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Abstract 1

We study functions satisfying the composition law F(xy) + F(x/y) = P(F(x), F(y)) with a symmetric 2

polynomial combiner P. We prove that symmetry together with a quadratic degree bound on P forces 3

a composition law of d’Alembert type. We establish a degree-mismatch exclusion criterion showing 4

that symmetric polynomial combiners with deg P(u, v) ≥ 3 do not admit nonconstant continuous 5

solutions provided the leading term does not cancel (Theorem 1). For continuous nonconstant functions 6

F : R>0 → R with F(1) = 0 satisfying the composition law with a symmetric polynomial P of degree 7

at most two, the combiner is necessarily of the form P(u, v) = 2u + 2v + c uv, c ∈ R (Theorem 3). 8

The equation reduces in logarithmic coordinates to the classical d’Alembert functional equation. For 9

c ̸= 0 one obtains hyperbolic or trigonometric branches, while c = 0 yields the squared-logarithm 10

family. Under the cost-function assumptions F ≥ 0 and convexity, only the hyperbolic branch with 11

c > 0 remains. A unit log-curvature calibration selects the canonical value c = 2, which yields the 12

canonical reciprocal cost F(x) = 1
2 (x + x−1)− 1. For c ̸= 0, the result extends to Rn

>0: every solution 13

depends only on a single linear combination of coordinate logarithms; for c = 0 the solution is a 14

general quadratic form ∑i,j aij ln xi ln xj. In either case, nontrivial coordinate-wise separable costs are 15

excluded. 16

Keywords: d’Alembert functional equation, polynomial composition law, reciprocal cost, curvature 17

calibration, separability, rigidity. 18

1. Introduction 19

Functional equations often arise when one requires that a quantity associated to ratios behaves 20

consistently under multiplicative composition. Such consistency principles appear naturally in many 21

contexts, including the theory of functional equations [1,13], information-geometric theory involving 22

multiplicative models, and models of ratio-based costs. 23

The classical d’Alembert functional equation 24

H(t + u) + H(t − u) = 2H(t)H(u) 25

is one of the central equations in the theory of functional equations. The origin goes back to 26

d’Alembert’s derivation of the parallelogram law of forces [7]. Poisson [16] gave a rigorous treatment 27

of solutions, and Picard [15] studied its relation with non-Euclidean geometry. Its continuous solutions 28

are the cosine-type functions cosh(αt) and cos(αt) (see [1,13,19]). Many nonlinear functional relations 29

reduce to this equation after suitable transformations. 30

In [20], a rigidity result for F : R>0 → R is obtained. Assuming the polynomial composition law 31

F(xy) + F
( x

y

)
= 2F(x)F(y) + 2F(x) + 2F(y), (1) 32
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together with the curvature calibration 33

lim
t→0

2F(et)

t2 = 1, 34

the function F is uniquely determined. The unique solution is the canonical reciprocal cost 35

F(x) = 1
2
(

x + x−1)− 1. 36

This raises a natural structural question. Is the composition law (1) merely a modeling assumption, 37

as it appears in various contexts in the literature (see, e.g., [2,19]), or is it forced by more general 38

consistency requirements? 39

In this paper we study functional relations of the form 40

F(xy) + F
(

x
y

)
= P

(
F(x), F(y)

)
, x, y > 0, (2) 41

where P is a polynomial combiner. We investigate which polynomial laws admit nontrivial continuous 42

solutions. 43

In applications one often interprets F(x) as a cost or penalty associated to a ratio x > 0. The 44

normalization F(1) = 0 reflects that the identity element carries zero deviation. It does not restrict 45

generality, since any solution can be reduced to this case by subtracting a constant, with a corresponding 46

translation of the variables in P. More precisely, if F̃(x) := F(x)− F(1), then F̃(1) = 0 and 47

F̃(xy) + F̃
(

x
y

)
= P̃

(
F̃(x), F̃(y)

)
, P̃(u, v) := P

(
u + F(1), v + F(1)

)
− 2F(1). 48

Thus, the assumption F(1) = 0 is without loss of generality. This condition determines the boundary 49

identities 50

P(u, 0) = 2u, P(0, v) = 2v, 51

which restrict the form of the polynomial combiner. Requiring compatibility with multiplicative 52

composition then leads to a d’Alembert-type functional equation on R>0. 53

We assume that F : R>0 → R is continuous and nonconstant, and that P ∈ R[u, v] is a symmetric 54

polynomial, where R[u, v] denotes the ring of polynomials in two variables with real coefficients. 55

