656

V; E7 F, A, Epassive; W, Tmin; 657
(ii) the golden ratio ¢ (Tr2, forced), or 658

(iit) the mathematical constants w, \/2, and In g (determined by ¢ and standard analysis). s

Proof. Enumerate all inputs appearing in any formula of Sections 5-7: 660
o Cube integers: V =8, E =12, F =6, A = 1, Epassive = 11, W = 17. Each is a s
computed output of D = 3 (Section 4). 662
e Golden ratio: ¢ = (14 /5)/2. Tr2 (unique r > 1 with 72 = r + 1). 663
o Derived constants: 7, v/2, and In ¢ — mathematical consequences of the cube geometry e
and Tr1/Tr2; not fit parameters. 665
. Generation offsets: {0,11,17} — the integers {0, Epassive, W'}, already in the cube s
vocabulary. 667
o Sector anchors: 668
—  1re = 2: (derived, [32]) — the single lepton-scale anchor (Section 7). 660

None of these is a continuously adjustable real number: r. = 2 is a single discrete e
integer anchor, not a tunable coupling. 671
o a: a fixed external dimensionless input used only in the refinement layer, not a fit en
parameter. 673
Every structural input is a specific integer, a specific algebraic irrational (), or a specific e
transcendental (7)—all uniquely determined. The discrete inputs (sector anchors, coupling e
assignments, phase offsets) are not free parameters: they are explicitly enumerated and e
documented in Sections 5-7. The refinement layer uses « only as a fixed external constant. e
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There is no continuously adjustable dial, and the framework makes no use of any fitting
procedure. Within the stated Recognition rules, the result is predictive in the following
precise sense: after the electron fixes 79, no muon or tau mass information enters the

formulas. O

Contrast with the Standard Model. The Standard Model’s fermion sector has at least
15 continuously adjustable Yukawa couplings (one per fermion mass, plus mixing angles
and phases). The 3 lepton Yukawa couplings are replaced by 1 discrete integer (r. = 2,
Lean-verified [32]) plus cube-derived integers, plus one calibration anchor (7). All lepton
mass ratios require zero additional fitted inputs (« enters only as a fixed external constant);
To sets the absolute energy scale. This is a genuine reduction from 3 continuous Yukawa
inputs to zero continuously adjustable fitted parameters in the lepton sector.

Theorem B3 (Internal consistency of the mass framework). Within the specific class of

frameworks defined by the following constraints, any zero-parameter framework that:

(E1)  uses the forcing chain Tr0 and Tr1-Tr8 as its foundation,

(E2)  organizes masses on a @-ladder with the period baseline offset —8,

(E3)  decomposes the mass law into sector mass scale X p-power of (rung + rung correc-
tion),

(E4)  wuses the cube-partition principle for mass-scale assignment, and

(E5)  derives the Z-map from gauge-invariant polynomial minimality,

must produce the same mass law, the same rung correction, and the same sector mass-scale

assignments as the present framework.

Proof. Each constraint eliminates all alternatives:

o« (El) + (E2): Tr2 establishes ¢ as the hierarchy base (forced); Tr8 establishes the
period Tiin = 8, and the offset —8 is a coordinate convention ((4), derived). Together
they fix the ¢-ladder and its origin.

o (E3): The decomposition is fixed in Section 5. Under p-scaling, sector factorization,
octave baseline, and charge additivity, the mass law is forced to the form (10) with no
residual freedom.

. (E4): Section 5 fixes the sector assignment used in this paper through the cube-partition
principle itself. A different permutation of the Bpow values would therefore define a
different sector assignment rather than a second realization of the same constrained
framework. Comparison with the observed ordering is then an empirical check on that
assignment, not an extra fitted ingredient.

o (E5): Given k = F(3) (derived) and the derived completeness and color-offset inputs,
the Z-tuple predicate has a unique solution (6,1, 1,0) for the lepton sector (¢ = 0; no
colour) (Section 6).

