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Abstract 1

We consider the reciprocal cost function J(x) = 1
2 (x + x−1) − 1 and its n-dimensional 2

extension 3

J(x1, . . . , xn) =
1
2
(R + R−1)− 1, R =

n

∏
i=1

xαi
i , α = (α1, . . . , αn) ∈ Rn \ {0}. 4

In logarithmic coordinates ti = log xi, the Hessian of J has rank one at every point. The 5

associated Hessian geometry is degenerate and does not define a Riemannian metric. To 6

obtain a nondegenerate geometric structure, we introduce a family of Hessian metrics 7

hλ. Combining the rank-one tensor with the Hessian metric hλ, we construct a (1, 1)- 8

tensor field Aλ. Its trace normalization defines a projector Pλ, which induces an almost 9

product structure and the corresponding golden and metallic structures. We study several 10

properties of the projector Pλ and the induced structures, including eigendistributions, 11

parallelism, integrability, and curvature. The construction is given in arbitrary dimension, 12

and explicit formulas are obtained in the two-dimensional case. In particular, we show 13

that the projector Pλ is generally not parallel with respect to either the canonical flat affine 14

connection or the Levi-Civita connection ∇λ of the Hessian metric hλ. 15

Keywords: Hessian geometry, golden structures, metallic structures, projector, reciprocal 16

cost function. 17

1. Motivation 18

The golden ratio is known since Euclid and appears under different names, such as 19

the golden section, divine ratio, golden mean or golden proportion. It occurs in nature, 20

especially in patterns related to Fibonacci numbers, like phyllotaxis and certain flowers. 21

It also appears in music, in harmonic relations, and in proportions of the human body. 22

From ancient times, it has played an important role in architecture and art, for example 23

in the proportions of temples, sculptures, and paintings. The golden ratio can be defined 24

geometrically by dividing a segment into two parts such that the ratio of the whole to the 25

larger part equals the ratio of the larger part to the smaller one. This ratio is the positive 26

solution of the equation x2 − x− 1 = 0. It appears in geometric figures such as the pentagon, 27

decagon and dodecagon. On the other hand, let us consider the general quadratic equation 28

x2 − αx − β = 0, 29

where α and β are positive integers. Its positive solution is 30

σα,β =
α +

√
α2 + 4β

2
, 31
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which defines the metallic means family. This family includes, for instance, the golden mean, 32

the silver mean, the subtle mean, etc., and was introduced by Spinadel [16,17]. 33

The metallic means arise as limiting ratios of generalized secondary Fibonacci se- 34

quences (GSFS) (see [18,19]) 35

G(n + 1) = pG(n) + qG(n − 1), n ≥ 1, 36

with G(0) = a ∈ R, G(1) = b ∈ R and p, q ∈ R. The ratio G(n + 1)/G(n) of two 37

consecutive terms of GSFS converges to: 38

• the golden mean φ = 1+
√

5
2 , for p = q = 1, determined by the ratio of two consecutive 39

classical Fibonacci numbers; 40

• the silver mean σ2,1 = 1 +
√

2, for p = 2 and q = 1, determined by the ratio of two 41

consecutive Pell numbers; 42

• the bronze mean σ3,1 = 3+
√

13
2 , for p = 3 and q = 1; 43

• the subtle mean σ4,1 = 2 +
√

5 = φ3, for p = 4 and q = 1; 44

• the copper mean σ1,2 = 2, for p = 1 and q = 2; 45

• the nickel mean σ1,3 = 1+
√

13
2 , for p = 1 and q = 3. 46

In the case q = 1 and p = k, one gets the k-Fibonacci sequence 47

Fk,n+1 = kFk,n + Fk,n−1, Fk,0 = 0, Fk,1 = 1, 48

which generalizes the classical Fibonacci sequence. These metallic means will appear later 49

as the eigenvalues of the cost-induced metallic operators Mλ
p,q. 50

The golden ratio appears in quasicrystals, dynamical systems, and certain models in 51

mathematical physics (see e.g. [4,12,14,20] and references therein). 52

Following [21,22], we consider the canonical reciprocal cost function in one dimension 53

J(x) =
1
2

(
x + x−1

)
− 1, x > 0. (1) 54

Cost functions are ubiquitous in optimization problems, and different cost functions can 55

have different motivations. In [21], it is proved that this particular function appears as a 56

unique solution of the polynomial composition law together with the curvature calibration. 57

This identifies (1) as the canonical reciprocal cost. The quadratic equation x2 = x + 1, which 58

defines the golden ratio, is the simplest case of the polynomial composition law, while the 59

curvature calibration determines the second-order behaviour of J at its minimum. These 60

properties motivate the study of the geometric structures induced by the reciprocal cost 61

function. 62

For α = (α1, . . . , αn) ∈ Rn \ {0} the n-dimensional extension obtained by composing 63

(1) with R = ∏i xαi
i is 64

J(x1, . . . , xn) =
1
2
(R + R−1)− 1, 65

so that J(t) = cosh(α · t) − 1 in logarithmic coordinates. The Hessian of J is then the 66

rank-one tensor g̃ := ∇2 J = cosh(α · t) α ⊗ α, which is positive semidefinite of rank one 67

and does not define a Riemannian metric. The rank-one property is the starting point of 68

the construction. It determines a single distinguished direction generated by the gradient 69

of log R, from which the projector and the induced almost product, golden, and metallic 70

structures are obtained. 71
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Let M be a smooth manifold and I the identity endomorphism of the tangent bundle 72

TM. A (1, 1)-tensor field Q on M is called a polynomial structure if it satisfies a polynomial 73

identity P(Q) = 0. The two quadratic cases studied in this paper are the golden structure 74

Q2 = Q + I, (2) 75

which is motivated by the classical golden ratio equation. More generally, for positive 76

integers p, q, the (p, q)-metallic structure (see e.g. [11]) is defined by 77

Q2 = p Q + q I. (3) 78

Both golden and metallic structures belong to a broader class of polynomial structures 79

introduced by Goldberg and Yano [8]. Golden structures on differentiable manifolds were 80

first introduced by Hret,canu and Crăs, mareanu [9], who further developed their properties 81

in [5]. Using an approach similar to the one developed for golden structures, Hret,canu 82

and Crăs, mareanu studied the metallic structures on Riemannian manifolds in [11]. Since 83

then, golden and metallic structures have become an active research topic in differential 84

geometry, with a comprehensive recent survey [3] and many papers devoted to new classes 85

of these structures, their integrability, and applications on Riemannian manifolds (see, e.g., 86