Symmetry is natural since the roles of x and y in the left-hand side of (2) are interchangeable. Under 56

symmetry of P we derive reciprocity F(x) = F(1/x). 57

Our first result treats the case of higher-degree polynomial combiners. We show that symmetric 58

polynomial combiners of degree d ≥ 3 are incompatible with the functional equation (2). More 59

precisely, if P ∈ R[u, v] is symmetric, satisfies P(0, v) = 2v, and its leading term does not cancel on the 60

diagonal, then the equation (2) admits no continuous nonconstant solution F : R>0 → R with F(1) = 0. 61

Consequently, only polynomial combiners of degree at most two can admit nontrivial continuous 62

solutions. This reduction to the quadratic case is the main structural step of the paper. 63

Our main structural result shows that in the quadratic case the composition law is completely 64

determined. If F : R>0 → R is continuous and nonconstant and the combiner P is a symmetric 65

polynomial of degree at most two, then necessarily 66

P(u, v) = 2u + 2v + c uv, c ∈ R. 67

Under the normalization F(1) = 0 the functional equation therefore reduces to 68

F(xy) + F
( x

y

)
= 2F(x) + 2F(y) + c F(x)F(y). 69
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Passing to logarithmic coordinates reduces this relation to the classical d’Alembert equation 70

H(t + u) + H(t − u) = 2H(t)H(u), 71

whose continuous solutions are well known [1,2,5,12–14,19]. All continuous solutions of the original 72

equation can therefore be described explicitly. 73

Convexity and nonnegativity select the hyperbolic branch (Corollary 8), while a curvature nor- 74

malization determines the distinguished value c = 2. In this case the canonical reciprocal cost 75

F(x) =
1
2
(x + x−1)− 1 76

appears as a structurally determined solution [20]. 77

Finally, we extend the analysis to functions on Rn
>0 := {(x1, . . . , xn) ∈ Rn : xi > 0}. In the multi- 78

dimensional case, passing to logarithmic coordinates reduces the problem to a functional equation on 79

Rn involving sums and differences. Such equations are known to exhibit a collapse to one-dimensional 80

dependence, as in the classical case (see, e.g., [2,19]). We show that, for c ̸= 0, solutions depend on x 81

only through the scalar quantity α · ln x, where x = (x1, . . . , xn) ∈ Rn
>0 denotes a vector variable, and 82

α = (α1, . . . , αn) ∈ Rn is a vector of weights. Thus the effective dependence remains one-dimensional. 83

The paper is organized as follows. In Section 2 we study structural consequences of the polynomial 84

composition law. In particular, we prove reciprocity of F under symmetry of the combiner and derive 85

the boundary identities that restrict the polynomial P. 86

Section 3 contains the classification of admissible polynomial combiners. We show that sym- 87

metric combiners of degree at least three do not admit nonconstant continuous solutions under a 88

natural non-cancellation assumption. In the quadratic case we obtain the bilinear form of the com- 89

biner. In Section 3.1 we pass to logarithmic coordinates and reduce the equation to the classical 90

d’Alembert functional equation. Using the known classification of its continuous solutions, we obtain 91

the corresponding families of functions F. 92

In Section 4 we consider the multidimensional case. We show that for c ̸= 0 every solution 93

depends only on the scalar quantity α · ln x. Thus even in dimension n the effective dependence is 94

one-dimensional through the quantity α · ln x. We give an explicit 16-dimensional example (Example 2) 95

illustrating the collapse to a single logarithmic direction. 96

In the final section we introduce a normalization based on the log-curvature κ(F). We show that 97

this calibration fixes the parameter of the bilinear composition law. For convex nonnegative solutions 98

with κ(F) = 1 the parameter is uniquely determined by c = 2, which yields the canonical reciprocal 99

cost. 100

Main contributions of the paper. The main results of the paper are the following: 101

(i) We show that symmetric polynomial combiners of degree d ≥ 3 do not admit nonconstant 102

continuous solutions under a natural non-cancellation assumption. 103

(ii) We prove that in the case deg P ≤ 2, the polynomial combiner is of bilinear d’Alembert type, 104

namely P(u, v) = 2u + 2v + c uv. 105

(iii) We reduce the functional equation to the classical d’Alembert equation and give a complete 106

classification: all continuous solutions form three families: the hyperbolic branch F(et) = 107