Since each structural ingredient is uniquely determined within its constraint, and the mass

law is a function of these ingredients alone, no alternative framework satisfying (E1)—(E5)

produces different mass predictions. [

Scope of the consistency claim. This consistency claim is intentionally conditional: it is
a uniqueness statement within the class of frameworks satisfying (E1)-(E5), not a claim
that no other conceivable physical theory could reproduce the same data. The constraints
(E1)—(E5) are specific to this framework and encode its discrete structural choices; the
theorem’s content is that no additional freedom exists once those choices are made. Within
that restricted class, agreement with experiment tests the whole constraint set rather than
a tunable parameter choice.

https://doi.org/10.3390/sym1010000

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

712

713

714

715

716

717

718

719

720

721

722

723


https://doi.org/10.3390/sym1010000

Version May 14, 2026 submitted to Symmetry 20 of 29

Theorem B4 (Derivation chain from RCL to lepton masses). Given: 724
(%) the Recognition Composition Law (1) with normalization and calibration, 725
(ii) standard regularity hypotheses (continuity, smoothness), 726
), the single empirical calibration anchor 1o (see Section 9), and 727
(iv) the two derived discrete inputs: lepton baseline re = 2 and gap calibration R(—1) = s

—2, both machine-verified [32], 720

the three charged lepton masses (e, p, 7) are uniquely determined by the derivation developed 0
in Sections 5-9. 731

Proof. Section 5 fixes the form of the mass law; Section 6 fixes the lepton charge index; 7
Section 7 fixes the rungs and the two generation steps; and Section 9 adds the universal SI 73
bridge through the single anchor 79. Once these ingredients are fixed, equations (20)—(22)
determine the three charged-lepton masses uniquely. No further continuous input enters. [ 73

Closure summary. Table B3 summarizes the three global closure properties. 736

Table B3. The three global properties of the mass framework. “Completeness” counts structural
components; sub-inputs within DERIVED and MODEL-LAYER components are documented in

Sections 5-7.

Property Statement

Completeness  All 13 audited components: FORCED (3), DERIVED
(4), MODEL-LAYER (4), calibration anchor (1), con-
vention (1). Zero continuously adjustable fitted pa-
rameters.

Exclusivity No alternative zero-parameter framework satisfying
the same structural constraints (E1)—(E5) plus the
inputs can produce different mass predictions.

Inevitability Given the RCL, regularity, one SI unit anchor, and the
discrete sector inputs plus the fixed refinement rule,
the charged lepton masses are uniquely determined
within the stated framework.

The framework is therefore not a model with fitted parameters, but a structured derivation 7y
from the RCL in which every load-bearing ingredient carries an explicit status tag. Agreement 73
or disagreement with experiment tests the functional equation and the discrete inputs 73
collectively. 740

Appendix C Tr0 and Tr1-Tr8: Statements, Proof Sketches, and 7
Formal References 722

This appendix collects the Tr0-Tr8 statements and proof sketches in the same logical 73
order as Table 1 in the main text: Trl first (proved directly from the axioms P1-P4), then s
Tr2 (algebraic), then Tr3, Tr4, Tr5, Tr6 (all consequences of Trl, with Tr6 also using Tr2), s
then Tr7 and Tr8 (geometric). Every theorem therefore cites only theorems that appear s
before it; no forward references remain. a7

The main formal references for the theorem chain are the public Lean 4 and GitHub s
sources [29,30,38,39]. 749

Scope note. These formal-support citations are included primarily for dependency audit. o
The human proofs remain the primary presentation here; the formal citations record where s
the same steps appear in the larger verified chain. The independently auditable public s
portion is summarized in [37], and the chain-level forcing reference is [36]. 753
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Tr0 — Classical Logic 75

Role in the derivation: standing logical assumption. 755
Statement. The framework operates within standard classical mathematics: the law of s
non-contradiction, excluded middle, and the standard rules of real analysis are assumed. s
No derivation of classical logic from J(z) is claimed. 758
Proof. None required. Tr0 is a standing assumption, not a theorem. The obligation is to s
confirm that Tr1-Tr8 do not assume any logic stronger than classical first-order logic over o

R. 761
Tr1 — The Cost Functional is Uniquely Determined 762
Role in the derivation: key load-bearing theorem. 763
Statement. The RCL 764