[2,6,7,10,13]). The golden ratio and metallic means also have applications in the physical 87

sciences, geometry, engineering, architecture, and design. These applications provide 88

additional motivation for the paper. 89

To obtain a nondegenerate geometric structure, we combine the rank-one tensor g̃ 90

with a one-parameter family of Hessian metrics 91

hλ = ∇2
xΦλ, Φλ(x) =

n

∑
i=1

J(xi) + λJ(R), λ ∈ R. 92

The Hessian metric hλ determines the associated (1, 1)-tensor Aλ by hλ(AλX, Y) = 93

g̃(X, Y), and its normalization gives the projector Pλ. The corresponding almost product, 94

golden, and metallic structures are obtained from Pλ. 95

We study several properties of these structures, including eigendistributions, paral- 96

lelism, integrability, and curvature. The parameter λ deforms the Hessian metric by the 97

term λJ(R), producing a one-parameter family of Hessian metrics associated with the 98

reciprocal cost function. 99

The projector construction is general and can be applied to other rank-one tensors and 100

nondegenerate metrics. In this paper, we consider the projector induced by the rank-one 101

tensor g̃ and the Hessian metrics hλ arising from reciprocal cost geometry. 102

The paper is organized as follows. Section 2 introduces the reciprocal cost geometry 103

and the associated rank-one Hessian tensor g̃. In Section 3 we construct the cost-induced 104

projector Pλ and the induced almost product, golden, and metallic structures. Section 4 105

presents the general n-dimensional construction and studies the properties of the induced 106

structures, including their eigendistributions, parallelism, integrability, and curvature, with 107

the main results summarized in Theorem 4. Finally, Section 5 illustrates the construction in 108

the two-dimensional case, where explicit formulas for Aλ and Pλ are derived. 109

2. Definitions and basic properties 110

Let (M, g) be a Riemannian manifold, let I denote the identity on TM, and let 111

Q : TM → TM be a (1, 1)-tensor field. 112
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Definition 1. A (1, 1)-tensor field Q on M is called a polynomial structure if it satisfies a 113

polynomial relation of the form 114

Qn + an−1Qn−1 + · · ·+ a1Q + a0 I = 0, (4) 115

where I is the identity operator on TM and ai ∈ R. 116

Golden and metallic structures are special cases of polynomial structures. In particular, 117

Q2 = −I defines an almost complex structure, Q2 = I defines an almost product structure, 118

and Q2 = 0 defines an almost tangent structure (see, e.g., [24]). 119

Definition 2. For integers p, q, a (1, 1)-tensor field Q is called a (p, q)-metallic structure if 120

Q2 = p Q + q I. (5) 121

A Riemannian metric g is called Q-compatible if 122

g(X, QY) = g(QX, Y), X, Y ∈ Γ(TM). (6) 123

When Q is a (p, q)-metallic structure and g is Q-compatible, the pair (g, Q) is called a 124

metallic Riemannian structure. In the particular case p = q = 1, the pair (g, Q) is called a 125

golden Riemannian structure [5,9]. 126

Replacing X by QX in (6) and using (5), we obtain 127

g(QX, QY) = p g(X, QY) + q g(X, Y). 128

It is known that a decomposition of the tangent bundle of a differentiable manifold 129

M into complementary distributions can be described in terms of projector operators. For 130

instance, let T1, . . . , Tk be differentiable distributions on M such that for every point p ∈ M 131

one has 132

Tp M = T1(p)⊕ · · · ⊕ Tk(p). 133

This decomposition can be equivalently expressed by a family of (1, 1)-tensor fields πi, 134

i = 1, . . . , k, called projectors, satisfying 135

k

∑
i=1

πi = I, πiπj = δi
j πi, 136

where δi
j are the Kronecker symbols. In this case Ti = Im(πi). 137

In the case k = 2, such a decomposition determines an almost product structure. 138

Indeed, if π is one of the projectors, then define 139

F = 2π − I, 140

and obtain a (1, 1)-tensor field satisfying F2 = I. 141

Conversely, any almost product structure F, induces the complementary projectors 142

π+ =
1
2
(I + F), π− =

1
2
(I − F), 143

and the decomposition 144

Tp M = T+(p)⊕ T−(p), 145
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where 146

T±(p) = {v ∈ Tp M : Fv = ±v}. 147

Theorem 1 ([5]). Let (M, g, Q) be a golden Riemannian manifold. Then 148

Qn = fnQ + fn−1 I (7) 149

for every integer n > 0, where ( fn)n is the Fibonacci sequence. 150

Using Binet’s formula, relation (7) can be written as 151

Qn = fnQ + fn−1 I =
φn − (1 − φ)n

√
5

Q +
φn−1 − (1 − φ)n−1

√
5

I, 152

for every positive integer n. 153

2.1. Reciprocal cost geometry 154

The main point of our construction is related to the canonical reciprocal cost function 155

J : R>0 → R, 156

J(x) =
1
2
(x + x−1)− 1, (8) 157

which is the unique solution of the polynomial composition law together with the curvature 158

calibration (for more details see [21]). The function J is reciprocal, J(x) = J(x−1), nonneg- 159

ative, with a minimum at x = 1. The term cost comes from the fact that J is nonnegative, 160

vanishes only at the balanced state x = 1, and increases as the ratio x departs from 1 in 161

either direction. Thus, J(x) measures the cost of imbalance. The term reciprocal refers to the 162

symmetry J(x) = J(x−1), which means that a ratio and its reciprocal have the same cost. 163