2
c (cosh(αt)− 1), the trigonometric branch F(et) = 2

c (cos(αt)− 1) (for c ̸= 0), and the quadratic- 108

logarithm family F(x) = k(ln x)2 (for c = 0). 109

(iv) We extend the result to the n-dimensional case and show that every solution depends only on a 110

single linear combination of the logarithmic variables. 111

The main difficulty lies in the analysis of the equation with a general polynomial combiner, where a 112

degree-based argument and a non-cancellation condition are used to exclude higher-degree cases. 113
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2. Preliminaries 114

We consider a function F : R>0 → R. Passing to logarithmic coordinates, we define 115

G(t) := F(et), t ∈ R. (3) 116

Definition 1. A function F : R>0 → R is said to satisfy a polynomial composition law if there exists a 117

polynomial P ∈ R[u, v] such that 118

F(xy) + F
(

x
y

)
= P

(
F(x), F(y)

)
for all x, y > 0. (4) 119

Such a polynomial P is called a combiner. 120

In the following, we assume that (4) holds with a symmetric polynomial P ∈ R[u, v]. In logarith- 121

mic coordinates x = et, y = eu, equation (4) becomes 122

G(t + u) + G(t − u) = P
(
G(t), G(u)

)
, t, u ∈ R. (5) 123

Note that (4) determines P only on the subset 124

{(F(x), F(y)) : x, y ∈ R>0} ⊆ R2, 125

that is, on Range(F)× Range(F). 126

We assume that F is continuous on R>0 and nonconstant. Then Range(F) contains a nontrivial 127

interval. Consequently, if a polynomial P(u, v) vanishes on Range(F)× Range(F), then P vanishes 128

identically on R2. 129

Remark 1. Continuity is used to ensure that Range(F) contains a nondegenerate interval. All results, 130

such as reciprocity of F, the boundary conditions, and the bilinear form of P, remain valid if Range(F) 131

is dense in some interval. In particular, continuity can be replaced by measurability together with local 132

boundedness, since measurable solutions of the d’Alembert equation are continuous [3,12,19]. 133

2.1. Structural properties 134

We now derive structural consequences of the polynomial composition law (4). We establish 135

the equivalence between symmetry of P and reciprocity of F. The normalization F(1) = 0 implies 136

that the boundary values of P satisfy P(0, v) = 2v and P(u, 0) = 2u. The symmetry assumption 137

P(u, v) = P(v, u) is not arbitrary. It is the algebraic counterpart of reciprocity. 138

As shown in the next lemma, symmetry of the combiner implies reciprocal-symmetry of F. This 139

expresses invariance under inversion of the ratio, a natural structural property for a discrepancy 140

measure. 141

Lemma 1. If F satisfies equation (4) with a symmetric combiner P, then 142

F(z) = F
(1

z

)
for all z > 0. 143

Proof. Writing equation (4) for (x, y) and (y, x) gives 144

F(xy) + F
( x

y

)
= P(F(x), F(y)), 145

146

F(yx) + F
( y

x

)
= P(F(y), F(x)). 147
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Since xy = yx and P is symmetric, subtracting yields 148

F
( x

y

)
= F

( y
x

)
. 149

If we set y = 1 in the last equation, we obtain F(x) = F(1/x), for all x > 0. 150

Lemma 2. Assume F satisfies equation (4) where P is a polynomial. If F is continuous, nonconstant, and 151

reciprocal-symmetric, then P is symmetric. 152

Proof. Using reciprocity, we obtain 153

P(F(x), F(y)) = P(F(y), F(x)) for all x, y > 0. 154

Let Q(u, v) = P(u, v) − P(v, u). Then Q(F(x), F(y)) = 0. Since Range(F) contains an interval, Q 155

vanishes on an open subset of R2, hence Q ≡ 0. 156

Remark 2. Under the polynomial assumption and nondegeneracy of the range (e.g. F continuous and 157

nonconstant), symmetry of P and reciprocity of F are equivalent. 158

With reciprocity established, the next lemma determines the boundary values of P at F(1). 159

Lemma 3. Let F be continuous and nonconstant satisfying equation (4) with symmetric P. Then 160