J(zy) + J(2/y) =2J(2)J (y) +2J (z) +2J(y), =2,y >0, (C1) e

together with J(1) = 0, continuity on R0, and the curvature normalization lim;—,0 2.J (') /t? =7es

1, uniquely forces 767
J(:E) = %(.’ﬂ-'-l'_l)*].. (02) 768

Proof. Write z = ¢!, y = €%, and set G(t) = 1+ J(e'). Then the RCL becomes 769
G(t+s)+G(t—s) =2G(t)G(s), 770

the continuous d’Alembert functional equation with G(0) = 1. Its continuous even solutions
t
are G(t) = cosh(ct) for some constant c. The curvature normalization lim;_o th(; )

forces ¢ = 1,50 G(t) = cosht = $(e! + e~t). Therefore J(e') = cosht—1=1(e! +e71) =1, m
1
2

- 1 772

and hence J(z) = §(x +271) — 1. O
Tr2 — ¢ is the Unique Hierarchy Base s
Role in the derivation: elementary algebraic consequence. 776
Statement. The unique r > 1 satisfying 12 =7 + 1 is ¢ = HQ\/“P’. e
Proof. Roots of r2 —r—1 = 0: ¢ ~ 1.618 and ¢ ~ —0.618. Only ¢ > 1 yields a s
well-ordered hierarchy. Irrationality: v/5 ¢ Q (standard proof by infinite descent). O 7
Tr3 — Ewvery Physical State Has Strictly Positive Mass 780
Role in the derivation: consequence of Trl (uses the explicit form of J). 781
Statement. For every stable physical state m > 0. Equivalently, J(z) — +oc as z — 0.
Proof. By the explicit form from Trl, 783
—1)2
J(m):%(x—l—z_l)—l:% 784

Hence J(z) > 0 for all x > 0, with equality only at z =1, and J(x) — oo asx — 0. A s

zero-mass state would therefore lie at infinite cost and is excluded. 786
Trj — Paired Transitions (Reciprocal Symmetry) 787
Role in the derivation: elementary reciprocal identity (consequence of Trl). 788
Statement. J(z) = J(1/z) for all x > 0. 789
Proof. Direct: J(1/z) = 3(z7 1 +2) — 1= J(z). O 0

https://doi.org/10.3390/sym1010000


https://doi.org/10.3390/sym1010000

Version May 14, 2026 submitted to Symmetry 22 of 29

Tr5 — Physical Evolution Proceeds in Discrete Steps 701

Role in the derivation: consequence of Trl and Tr3 (uses J(z) > 0 for x # 1). 792
Statement. Given that every physical state transition is non-trivial (z # 1, i.e. the 7o
ratio departs from the identity), physical transitions occur in a finite number of discrete 7o
elementary steps per bounded interval. 705
Proof. By Tr3, each transition satisfies J(x) > 0. Let € = infyeg,  J(2) > 0. Infinitely 7o
many transitions in a bounded interval would yield total cost > Y77 ; € = oo, contradicting 7o
finite-cost evolution. Hence the time axis is discrete with an elementary period step, later e

realized in SI units through the calibration anchor 7. 799
Tr6 — Only Finite-Cost States Are Physical 800
Role in the derivation: (from Trl and Tr2). 801

Statement. All physical masses are organized by discrete p-ladder positions r € Z; s
equivalently, the structural part of a mass can be written as mgstruct = k¢ 803
Proof. Trl gives J(x) finite if and only if 2 > 0 is finite. Tr2 establishes ¢ as the s
unique hierarchy base. Finite cost therefore organizes the structural mass ratios by integer sos
ladder positions, which is the form used throughout the main text before sector-specific and s

charge-specific refinements are written explicitly. O sor
Tr7 — D = 3 is the Unique Admissible Dimension 308
Role in the derivation: (machine-verified). 809
Statement. Wendo(D) = Epassive(D) + F(D) = 17 if and only if D = 3, uniquely fixing e
V=8 E=12, F =6, A=1, Epassive = 11, W = 17. 811
Proof. Since Epassive(D) = D 2P=1 _ 1 and F(D) = 2D, one has 812

Wendo(D) = D2P~1 42D — 1. 13

At D = 3 this gives Wepgo(3) =3-4+6—1=17. For D = 1,2 one gets Wepgo(1) =2 and s
Wendo(2) = 7, while for every D > 4, a5

Wendo(D) >4-23+8—-1=239 > 17.