This interpretation is used in the reciprocal cost geometry developed in [21,23], where J 164

plays a role similar to a divergence or discrepancy function in optimization and information 165

geometry. In logarithmic coordinates, 166

J(et) = cosh(t)− 1. 167

Near t = 0, one has 168

J(et) =
t2

2
+ O(t4). 169

Thus, near the balanced state x = 1, the reciprocal cost function is approximated by the 170

quadratic function 1
2 t2. The function J extends this quadratic model to all positive ratios 171

while preserving reciprocity and convexity. 172

Among many possible multidimensional extensions, the form considered here is 173

motivated by the multiplicative structure of the one-dimensional reciprocal cost and by the 174

logarithmic representation J(et) = cosh(t)− 1. 175

We study the family of reciprocal cost functions (see, e.g., [23]) 176

J(x1, . . . , xn) =
1
2
(R + R−1)− 1, R =

n

∏
i=1

xαi
i , (9) 177

where xi > 0 and α = (α1, . . . , αn) ∈ Rn \ {0}. In logarithmic coordinates ti = log xi, the 178

function (9) takes the form 179

J(t) = cosh(α · t)− 1. 180
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Therefore, the function J depends only on the scalar S(t) = α · t = ∑n
i=1 αiti. Its 181

Hessian is the rank-one tensor 182

∇2 J = cosh(α · t)

(
n

∑
i=1

αi dti

)
⊗
(

n

∑
i=1

αi dti

)
. 183

Since ∇2 J has rank one, the tensor g̃ := ∇2 J is degenerate for n ≥ 2. 184

The induced geometry is degenerate, with a distinguished direction generated by α 185

and an integrable (n − 1)-dimensional null distribution. In particular, the ambient space is 186

n-dimensional and the associated Hessian structure in logarithmic coordinates reduces to a 187

one-dimensional geometry. Hessian geometry and Hessian manifolds play an important 188

role in affine differential geometry and information geometry (see, e.g., [1,15]). 189

The rank-one property of this Hessian tensor motivates the construction of additional 190

geometric structures. To obtain a nondegenerate geometric structure, we combine the rank- 191

one tensor associated with the reciprocal cost geometry with a family of Hessian metrics. 192

This construction produces an associated (1, 1)-tensor field whose normalization defines a 193

projector. The projector then induces an almost product structure and the corresponding 194

golden and metallic structures. 195

The next section develops the projector construction together with the induced al- 196

most product, golden, and metallic structures. The general n-dimensional construction is 197

presented in Section 4, and the two-dimensional case is studied in Section 5. 198

3. The Cost Induced Projector, Golden, and Metallic Structures 199

Let M be a smooth manifold, let g be a nondegenerate metric on M, and let g̃ be a 200

positive semidefinite symmetric (0, 2)-tensor field of rank one. On an open set U ⊆ M 201

where g̃ ̸= 0 there exists a vector field V such that 202

g̃(X, Y) = g(V, X) g(V, Y), X, Y ∈ Γ(TU). (10) 203

The associated (1, 1)-tensor field A is defined by 204

g(AX, Y) = g̃(X, Y) X, Y ∈ Γ(TU). (11) 205

On U, using (10), we obtain 206

AX = g(V, X)V, X ∈ Γ(TU). (12) 207

We have 208

g(AX, Y) = g̃(X, Y) = g̃(Y, X) = g(AY, X) = g(X, AY) 209

Lemma 1. The tensor A defined by (11) satisfies 210

A2 = µA, 211

where µ = g(V, V). Moreover, µ = tr(A). 212

Proof. By (12), A2X = A
(

g(V, X)V
)
= g(V, V) AX, so A2 = µA with µ = g(V, V). 213

Consequently, 214

tr(A) = g(V, V) = µ. 215

216
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Corollary 1. On the open subset U ⊆ M where µ = g(V, V) ̸= 0, the tensor 217

P :=
1
µ

A (13) 218

is a projector. Moreover, 219

im(P) = span{V}, ker(P) = {X ∈ TM|U : g(V, X) = 0}. 220

Hence TM|U = im(P)⊕ ker(P). 221

Proof. Since A2 = µA and µ ̸= 0, we have 222

P2 =
1

µ2 A2 =
1
µ

A = P, 223

so P is a projector. Moreover, 224

PX =
g(V, X)

g(V, V)
V, 225

hence im(P) = span{V} and 226

ker(P) = {X ∈ TM|U : g(V, X) = 0}. 227

Finally, every vector field X ∈ Γ(TM|U) decomposes as X = PX + (X − PX), where 228

PX ∈ im(P) and X − PX ∈ ker(P). Therefore TM|U = im(P)⊕ ker(P). 229

We now use the projector P to construct the induced almost product, golden, and 230

metallic structures. Starting from the projector P given by (13) and induced splitting 231

TM|U = im(P)⊕ ker(P), 232

we obtain these structures. The constructions below follow from the identity P2 = P and 233

hold for any projector. The reciprocal cost geometry provides a particular projector to 234

which this construction is applied. Let us define 235

F := 2P − I. 236

Proposition 1. The tensor F satisfies 237

F2 = I. 238

Moreover, F|im(P) = I and F|ker(P) = −I. 239

Proof. Since F = 2P − I and P is a projector i.e. P2 = P, we have 240

F2 = (2P − I)2 = 4P2 − 4P + I = I. 241

Moreover, for X ∈ im(P) one has PX = X, so FX = X. For X ∈ ker(P) one has PX = 0, so 242

FX = −X. 243

Let us now consider an operator of the form 244

G = αP + β(I − P), α, β ∈ R. 245

https://doi.org/10.3390/1010000
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Since P2 = P and P(I − P) = 0, we have 246

G2 = α2P + β2(I − P). 247

We require that G satisfies the golden equation G2 = G + I, then 248

α2 = α + 1, β2 = β + 1. 249

Thus α and β are roots of the equation 250

x2 = x + 1, 251

which has two solutions 252

φ =
1 +

√
5

2
, 1 − φ =

1 −
√

5
2

. 253

Since the roots are distinct, we define the golden structure by taking the eigenvalue φ on 254