P(F(1), v) = 2v, P(u, F(1)) = 2u for all u, v ∈ R. 161

Proof. Setting x = 1 in equation (4) gives 162

F(y) + F
(1

y

)
= P(F(1), F(y)). 163

By reciprocity, F(y) = F(1/y), hence 164

2F(y) = P(F(1), F(y)). 165

Let us define the polynomial q(v) = P(F(1), v)− 2v. Then q(F(y)) = 0. Since the range of F contains 166

an interval, q ≡ 0. Symmetry gives the second identity. 167

Corollary 1. Under the assumptions of Lemma 3 and the additional condition F(1) = 0, it follows that 168

P(u, 0) = 2u, P(0, v) = 2v. 169

We now factor out the constraints at F(1). 170

Lemma 4. Let F satisfy equation (4) with polynomial symmetric P. Assume F is continuous and nonconstant. 171

Then there exists R ∈ R[u, v] such that 172

P(u, v) = 2u + 2v − 2F(1) + (u − F(1))(v − F(1)) R(u, v). (6) 173

Proof. Let us define polynomial 174

S(u, v) = P(u, v)− 2u − 2v + 2F(1). 175
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By Lemma 3, we have 176

S(F(1), v) = 0, S(u, F(1)) = 0. 177

Fix v. Since S(F(1), v) = 0, it follows that (u − F(1)) divides S(u, v). Hence there exists a polynomial 178

T ∈ R[u, v] such that 179

S(u, v) =
(
u − F(1)

)
T(u, v). 180

Now evaluate S(u, v) at v = F(1). We obtain 181

0 = S(u, F(1)) =
(
u − F(1)

)
T(u, F(1)) for all u. 182

Since this identity holds for all u, it follows that 183

T(u, F(1)) = 0 for all u. 184

Thus (v − F(1)) divides T(u, v). Therefore there exists R ∈ R[u, v] such that 185

T(u, v) =
(
v − F(1)

)
R(u, v). 186

Combining the two factorizations yields 187

S(u, v) =
(
u − F(1)

)(
v − F(1)

)
R(u, v), 188

which proves equation (6). 189

Corollary 2. Under the assumptions of Lemma 4 and the additional condition F(1) = 0, there exists a 190

polynomial R ∈ R[u, v] such that 191

P(u, v) = 2u + 2v + uv R(u, v) for all u, v ∈ R. 192

Since P is symmetric, it follows that R is also symmetric. 193

3. Polynomial classification 194

In this section we classify the possible polynomial combiners P. 195

Using the factorization (6) from Lemma 4, together with the symmetry of P and the boundary 196

conditions from Section 2.1, we conclude that the polynomial R is symmetric. Indeed, the term 197

2u + 2v − 2F(1) is already symmetric in (u, v), and therefore the symmetry of P forces R in (6) to be 198

symmetric as well. 199

At this point, the degree of R is not restricted. If R has high degree, then the functional equation 200

becomes structurally more complex. Using (6), the equation (5) becomes 201

G(t + u) + G(t − u) =2G(t) + 2G(u)− 2F(1) 202

+
(
G(t)− F(1)

)(
G(u)− F(1)

)
R
(
G(t), G(u)

)
. 203

Assume that G is smooth in a neighborhood of 0. Then both sides of the above equation admit Taylor 204

expansions at (t, u) = (0, 0) in the form of convergent power series 205

G(t + u) + G(t − u) = ∑
k,l≥0

Akl tkul , 206

207

2G(t) + 2G(u)− 2F(1) +
(
G(t)− F(1)

)(
G(u)− F(1)

)
R
(
G(t), G(u)

)
= ∑

k,l≥0
Bkl tkul . 208

By uniqueness of power series expansions, we obtain Akl = Bkl for all k, l ≥ 0. This yields an infinite 209

system of algebraic relations between the derivatives of G at 0 and the coefficients of the polynomial R. 210
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Consequently, without imposing a bound on the degree of P, the classification problem leads to an 211

infinite system of compatibility conditions. 212

For this reason, we restrict our attention to polynomial combiners of total degree at most two. 213

Since (u − F(1))(v − F(1)) already has degree two, it follows that R in (6) must be constant. 214

Assumption 1. The combiner P has total degree at most two. 215

Theorem 1. Let P ∈ R[u, v] be a symmetric polynomial of degree d ≥ 3 with P(0, v) = 2v, and let 216

q(y) := P(y, y). Assume that degy q = d, where the index y indicates the variable with respect to which the 217

degree is taken, and that no cancellation occurs in the leading term, so that 218

degy
(

P(P(q(y), y)− y, y)
)
= d3 − 2d2 + 2d. 219

Then there is no continuous nonconstant function F : R>0 → R with F(1) = 0 satisfying the polynomial 220

composition law 221

F(xy) + F
( x

y

)
= P(F(x), F(y)). 222

In particular, the explicit degree-three combiner treated in Example 1 is excluded. 223