Hence Wendo(D) = 17 holds only at D = 3, which then fixes V=8 FE=12, F =6, A=1, s

Epassive = 11, and W = 17. O 818
At the selected dimension the same cube data give the bookkeeping identity 819
Wendo(3) = Epassive(3) + F(3) = (3-22 = 1) + (2x 3) = 11 + 6 = 17, (C3) o

so every W-bearing formula in the charged-lepton derivation is unchanged by the replacement s

W — Epassive + F. 822
Lean: The biconditional Wepgo(D) = 17 < D = 3 for all D > 1 is machine-verified by s
case analysis for D < 4 and exponential dominance for D > 5 [37]. 824
Tr8 — Minimal Closed Path on Q3 Has Length 8 825
Role in the derivation: key combinatorial step. 826

Statement. The shortest closed Hamiltonian cycle on @3 has exactly 8 steps, giving s
Thin = 8 and hence the exponent offset —8. 828
Proof. Q3 is bipartite with parts of size 4. Any Hamiltonian cycle alternates between s
the two parts and requires at least 2 x 4 = 8 edges. An explicit 8-cycle (binary Gray code) s
attains this bound, so Ty, = 8. O en
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Appendix D Complete derivation of the rung correction function
R(Z)

This appendix fixes the rung correction function R(Z) within the affine-log family
used in the main text. It explains why that family is the natural bridge from multiplicative
J-costs to additive ¢-ladder shifts, determines the parameters from the three normalization
conditions, and records the analytic properties used later in the charged-lepton hierarchy
arguments.

The uniqueness statement established in this appendix is uniqueness within the affine-
log family R(z) = aln(1+2/b) + ¢, b > 1, not uniqueness among all conceivable monotone
functions on Z. The affine-log family itself is a MODEL-LAYER structural choice motivated
by the analytic shape conditions (i) it converts multiplicative J-cost data into additive
-ladder shifts, (ii) it is strictly monotone and sub-linear at large |Z], and (iii) it vanishes at
Z = 0. Once the family is adopted, the three normalization conditions R(0) = 0, R(—1) =
—2, R(1) = 1 uniquely fix the parameters (a,b,c¢) = (1/In¢p, ¢,0). The nontrivial condition

R(—1) = —2 is a Tr2-derived consequence of the golden-ratio identity 1 —1/¢p = o2

, not
a free input, so the only structural choice exercised here is the choice of the affine-log family
itself.

Section 5 stated the final rung correction function

R(Z) = 10g¢<1 + i)

The key nontrivial step is the condition R(—1) = —2, which forces b = ¢ through the
golden-ratio identity 1 —1/¢p = ¢ =2 [40]. Once b is fixed, the remaining two normalizations
determine the other parameters immediately.

Appendix D.1 Choosing the logarithmic candidate

The rung correction function R(Z) maps integer charge indices to real-valued shifts
on the ¢-ladder. The first question is therefore which functional family can play this role

naturally.
1. It must be defined on Z (discrete input from the Z-map).
2. It must return a real-valued ¢-ladder shift (continuous output).

@

It must vanish at Z = 0 (neutral baseline).

e

It must grow sub-linearly (a linear gap o< Z would make the charge correction equivalent
to an additive rung shift, conflating two structurally distinct contributions).
5. It must be monotone (higher charge index — larger correction).

Conditions (1)—(5) do not by themselves single out a unique functional family. In the
present paper we therefore restrict attention to the affine-log family suggested by the cost
functional J: a charged state with index Z carries a multiplicative deviation cost, and the
corresponding shift on the (p-ladder is therefore represented most naturally by a logarithm.
This does not claim uniqueness among all monotone sub-linear maps; the uniqueness proved
below is uniqueness within the affine-log family R(z) = aln(1+ 2/b) + ¢ used in the main
text.