Im(P) and 1 − φ = −φ−1 on ker(P): 255

α = φ, β = 1 − φ = −φ−1. 256

Therefore 257

G = φP + (1 − φ)(I − P). 258

or equivalently, since F = 2P − I, 259

G =
1
2
(I +

√
5 F). (14) 260

A direct computation shows that G satisfies 261

G2 = G + I. 262

Thus the golden structure is induced by the projector. 263

Corollary 2. The operator G has eigenvalues φ on im(P) and −φ−1 on ker(P). 264

Proof. On im(P) one has F = I, hence G = 1
2 (1 +

√
5)I = φI. On ker(P) one has F = −I, 265

hence G = 1
2 (1 −

√
5)I = −φ−1 I. 266

Let us now, for p, q ∈ N, define 267

Mp,q :=
p
2

I +
1
2

√
p2 + 4q F. (15) 268

Theorem 2. The operator Mp,q given by (15) satisfies 269

M2
p,q = p Mp,q + q I. 270

Proof. Using F2 = I, from (15) we obtain 271

M2
p,q =

(
p
2

I +
1
2

√
p2 + 4q F

)2
=

(
p2

4
+

p2 + 4q
4

)
I +

p
2

√
p2 + 4q F. 272

https://doi.org/10.3390/1010000
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Therefore 273

M2
p,q =

(
p2

2
+ q
)

I +
p
2

√
p2 + 4q F. 274

On the other hand, 275

p Mp,q + qI = p
(

p
2

I +
1
2

√
p2 + 4q F

)
+ qI =

(
p2

2
+ q
)

I +
p
2

√
p2 + 4q F. 276

which coincides with M2
p,q. 277

By construction, each operator in the family {Mp,q}p,q∈N is a polynomial expression in 278

the projector P, and the golden structure G = M1,1 corresponds to the case p = q = 1. The 279

golden case p = q = 1 is distinguished within this construction, while the general metallic 280

structures Mp,q are obtained by choosing the parameters p, q and thus form a generalization 281

of the golden case. 282

The following proposition gives the main properties of a general metallic structure. 283

Proposition 2 (Hreţcanu-Crăşmăreanu [11]). Let Mp,q be defined by 284

Mp,q =
p
2

I +
1
2

√
p2 + 4q F, p, q ∈ N, 285

where F2 = I. Then the following properties hold: 286

1. For every integer n ≥ 1, 287

Mn
p,q = G(n) Mp,q + q G(n − 1) I, 288

where (G(n))n≥0 is the generalized secondary Fibonacci sequence defined by 289

G(n + 1) = pG(n) + qG(n − 1), G(0) = 0, G(1) = 1. 290

2. The operator Mp,q is an isomorphism on each tangent space Tx M, hence invertible. Its inverse 291

is polynomial (of quadratic type, but not metallic) and is given by 292

M̄p,q = M−1
p,q =

1
q

Mp,q −
p
q

I. 293

It satisfies 294

qM̄2
p,q + pM̄p,q − I = 0. 295

3. The eigenvalues of Mp,q are 296

p +
√

p2 + 4q
2

,
p −

√
p2 + 4q
2

. 297

Proposition 2 plays an essential role in the present construction. In our construction, 298

the eigenvalues of the induced metallic operator are the metallic mean σp,q and its algebraic 299

conjugate, realized on Im(P) and ker(P), respectively. Thus, the eigenspace decomposition 300

of the cost-induced metallic structure is determined by the projector P. 301

https://doi.org/10.3390/1010000
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4. The n-dimensional Hessian construction 302

In this section, we construct the cost-induced projector in the n-dimensional case. To 303

obtain a nondegenerate geometric structure, we combine the rank-one tensor g̃ with a 304

one-parameter family of Hessian metrics generated by the potential 305

Φλ(x1, . . . , xn) =
n

∑
i=1

J(xi) + λJ(R), R =
n

∏
i=1

xαi
i , 306

where α = (α1, . . . , αn) ∈ Rn \ {0} and λ ∈ R. The first term is the separable reciprocal 307

cost, while the second introduces an interaction through the same reciprocal cost function. 308

The associated Hessian metric is 309

hλ = ∇2
xΦλ. (16) 310

The parameter λ is the deformation parameter. For λ = 0, we obtain 311

h0 = diag(x−3
1 , . . . , x−3

n ), 312

which is positive definite on Rn
>0. 313

For λ ̸= 0, the term λJ(R) introduces mixed second derivatives, so hλ is generally 314

nondiagonal. Its positive definite locus depends on (x, λ). Moreover, for every fixed point 315

x = (x1, . . . , xn), positive definiteness is preserved for sufficiently small values of |λ|. An 316

analysis of the signature and singular loci of hλ in the n-dimensional case lies beyond the 317

scope of the present paper. We work on open subsets where hλ is positive definite. 318

In the two-dimensional case, explicit conditions for positive definiteness are given in 319

the following example. 320

Example 1. Let n = 2, α = (1,−1), so that R = x/y. Then 321

hλ =

(
a b
b d

)
, a =

1 + λy
x3 , b = −λ

x2 + y2

2x2y2 , d =
1 + λx

y3 , 322

and 323

det(hλ) = ad − b2 =
4xy

(
1 + λ(x + y)

)
− λ2(x2 − y2)2

4x4y4 . 324

By Sylvester’s criterion, hλ is positive definite at (x, y) ∈ R2
>0 if and only if a > 0 and det(hλ) > 0 325

or equivalently, 326

1 + λy > 0 and 4xy
(
1 + λ(x + y)

)
− λ2(x2 − y2)2 > 0. 327

Remark 1. For λ ̸= 0, the metric hλ is not positive definite on R2
>0. For fixed x > 0 and 328

sufficiently large y, det(hλ) < 0 because the term −λ2y4 dominates the numerator. Therefore, we 329

restrict the construction to open subsets of R2
>0 where hλ is positive definite. 330

Remark 2. For λ = 0, the metric h0 is positive definite on Rn
>0. Since the coefficients of hλ depend 331

on λ and on variables xi, this property is preserved for sufficiently small values of |λ| at every fixed 332

point (x1, . . . , xn). We consider open subsets where hλ is positive definite. 333