Proof. Set G(t) := F(et), so that G(0) = 0 and the functional equation becomes 224

G(t + u) + G(t − u) = P(G(t), G(u)), t, u ∈ R. (7) 225

Since P(0, v) = 2v and P is symmetric, the factored form P(u, v) = 2u + 2v + uv R(u, v) holds for some 226

symmetric polynomial R of degree d − 2 ≥ 1. 227

We observe that, for each integer n ≥ 1, the quantity G(ns) can be expressed as a polynomial 228

function of y = G(s). Setting y = G(s) and q(y) := P(y, y), the composition law (7) gives 229

G(2s) = P(G(s), G(s)) = q(G(s)) = q(y). 230

Setting t = 2s, u = s in (7), we obtain 231

G(3s) = P(G(2s), G(s))− G(s) = P(q(y), y)− y. 232

Setting t = u = 2s in (7), we obtain 233

G(4s) = q(G(2s)) = q(q(y)). 234

Setting t = 3s, u = s in (7), we obtain the identity 235

G(4s) + G(2s) = P(G(3s), G(s)). (8) 236

Proceeding inductively, each G(ns) is obtained from y by finitely many polynomial substitutions 237

involving P. Therefore, for each fixed n, G(ns) is a polynomial in y = G(s). 238

We will now analyze this identity as a polynomial relation in y = G(s). 239

Lemma 5. Let P ∈ R[u, v] be a symmetric polynomial of degree d ≥ 3 with P(0, v) = 2v, and let q(y) := 240

P(y, y). Let G(3s) and G(4s) be the polynomials in y = G(s) obtained in the proof of Theorem 1. Then 241

(i) degy G(4s) = (degy q)2. 242

(ii) degy
(

P(G(3s), G(s))
)
≤ d3 − 2d2 + 2d, with equality under the non-cancellation assumption of Theo- 243

rem 1. 244

(iii) If degy q = d and equality holds in (ii), then the degree difference is d(d − 1)(d − 2) ≥ 6 for all d ≥ 3. 245
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Proof. (i) Since G(4s) = q(q(y)), and degy q = d, we obtain degy G(4s) = d2. 246

(ii) From the identities above, we have 247

G(3s) = P(q(y), y)− y. 248

Write 249

P(u, v) = 2u + 2v + uv R(u, v), deg R(u, v) = d − 2. 250

The highest-degree contribution in P(q(y), y) comes from q(y) y R(q(y), y). Since the degree of R in 251

the variable u is at most d − 2, and degy q = d, we have 252

degy R(q(y), y) ≤ (d − 2)d = d2 − 2d. 253

Therefore 254

degy
(
q(y) y R(q(y), y)

)
≤ d + 1 + (d2 − 2d) = d2 − d + 1. 255

Hence 256

degy G(3s) ≤ d2 − d + 1. 257

Equality holds if the leading coefficient of G(3s) (as a polynomial in y) is nonzero. This can be verified 258

explicitly in the degree-three case. 259

Now consider the right-hand side of (8). Its terms are of the form 260

aij [G(3s)]i yj, i + j ≤ d, i, j ≥ 1. 261

The degree of such a term is 262

i degy G(3s) + j. 263

Using the bound for degy G(3s), we obtain 264

degy
(

P(G(3s), G(s))
)
≤ max

1≤i≤d−1

(
i(d2 − d + 1) + (d − i)

)
265

= max
1≤i≤d−1

(
i(d2 − d) + d

)
, 266

and the maximum is achieved at i = d − 1. Hence 267

degy
(

P(G(3s), G(s))
)
≤ d3 − 2d2 + 2d. 268

Under the non-cancellation assumption of Theorem 1, this is the degree of the right-hand side. 269

(iii) By parts (i) and (ii), in the equality case the degree difference is 270

(d3 − 2d2 + 2d)− d2 = d3 − 3d2 + 2d 271

= d(d − 1)(d − 2). 272

Since d ≥ 3, all three factors are positive, and therefore 273

d(d − 1)(d − 2) ≥ 6. 274

275

Final step of the proof of Theorem 1. Since G is continuous and nonconstant, its range Range(G) 276

contains a non-degenerate interval I ⊂ R. From (8) we have 277

G(4s) + G(2s) = P(G(3s), G(s)). 278



9 of 25

By substituting y = G(s), and using the previous part of the proof, the quantities G(2s), G(3s) and 279