Requirements (4) and (5) are satisfied for any a > 0, b > 0; requirement (3) then forces
¢ =0 (R(0) = 0= c¢=0). The remaining two free parameters a and b are fixed by the
normalization conditions below:

The logarithmic candidate family has three free parameters a, b, c with b > 0:

R(z) = a-In(1+ %) te, x> -b. (D1)
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For the calibration point Z = —1 and all nonnegative charge indices, this formula is s
well-defined whenever b > 1. 877

The three normalization conditions fix the parameters in the following logical order: s
R(0) = 0 fixes ¢ = 0; R(—1) = —2 then forces b = ¢ (the nontrivial step); and R(1) =1 sw

completes the calibration by fixing a = 1/ ln ¢. 880
Normalization 1: R(0) =0 forces ¢ = 0. Substituting z = 0 gives R(0) =alnl4+c=¢,
so R(0) = 0 forces ¢ = 0. A neutral particle (Z = 0) receives no charge correction. 882

Normalization 2: R(—1) = —2 forces b = ¢. With ¢ = 0, the conditions R(1) = 1 s
and R(—1) = —2 together determine b. This is the nontrivial step; the proof is given as  ss
Theorem D1 below. The condition R(—1) = —2 is a normalization derived from Tr2: the s

golden-ratio identity 1 —1/¢ = ¢ 2

implies R(—1) = log,(¢~2) = —2. The three-point s
calibration is machine-verified [37]. Within the present paper, this fixes the backward unit- ss
charge calibration used by the candidate gap family. The use of a logarithm is motivated by  sss
the compatibility requirement that multiplicative cost data be represented as additive shifts s
on the p-ladder: the logarithm is the unique map that converts multiplicative composition e
into additive increments in exponent space. The affine-log form is then the smallest scale-plus-  sa
offset extension consistent with the neutral baseline R(0) = 0, the unit-step normalization  se
R(1) =1, and the derived backward calibration R(—1) = —2. 803
Normalization 3: R(1) =1 forces a =1/Ingp. Once ¢ = 0 and b = p are established, the s
condition R(1) =1 gives aln(1+ 1/¢) = 1. The golden-ratio identity 1+ 1/¢ = ¢ yields s
a = 1/ In ¢, the change-of-base factor to ¢-log units. A unit charge increment produces a  sos
unit rung shift. 807

Theorem D1 (R(—1) = —2 forces b = ). Let R(x) = a-In(1+z/b) +c withb>1 and s
¢ =0. Suppose R(1) =1 and R(—1) = —2. Then b= . 809

Proof. From R(0) = 0: ¢ =0. From R(1) = 1: a-In(1+1/b) = 1. From R(—1) = —2: o

a-ln(l—l/b):—Q. 901
Dividing the third equation by the second: 902
In(1—1/b)
—_— < — _2. 903
In(1+41/b)
Hence In(1—1/b) = =2 In(1+1/b) = In[(1+1/b)7%], so 004
1 1\ 2
1-— g = (1 + b) . 905
Setting = 1/b and multiplying both sides by (1 + u)?%: 906
1—u)(1+u)?=1 o7
Expanding: 1+ u —u? —u® = 1, hence u(1 —u —u?) = 0. Since b > 1 implies u = 1/b €  os
(0,1), we have u # 0, so 900
—1 1
u2+u71:() - U:;\/ng. 910
2 @
Therefore b =1/u = ¢. O o11
Why R(—1) = —2 is a derived condition. o2
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The value R(—1) = —2 is not a free input. Tr2 (additive scale closure, ¢ = ¢ + 1)

2

implies the golden-ratio identity 1 —1/¢ = ¢~ *, so the backward-step argument is itself a

p-ladder element. Therefore

R(-1) = log, (¢ %) = —2.

This is the normalization used in Theorem D1; the corresponding machine verification is
[40].