Recall that, in logarithmic coordinates ti = log xi, the reciprocal cost function (9) has 334

the form 335

J(t) = cosh(α · t)− 1, α · t =
n

∑
i=1

αiti. 336
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with Hessian 337

∇2 J = cosh(α · t) α ⊗ α. 338

In the original x-coordinates, let 339

ω =
n

∑
i=1

αi
dxi
xi

. 340

Then the rank-one tensor is 341

g̃ = cosh(α · t)ω ⊗ ω. (17) 342

The associated (1, 1)-tensor field Aλ := h−1
λ g̃ is defined by 343

hλ(AλX, Y) = g̃(X, Y), X, Y ∈ Γ(TRn
>0). 344

Let Vλ := h−1
λ (ω) defined by hλ(Vλ, X) = ω(X) for all X ∈ Γ(TRn

>0). Then, by (17), we 345

obtain 346

g̃(X, Y) = cosh(α · t)ω(X)ω(Y)

= cosh(α · t)ω(X) hλ(Vλ, Y).
347

Applying Lemma 1 and Corollary 1 with g = hλ, V = Vλ, and g̃ as in (17), we get 348

AλX = cosh(α · t)ω(X)Vλ, Aλ = cosh(α · t)Vλ ⊗ ω, (18) 349

and 350

A2
λ = µλ Aλ, µλ = cosh(α · t)ω(Vλ) = tr(Aλ). 351

We consider open subset of Rn
>0 where µλ ̸= 0. On this set the tensor 352

Pλ =
1

µλ
Aλ (19) 353

is a projector. More precisely, 354

PλX =
ω(X)

ω(Vλ)
Vλ. (20) 355

Since g̃ is symmetric, 356

hλ(AλX, Y) = hλ(X, AλY), 357

hence Aλ, and therefore Pλ, are self-adjoint with respect to hλ. Applying the construction 358

given in Section 3, we obtain the induced almost product, golden, and metallic structures 359

Fλ = 2Pλ − I, F2
λ = I, (21) 360

361

Gλ =
1
2
(I +

√
5 Fλ), G2

λ = Gλ + I, (22) 362

and, for p, q ∈ N, 363

Mλ
p,q =

p
2

I +
1
2

√
p2 + 4q Fλ, (Mλ

p,q)
2 = pMλ

p,q + qI. (23) 364

Consequently, Fλ, Gλ, and Mλ
p,q are also self-adjoint with respect to hλ, since they are 365

polynomial expressions in the self-adjoint operator Pλ with real coefficients. 366

4.1. Properties of the induced projector 367

We now study properties of the projector Pλ constructed in the previous sections. Let 368

∇λ denote the Levi-Civita connection of the Hessian metric hλ = ∇2
xΦλ on the open subset 369
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of Rn
>0 where hλ is positive definite. We denote by D the canonical flat affine connection 370

associated with the chosen affine structure. In affine coordinates, its Christoffel symbols 371

vanish identically. 372

We first check whether Pλ is parallel with respect to the canonical flat affine connection 373

in logarithmic coordinates, using the two-dimensional case. 374

Example 2. Let n = 2, α = (1,−1), and λ = 0. In logarithmic coordinates u = log x, v = log y, 375

we have 376

ω = du − dv. 377

For the metric h0, we have 378

V0 = h−1
0 (ω) = eu∂u − ev∂v, 379

and 380

ω(V0) = eu + ev. 381

Therefore 382

P0 =
1

eu + ev

(
eu −eu

−ev ev

)
. 383

Hence 384

∂u(P0)
1

1 =
eu+v

(eu + ev)2 ̸= 0. 385

Since the canonical flat affine connection D satisfies 386

D∂u ∂u = D∂u ∂v = D∂v ∂u = D∂v ∂v = 0, 387

we obtain 388

(D∂u P0)
1

1 = ∂u(P0)
1

1 ̸= 0. 389

Therefore DP0 ̸= 0, i.e. the projector P0 is not parallel with respect to the canonical flat affine 390

connection in logarithmic coordinates. 391

Remark 3. The induced tensor Gλ satisfies 392

G2
λ = Gλ + I, 393

and is self-adjoint with respect to the Hessian metric hλ. On every open subset of Rn
>0 where hλ is 394

positive definite, (Rn
>0, hλ, Gλ) defines a golden Riemannian manifold. 395

The following theorem describes the family of linear connections preserving the 396

induced golden structure Gλ. 397

Theorem 3 (Theorem 5.1, [5]). Let Fλ = 2Pλ − I be the induced almost product structure 398

associated with the golden structure Gλ. Then the set of linear connections ∇ satisfying ∇Gλ = 0 399

is given by 400

∇XY =
1
5

[
3∇̃XY + 2Gλ(∇̃XGλY)− Gλ(∇̃XY)− ∇̃XGλY

]
+OFλ

Q(X, Y), 401

where ∇̃ is an arbitrary fixed linear connection and Q is a (1, 2)-tensor field for which OFλ
Q is an 402

associated Obata operator 403

OFλ
Q(X, Y) =

1
2

[
Q(X, Y) + FλQ(X, FλY)

]
. 404
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We now study the parallelism properties of Pλ with respect to the Levi-Civita connec- 405

tion ∇λ of hλ. 406

Example 3. In the two-dimensional case, the projector P0 is not parallel with respect to the Levi- 407

Civita connection ∇0 of h0. We have 408

h0 =

(
x−3 0

0 y−3

)
, 409

and 410

P0 =
1

x + y

(
x −x2/y

−y2/x y

)
. 411

A direct computation gives 412

(∇0
∂x

P0)
x

x = ∂x

(
x

x + y

)
=

y
(x + y)2 ̸= 0. 413

Therefore, ∇0P0 ̸= 0. 414

Example 4. For λ ̸= 0, the projector Pλ is not parallel with respect to ∇λ. 415

The coefficients of Pλ and the Christoffel symbols of ∇λ contain nontrivial mixed terms from 416

J(x/y). For example, at the point (x, y) = (1, 1), we obtain 417(
∇λ

∂x
Pλ

)x
x =

1 + λ

4(1 + 2λ)
. 418

At the point (1, 1), the metric hλ is positive definite only for 1 + 2λ > 0, and consequently 419(
∇λ

∂x
Pλ

)x
x ̸= 0. Hence Pλ is not parallel with respect to the Levi-Civita connection ∇λ. 420