G(4s) are polynomials in y. Therefore the left-hand side and the right-hand side of (8) can be written 280

as polynomial functions of y. More explicitly, 281

A(y) := q(q(y)) + q(y), B(y) := P
(

P(q(y), y)− y, y
)

282

belong to R[y], are independent of s, and (8) becomes 283

A(y) = B(y) for all y ∈ Range(G). 284

Since Range(G) contains the interval I, it follows that 285

A(y)− B(y) = 0 for all y ∈ I. 286

The polynomial A(y) − B(y) is a polynomial in one variable. A polynomial which vanishes on a 287

non-degenerate interval must vanish identically. Therefore 288

A(y) ≡ B(y) on R. 289

However, by Lemma 5, the two sides have different degrees, which is impossible. Hence, no continuous 290

nonconstant function F : R>0 → R with F(1) = 0 satisfies the polynomial composition law for a 291

symmetric polynomial P of degree d ≥ 3. 292

In Theorem 1 we assume that no cancellation occurs in the leading term. We now make this 293

assumption precise. 294

Remark 3. Let P ∈ R[u, v] be symmetric of degree d ≥ 3 and let q(y) = P(y, y). We assume that 295

degy q = d 296

and 297

degy
(

P(P(q(y), y)− y, y)
)
= d3 − 2d2 + 2d. 298

This ensures that the leading term is preserved under composition. Equivalently, there is no cancellation of the 299

highest-degree contribution on the diagonal u = v. It guarantees that the right-hand side attains the maximal 300

degree required for the degree mismatch argument. 301

Remark 4. The diagonal polynomial q(x) = P(x, x) may have degree k < d if the highest-degree terms 302

of P vanish on u = v. For example, 303

P(u, v) = 2u + 2v + uv(u − v)2
304

has degree 4, while q(x) = 4x. 305

For the combiner considered in Example 1 we have q(x) = 4x + 2x3, hence degy q = d = 3. Thus 306

the possible degeneration degy q < d does not occur in the explicit case considered here. 307

The following corollary follows directly from Theorem 1 under the assumptions clarified above. 308

Corollary 3. Let F : R>0 → R be continuous and nonconstant, and assume that 309

F(xy) + F
( x

y

)
= P(F(x), F(y)), 310
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where P ∈ R[u, v] is symmetric and F(1) = 0. Assume the non-cancellation assumption of Theorem 1. Then 311

deg P(u, v) ≤ 2. Consequently, by Theorem 3, 312

P(u, v) = 2u + 2v + c uv 313

is the unique polynomial composition law admitting nonconstant continuous solutions. 314

Proof. If deg P ≥ 3, Theorem 1 shows no continuous nonconstant F with F(1) = 0 can exist. Hence 315

deg P ≤ 2. Then Theorem 3 implies P(u, v) = 2u + 2v + c uv. 316

Example 1. Consider the polynomial 317

P(u, v) = 2u + 2v + u2v + uv2, 318

which has degree 3 and satisfies P(0, v) = 2v. Then 319

q(x) = P(x, x) = 4x + 2x3. 320

Let y = G(s). Using the identities derived in the proof of Theorem 1, we obtain 321

G(2s) = 4y + 2y3, 322

G(3s) = 9y + 24y3 + 18y5 + 4y7, 323

G(4s) = 16y + 136y3 + 192y5 + 96y7 + 16y9. 324

The identity 325

G(4s) + G(2s) = P(G(3s), G(s)) 326

require the equality of two polynomials in y. We have 327

degy
(
G(4s) + G(2s)

)
= 9, degy

(
P(G(3s), G(s))

)
= 15. 328

Thus the degrees do not match, so the identity cannot hold identically. 329

Under Assumption 1, P can be written in the general quadratic form 330

P(u, v) = a + bu + cv + d uv + e u2 + f v2, a, b, c, d, e, f ∈ R. (9) 331

Lemma 6. If P is symmetric, i.e. P(u, v) = P(v, u), then b = c and e = f . Consequently, 332

P(u, v) = a + b(u + v) + d uv + e(u2 + v2). (10) 333

Proof. The symmetry implies equality of coefficients after interchanging u and v in (9). Comparing 334

the coefficients of u and v gives b = c, and comparing those of u2 and v2 gives e = f . 335