Appendix D.2 The final rung correction function

Combining the three normalization results:

Theorem D2 (The rung correction function R(Z) is uniquely fixed by three-point calibration
within the affine-log family). Within the logarithmic family R(z) = a-In(1+ z/b) + ¢ with
b > 1, the three normalization conditions

R(0)=0, R(1)=1,  R(-1)=-2 (D2)

uniquely force (a,b,c¢) = (1/Inp, ¢, 0), giving

R(Z) = ln(lltj/sa) = logw(l + i) (D3)

Proof. Normalization 1 gives ¢ = 0. Theorem D1 gives b = ¢. Substituting these
values into R(1) = 1 yields a = 1/ Inp. Hence the three-point calibration uniquely fixes
(a,b,¢) = (1/Iny, ,0). This proof is machine-verified [37]. [

Remark A1 (Scope of uniqueness). The uniqueness established above holds within the
affine-log family R(x) = aln(l+ x/b) + c¢. That this family is the natural bridge from
multiplicative J-costs to additive p-ladder shifts is a structural postulate motivated by the
logarithmic nature of the cost-to-rung conversion, not a theorem derived from TO-T8.

Note. All three calibration conditions are derived: R(0) = 0 and R(1) = 1 follow from
the neutral-baseline and unit-step structural requirements; R(—1) = —2 is confirmed
directly as R(—1) = log, (1 —1/¢) = log¢(<p—2) = —2, using the golden-ratio identity
1-1/¢ =72 [40].

Appendix D.3 Analytic properties used in hierarchy arguments

The rung correction R (D3) is a positive, strictly increasing, strictly concave function
of Z on the domain Z > —p. These follow directly from its closed form: R'(xz) =
1/[(¢+2)Ing] > 0and R"(x) = —1/[(¢ +z)*Iny] < 0. For large Z, R(Z) ~log, Z — 1
(logarithmic growth, not linear). The monotonicity and concavity are used in the mass-
hierarchy arguments of Section 7.

For the charged-lepton sector, the relevant charge index from Section 6 (Eq. (14)) gives
R(1332) ~ 13.95.

Appendix D.4 Why the logarithmic family is the right one

Scope of the uniqueness claim. Once b = y is fixed, the remaining two parameters follow
immediately from R(0) = 0 and R(1) = 1. The uniqueness established in this appendix is
therefore uniqueness within the affine-log family (D1), which is the class used in the main
text.
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Appendix E Expanded mass-law exponent

Equation (10) gives the compact form
m(Z) — Assﬁri_8+R(Zi)~

Here the explicit p-exponent is r; — 8 + R(Z;), but the prefactor Ay still contains two further
-contributions through (6) and (5). Substituting those definitions gives the fully expanded

form
m(z) — 2Bpow($) @7(D+2)+T0(s)+ri78+R(Zi)- (El)

Thus the binary prefactor 2Bpow(s) jg separate. This appendix tracks the structural -
exponent before the electron-specific break J. and the generation-step refinements are split
off in Section 7. The full exponent is therefore the sum of five additive terms:

1.  —(D+2) from the coherence unit Egop = ¢~ (P2); at D = 3 this is —5.

ro(s) from the sector baseline absorbed into Ag; for charged leptons, ro(f) = 62.

r; from the species rung within the chosen sector.

—8 = —Thin from the period offset fixed by (4).

R(Z;) from the charge correction, derived in D.

SN

Charged-lepton specialization

For charged leptons, the species rungs are
Te = 2, Ty = 2+ Epagsive = 13, rr=24+W =109.

So the dominant geometric rung increments are r, — re = Epagsive = 11 and r7 — 1), =
W — Epassive = F' = 6.

For the charged electron, Z., = Z, = 1332. The uncorrected electron structural seed
isolates the cube-sector exponent before the common charged-lepton correction and the
electron break exponent are applied. Its p-exponent is therefore

—(D+2)+ro(l) +re —8=—-5+62+2—-8 =51, (E2)

which reproduces (16). The full charged-electron formula then multiplies this seed by
@R(1332)7‘56 as in (20). This is the only purpose of the present appendix: to display the
exponent bookkeeping in one place. The analytic form of R(Z) is derived in Appendix D,
and the intrinsic identity W = 17 is recorded in Appendix C, Tr7.
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