The two-dimensional case represents the simplest nontrivial realization of the general 421

construction. The above examples show that the induced almost product, golden, and 422

metallic structures are non-parallel in general. 423

4.2. Integrability of the eigendistributions 424

Motivated by Proposition 5.3 of [5], we study the integrability of the distributions 425

induced by the projector Pλ. 426

Since the almost product, golden, and metallic structures Fλ = 2Pλ − I, Gλ, Mλ
p,q are 427

obtained from Pλ, they have the same eigendistributions, Im(Pλ) and ker(Pλ). 428

The distribution Im(Pλ) = span{Vλ} is one-dimensional and therefore integrable. For 429

ker(Pλ), recall from (20) that 430

ker(Pλ) = ker(ω), 431

where 432

ω =
n

∑
i=1

αi
dxi
xi

= d(log R). 433

In logarithmic coordinates, ω = ∑n
i=1 αi dti has constant coefficients, so ker(ω) is a constant 434

(n − 1)-dimensional distribution and is therefore integrable. 435

Consequently, both eigendistributions of Pλ are integrable, and so are the induced 436

almost product, golden, and metallic structures. 437
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4.3. A rank-one representation of the cost-induced projector 438

Let Pλ be the cost induced projector. Since 439

PλX =
hλ(Vλ, X)

hλ(Vλ, Vλ)
Vλ, 440

on the open set where hλ(Vλ, Vλ) ̸= 0, we define 441

ξλ := Vλ, ηλ(X) :=
hλ(Vλ, X)

hλ(Vλ, Vλ)
. 442

Then ηλ(ξλ) = 1 and PλX = ηλ(X)ξλ. Therefore, 443

Pλ = ηλ ⊗ ξλ. 444

Consequently, the cost induced golden structure Gλ given by (22) and the metallic structures 445

Mλ
p,q given by (23) can be written in the form 446

Gλ = (1 − φ)I +
√

5 ηλ ⊗ ξλ, 447

and 448

Mλ
p,q =

(
p
2
− 1

2

√
p2 + 4q

)
I +

√
p2 + 4q ηλ ⊗ ξλ. 449

Thus the reciprocal cost geometry together with the Hessian metric hλ determines 450

the projector Pλ and the associated polynomial structures. The vector field Vλ generates 451

im(Pλ), while ker(Pλ) gives the complementary distribution. 452

4.4. Curvature properties of the Hessian metric hλ 453

We now consider curvature properties of the Hessian metric hλ = DdΦλ, where D 454

denotes the canonical flat affine connection on Rn
>0. 455

Let ∇λ be the Levi-Civita connection of hλ. The difference tensor Kλ of the Levi-Civita 456

connection ∇λ of hλ and D is defined by 457

Kλ
XY := ∇λ

XY − DXY. (24) 458

Since both ∇λ and D are symmetric connections, the tensor Kλ is symmetric, i.e. Kλ
XY = 459

Kλ
YX. Starting from 460

X(hλ(Y, Z)) = hλ(∇λ
XY, Z) + hλ(Y,∇λ

XZ). 461

and substituting 462

∇λ
XY = DXY + Kλ

XY, 463

we have 464

X(hλ(Y, Z)) = hλ(DXY, Z) + hλ(Kλ
XY, Z)

+ hλ(Y, DXZ) + hλ(Y, Kλ
XZ).

465

Hence 466

(DXhλ)(Y, Z) = hλ(Kλ
XY, Z) + hλ(Y, Kλ

XZ). 467

Since hλ is Hessian metric, the cubic tensor 468

Cλ(X, Y, Z) := (DXhλ)(Y, Z) (25) 469
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is totally symmetric. Therefore, hλ(Kλ
XY, Z) = hλ(Y, Kλ

XZ), and consequently 470

hλ(Kλ
XY, Z) =

1
2
(DXhλ)(Y, Z). (26) 471

Therefore Kλ is completely determined by the tensor Cλ(X, Y, Z). 472

Since the connection D is flat, the curvature tensor of ∇λ is given by 473

Rλ(X, Y)Z = Kλ
XKλ

YZ − Kλ
YKλ

XZ + (DXKλ)(Y, Z)− (DYKλ)(X, Z). 474

Using (25), (26), and the Codazzi-type identity (DXKλ)(Y, Z) = (DYKλ)(X, Z), we obtain 475

Rλ(X, Y, Z, W) =
1
4

(
h−1

λ

(
Cλ(X, Z, ·), Cλ(Y, W, ·)

)
− h−1

λ

(
Cλ(Y, Z, ·), Cλ(X, W, ·)

))
, 476

where Rλ(X, Y, Z, W) := hλ(Rλ(X, Y)Z, W). Using Cλ(X, Y, Z) = 2hλ(Kλ
XY, Z), the last 477

formula becomes 478

Rλ(X, Y, Z, W) =
1
4

(
hλ(Kλ

XZ, Kλ
YW)− hλ(Kλ

YZ, Kλ
XW)

)
. (27) 479

Thus the Riemannian curvature of hλ is completely determined by the cubic tensor Cλ. If 480

{Ei}n
i=1 is a local hλ-orthonormal frame, then the coresponding Ricci tensor is 481

Richλ
(Y, Z) =

n

∑
i=1

Rλ(Ei, Y, Z, Ei). 482

Using (27), we obtain 483

Richλ
(Y, Z) =

1
4

n

∑
i=1

(
hλ(Kλ

YZ, Kλ
Ei

Ei)− hλ(Kλ
Ei

Z, Kλ
YEi)

)
. 484

Therefore the Ricci tensor is also completely determined by the cubic tensor Cλ. The scalar 485

curvature of hλ is defined by Scalhλ
= trhλ

(Richλ
). 486

In the two-dimensional case, the Ricci tensor is completely determined by the scalar 487

curvature. For λ = 0, the Hessian metric is h0 = diag(x−3, y−3), and the corresponding 488

curvature vanishes, and Scalh0 = 0. 489

For λ ̸= 0, the scalar curvature is nonzero in general and depends on λ. By direct 490

calculation, we have 491

Scalhλ
= −

4λx2y2
(

λ(x + y)3 + 3(x2 + y2)
)