We now determine the relations among the coefficients imposed by the functional equation. 336

Theorem 2. Let F : R>0 → R be continuous and nonconstant satisfying 337

F(xy) + F
( x

y

)
= P(F(x), F(y)) for all x, y > 0, 338

where P is a symmetric quadratic polynomial of the form 339

P(u, v) = a + b(u + v) + c uv + e(u2 + v2). 340
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Then e = 0, and b(2 − b) + ac = 0. 341

Proof. By Lemma 3, we have P(F(1), v) = 2v for all v ∈ R. Substituting u = F(1) in the given form of 342

P, we obtain 343

a + b(F(1) + v) + cF(1)v + e(F(1)2 + v2) = 2v. 344

Since this identity holds for all v ∈ R, we have 345

e = 0, a + bF(1) = 0, b + cF(1) = 2. 346

Eliminating F(1) from the last two equations gives 347

b(2 − b) + ac = 0. 348

349

We now consider the effect of the normalization at x = 1. 350

Corollary 4. According to the assumptions of Theorem 2, if F(1) = 0, then 351

a = 0, b = 2, 352

and hence 353

P(u, v) = 2u + 2v + c uv. 354

Proof. By Theorem 2, from the relations b + cF(1) = 2 and a + bF(1) = 0, substituting F(1) = 0 gives 355

b = 2 and a = 0. 356

Thus, in the case of F(1) = 0, the composition law reduces to 357

F(xy) + F
( x

y

)
= 2F(x) + 2F(y) + c F(x)F(y), x, y > 0. (11) 358

This equation will be analyzed in Section 3.1, where we make explicit its connection with the classical 359

d’Alembert functional equation. 360

Theorem 3 (d’Alembert Inevitability Theorem). Let F : R>0 → R be continuous and nonconstant satisfying 361

a polynomial composition law with a symmetric combiner of degree at most two. Then P must be of the form 362

P(u, v) = a + b(u + v) + c uv 363

with b(2 − b) + ac = 0, where a, b, c ∈ R. If, moreover, F(1) = 0, then 364

P(u, v) = 2u + 2v + c uv, 365

and F satisfies equation (11). 366

Proof. By Lemma 6, the polynomial P has the form 367

P(u, v) = a + b(u + v) + d uv + e(u2 + v2). 368

By Theorem 2, we have e = 0, hence 369

P(u, v) = a + b(u + v) + d uv. 370
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Renaming d = c, we obtain P(u, v) = a + b(u + v) + c uv. The relation b(2 − b) + ac = 0 follows 371

directly from Theorem 2. 372

If F(1) = 0, Corollary 4 gives a = 0 and b = 2, hence 373

P(u, v) = 2u + 2v + c uv. 374

375

Corollary 5. Let F : R>0 → R be continuous and nonconstant. If two polynomials P, P′ ∈ R[u, v] satisfy 376

F(xy) + F
( x

y

)
= P(F(x), F(y)) = P′(F(x), F(y)) x, y > 0, 377

then P = P′. 378

Proof. The identity implies P(u, v) = P′(u, v) for all (u, v) ∈ Range(F) × Range(F). Since F is 379

continuous and nonconstant, its range contains a nondegenerate interval. Hence P = P′ on a set 380

containing a rectangle in R2. Therefore the polynomial P − P′ is identically zero, and thus P ≡ P′ on 381

R2. 382

Remark 5. Let F : R>0 → R be continuous, nonconstant, with F(1) = 0. If F satisfies (4) with 383

a symmetric combiner P ∈ R[u, v] of total degree at most one, then P(u, v) = 2(u + v), and the 384

composition law coincides with (11) at c = 0. Consequently, the degree-one case is not a separate 385

family, it is included in Theorem 3 for c = 0. Thus, degree two is the minimal degree for which a free 386

parameter appears (namely c). 387

If, in addition, F is convex, then x = 1 is a global minimum of F. In this case, the normalization 388

F(1) = 0 corresponds to shifting the minimum to zero. 389

Lemma 7. Let F : R>0 → R be continuous and nonconstant, and suppose 390

F(xy) + F
( x

y

)
= P(F(x), F(y)), x, y > 0, 391

where P ∈ R[u, v] is symmetric. Assume in addition that F is convex. Then x = 1 is a global minimum of F, i.e. 392