(
λ2(x2 − y2)2 − 4λxy(x + y)− 4xy

)2 . 492

Since the expression is not identically zero for λ ̸= 0, the Hessian metric hλ is non-flat in 493

general. Thus the interaction term λJ(x/y) produces nontrivial curvature of hλ. 494

The preceding results can be summarized in the following theorem. 495

Theorem 4. Let α ∈ Rn \ {0}, λ ∈ R, and let U ⊆ Rn
>0 be an open set on which the Hessian 496

metric hλ = ∇2
xΦλ is positive definite and µλ = tr(Aλ) ̸= 0. Then the rank-one tensor g̃ = 497

cosh(α · t)ω ⊗ ω, with ω = d(log R), together with the Hessian metric hλ induces the following 498

structures on U: 499

1. a cost-induced projector Pλ = ηλ ⊗ ξλ with im(Pλ) = span{Vλ} and ker(Pλ) = ker ω, 500

self-adjoint with respect to hλ; 501
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2. the almost product structure Fλ = 2Pλ − I, with eigenvalues +1 on im(Pλ) and −1 on 502

ker(Pλ), and the golden and metallic structures Gλ and Mλ
p,q, all polynomial in Pλ and hence 503

hλ-self-adjoint; on im(Pλ) the operators Gλ and Mλ
p,q act by the golden mean φ and by the 504

metallic mean 1
2 (p +

√
p2 + 4q), respectively, and by their algebraic conjugates on ker(Pλ); 505

3. integrable eigendistributions, so that Fλ, Gλ, and Mλ
p,q are integrable. 506

Moreover, these structures are generally not parallel with respect to either the canonical flat affine 507

connection D or the Levi-Civita connection ∇λ of the Hessian metric hλ. The metric hλ is flat for 508

λ = 0, whereas for λ ̸= 0 it is generally non-flat, with curvature determined by the cubic tensor 509

Cλ = Dhλ. 510

5. The two-dimensional case 511

We now consider the two-dimensional case as an illustration of the general construc- 512

tion. Consider the canonical reciprocal cost function (8). Following the n-dimensional case 513

(9), define on R2
>0: 514

R(x, y) :=
x
y

, J(x, y) :=
1
2

(
R + R−1

)
− 1. (28) 515

This corresponds to the choice α = (1,−1) in the n-dimensional model. 516

5.1. Logarithmic coordinates 517

Introduce logarithmic coordinates u = log x, v = log y. Then 518

R = eu−v, J(u, v) = cosh(u − v)− 1. (29) 519

In this case, the function J(u, v) depends only on the quantity u − v. The Hessian tensor 520

g̃ = ∇2 J of J(u, v) = cosh(u − v)− 1 is 521

g̃ = cosh(u − v) (du − dv)⊗ (du − dv) = cosh(u − v)

(
1 −1
−1 1

)
. (30) 522

Since cosh(u − v) > 0, the tensor g̃ is positive semidefinite of rank one, with distin- 523

guished direction V = ∂u − ∂v. 524

5.2. (x, y)-coordinates 525

Passing to the original (x, y)-coordinates, and using u = log x, v = log y, we obtain 526

V = x∂x − y∂y. 527

Using (30), du = dx
x , dv = dy

y , and 528

cosh
(

log
(

x
y

))
=

1
2

(
x
y
+

y
x

)
=

x2 + y2

2xy
529

we obtain 530

g̃ =
x2 + y2

2xy

(
dx
x

− dy
y

)
⊗
(

dx
x

− dy
y

)
. 531

Hence 532

g̃ =
x2 + y2

2xy

 x−2 − 1
xy

− 1
xy y−2

. (31) 533

So, the tensor g̃ is a rank-one tensor. 534
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On the other hand, we can also consider the full Hessian of the cost function directly 535

in the original (x, y)-coordinates, i.e. 536

g̃x = ∇2
x J(x, y). 537

A direct computation gives 538

det(g̃x) = − (x2 − y2)2

4x4y4 . 539

Thus g̃x is generically nondegenerate and indefinite, while it becomes singular on the locus 540

x = y. The geometry determined by the Hessian metric g̃x was studied in [23]. 541

Remark 4. The rank-one tensor g̃ obtained from the logarithmic representation of the cost function 542

and the full Hessian metric g̃x in the original (x, y)-coordinates carry different geometry. In 543

particular, g̃ is degenerate of constant rank one and determines the distinguished comparison 544

direction generated by V = x∂x − y∂y, while g̃x is generically nondegenerate and becomes singular 545

on the locus x = y. 546

By Lemma 1 and Corollary 1, the rank-one property of g̃, when paired with a nondegenerate 547

metric, leads to the construction of a projector. The tensor g̃x does not have this property and does 548

not produce the projector-type structures. For this reason, the projector construction developed in 549

the following part is associated with g̃. 550

5.3. The induced projector 551

The rank-one tensor g̃ is degenerate and does not define a metric. To obtain an operator 552

from g̃, we pair it with a nondegenerate reference metric, and the reciprocal cost geometry 553

supplies a natural one-parameter family of such metrics. We deform the separable cost 554

J(x) + J(y) by the interaction term λJ(x/y), built from the same reciprocal cost function. 555

We introduce a one-parameter family of nondegenerate Hessian metrics on R2
>0 by 556

Φλ(x, y) = J(x) + J(y) + λJ
(

x
y

)
, λ ∈ R. (32) 557

For λ = 0 this reduces to Φ0(x, y) = J(x) + J(y), whose Hessian 558

h0 = ∇2Φ0 =

(
x−3 0

0 y−3

)
(33) 559

is positive definite on R2
>0 and it is used as a separable reference metric. 560

The associated (1, 1)-tensor field is defined by 561

A0 = h−1
0 g̃. (34) 562

The metric h0 provides a nondegenerate reference metric for the distinguished comparison 563

direction generated by V = x∂x − y∂y. 564

The term λJ(x/y) introduces mixed second derivatives along ω, where 565

ω = d log(x/y) =
dx
x

− dy
y

, 566

so the Hessian metric hλ = ∇2
xΦλ is nondiagonal for λ ̸= 0. The associated (1, 1)-tensor is 567

Aλ = h−1
λ g̃, 568

and the projector is obtained by normalization, as given in Section 3. 569
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Remark 5. The construction involves two natural affine structures associated with the reciprocal 570

cost geometry. 571

In the two-dimensional case the rank-one tensor g̃ = cosh(u − v) (du − dv)⊗ (du − dv) is 572

derived with respect to the flat structure in the logarithmic coordinates (u, v), while the Hessian 573

metric hλ = ∇2
xΦλ is used with respect to the flat structure in the original (x, y)-coordinates. The 574

n-dimensional construction considered in Section 4 is based on the same choice of affine structures. 575

A direct computation of hλ = ∇2
xΦλ gives 576

hλ =

(
a b
b d

)
, a =

1 + λy
x3 , b = −λ

x2 + y2

2x2y2 , d =
1 + λx

y3 . (35) 577

Proposition 3. Let hλ and g̃ be given by (35) and (31), respectively. If det(hλ) = ad − b2 ̸= 0, 578

then 579

Aλ =
x2 + y2

2xy
1

ad − b2


d
x2 +

b
xy

− d
xy

− b
y2

− b
x2 − a

xy
b

xy
+

a
y2

. (36) 580

Proof. By (35), 581

h−1
λ =

1
ad − b2

(
d −b
−b a

)
. 582

Multiplying h−1
λ by the matrix of g̃ given by (31), we obtain (36). 583

By Lemma 1 and Corollary 1, applied with g = hλ, the rank-one tensor g̃ and the 584

nondegenerate metric hλ give Aλ = h−1
λ g̃ with 585

A2
λ = µλ Aλ, µλ = tr(Aλ), 586

and the normalized tensor Pλ := µ−1
λ Aλ is a projector on the open subset of R2

>0 where 587

ad − b2 ̸= 0 and µλ ̸= 0. 588

Corollary 3. The corresponding projector is 589

Pλ(X) =
ω(X)

ω(Vλ)
Vλ, Vλ = h−1

λ ω, 590

where 591

ω =
dx
x

− dy
y

. 592

Moreover, 593

im(Pλ) = span{Vλ}, ker(Pλ) = ker ω. 594

In particular, ker(Pλ) is generated by x∂x + y∂y. 595

Proof. Since 596

g̃ =
x2 + y2

2xy
ω ⊗ ω 597

and Vλ = h−1
λ ω, the tensor Aλ has the form 598

AλX =
x2 + y2

2xy
ω(X)Vλ. 599
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After normalization, we have 600

Pλ(X) =
ω(X)

ω(Vλ)
Vλ. 601

Hence im(Pλ) = span{Vλ}. Also, 602

PλX = 0 ⇐⇒ ω(X) = 0, 603

so ker(Pλ) = ker ω. Since 604

ω(x∂x + y∂y) =
dx
x
(x∂x + y∂y)−

dy
y
(x∂x + y∂y) = 1 − 1 = 0, 605

and ker ω is one-dimensional, we get 606

ker(Pλ) = span{x∂x + y∂y}. 607

608

6. Conclusion 609

In this paper, we studied a family of projector induced polynomial structures associ- 610

ated with the reciprocal cost geometry. Starting from the rank-one tensor g̃ determined by 611

the reciprocal cost function in logarithmic coordinates and a family of Hessian metrics hλ, 612

we constructed (1, 1)-tensor field Aλ and the projector Pλ. The projector Pλ determines a 613

splitting 614

TU = im(Pλ)⊕ ker(Pλ), 615

which induces the almost product structure Fλ = 2Pλ − I, and the corresponding golden 616

and metallic structures. The Hessian structure is determined by the metric hλ = ∇2
xΦλ with 617

respect to the x-coordinates, while the rank-one tensor g̃ is obtained from the logarithmic 618

reciprocal cost geometry. The rank-one degeneracy is therefore not an obstruction, but the 619

starting point of the construction. 620

We studied several properties of the projector Pλ and the induced structures, including 621

eigendistributions, parallelism, integrability, and curvature. In particular, we showed 622

that Pλ is generally not parallel with respect to either the canonical flat affine connection 623

in logarithmic coordinates or the Levi-Civita connection of the Hessian metric hλ. The 624

eigendistributions of Pλ are integrable and are determined by the vector field Vλ and the 625

one-form ω = d(log R). The polynomial structures are induced by the projector associated 626

with the rank-one tensor g̃ and the Hessian metric hλ. The construction is developed in 627

arbitrary dimension, while the two-dimensional case is considered in detail. 628

The obtained structures depend on the choice of the Hessian metric hλ. In particular, 629

the deformation parameter λ changes the corresponding projector, the induced polynomial 630

structures, and their geometric properties. 631

The construction in the paper shows that a rank-one tensor obtained from reciprocal 632

cost geometry, together with a nondegenerate Hessian metric, determines a projector and 633

the associated almost product, golden, and metallic structures. In this way, reciprocal cost 634

geometry leads to polynomial structures on Hessian manifolds. It is useful to summarize 635

the geometric meaning of the construction. The projector Pλ determines the distinguished 636

cost direction Vλ, generated by the gradient of log R, and splits the tangent space into 637

the one-dimensional distribution im(Pλ) = span{Vλ} and its hλ-orthogonal complement 638

ker(Pλ) = ker ω. Since both eigendistributions are integrable, they define two complemen- 639

tary foliations of the Hessian manifold, one along the cost direction and one transverse 640

to it. The induced almost product, golden, and (p, q)-metallic structures preserve this 641
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decomposition and act with different eigenvalues on the two foliations. Moreover, this 642

decomposition is, in general, not preserved by parallel transport with respect to either the 643

canonical flat connection or the Levi–Civita connection of hλ. Thus, the reciprocal cost 644

function, the associated Hessian metric, and the induced polynomial structures form a 645

natural geometric construction on the Hessian manifold. 646

Further directions will include the study of the positive-definite locus and curvature 647

properties of hλ and possible relations with Hessian [15] and information geometry [1]. It 648

would be of interest to study analogous constructions for other rank-one Hessian tensors 649

and the corresponding induced polynomial structures. 650
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