F(1) ≤ F(x) for all x > 0. 393

Proof. Since P is symmetric and F is continuous and nonconstant, we have 394

F(x) = F
( 1

x

)
, x > 0. 395

Suppose there exists x0 > 0 such that F(x0) < F(1). Then also F(1/x0) = F(x0) < F(1). 396

Since 1 lies between x0 and 1/x0, there exists θ ∈ (0, 1) such that 397

1 = θx0 + (1 − θ)
1
x0

. 398

By convexity, 399

F(1) ≤ θF(x0) + (1 − θ)F(1/x0) = F(x0) < F(1), 400

a contradiction. 401
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Remark 6. For every real value of c, the bilinear equation (11) reduces, to a d’Alembert equation (13) 402

(by using the Lemma 9). The parameter c parametrizes the family but does not create new solution 403

types. 404

3.1. Reduction to classical d’Alembert 405

In this part we show that the bilinear family (11) reduces, after a change of variables, to the 406

classical d’Alembert equation. 407

Lemma 8. Assume (11) and define G by (3). Then for all t, u ∈ R, 408

G(t + u) + G(t − u) = 2G(t) + 2G(u) + c G(t)G(u). (12) 409

Proof. Let x = et and y = eu in (11). Using xy = et+u and x/y = et−u and G(t) = F(et) gives (12). 410

Lemma 9. Assume (12) for some constant c ∈ R. 411

(i) If c ̸= 0 and 412

H(t) := 1 +
c
2

G(t), 413

then H satisfies the classical d’Alembert equation 414

H(t + u) + H(t − u) = 2H(t)H(u). (13) 415

(ii) If c = 0, then (12) reduces to 416

G(t + u) + G(t − u) = 2G(t) + 2G(u). (14) 417

Proof. (i) If c ̸= 0, substituting H(t) into (13) one obtains 418

H(t + u) + H(t − u) = 2 +
c
2
(
G(t + u) + G(t − u)

)
. 419

From (12), we have 420

2 +
c
2
(
2G(t) + 2G(u) + c G(t)G(u)

)
= 2 + cG(t) + cG(u) +

c2

2
G(t)G(u). 421

On the other hand, we have 422

2H(t)H(u) = 2
(

1 +
c
2

G(t)
)(

1 +
c
2

G(u)
)

423

= 2 + cG(t) + cG(u) +
c2

2
G(t)G(u), 424

so (13) holds. 425

(ii) If c = 0, (12) reduces directly to (14). 426

We now determine the solutions in both cases. 427

(i) Case c ̸= 0. The function H(t) satisfies (13). If F is continuous, then H is continuous. Since 428

F(x) = F(1/x), H is even and H(0) = 1. 429

Under standard regularity assumptions, (see [1,2,11,12,19]), all even solutions of (13) with H(0) = 430

1 are 431

H(t) = cosh(αt) or H(t) = cos(αt), 432

for some α ∈ R. Equivalently, 433

H(t) =
eλt + e−λt

2
, 434
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with λ ∈ C. Substituting this into the definition of F, we obtain 435

F(et) = G(t) =
2
c
(

H(t)− 1
)
. 436

(ii) If c = 0, then (12) reduces to 437

G(t + u) + G(t − u) = 2G(t) + 2G(u) for all t, u ∈ R. (15) 438

with G even and G(0) = 0. 439

Theorem 4. [12] Suppose G : R → R satisfies 440

G(t + u) + G(t − u) = 2G(t) + 2G(u). 441

If G is continuous, or continuous at a point, bounded on [0, δ) for some δ > 0, bounded on a set of positive 442

measure, or measurable, then 443

G(t) = kt2, k ∈ R. 444

Combining both cases yields the full classification. 445

Theorem 5. The continuous solutions of 446

F(xy) + F
( x

y

)
= 2F(x) + 2F(y) + cF(x)F(y) 447

are given as follows: 448

(i) If c ̸= 0, 449

F(et) =
2
c
(

cosh(αt)− 1
)

or F(et) =
2
c
(

cos(αt)− 1
)
, α ∈ R, α ̸= 0. 450

(ii) If c = 0, 451

F(x) = k(ln x)2, k ∈ R. 452

Proof. Set G(t) = F(et) and H(t) = 1 + c
2 G(t), for c ̸= 0. By Lemma 9(i), the function H satisfies the 453

classical d’Alembert equation with H continuous, even, and H(0) = 1. By the standard classification 454

[1,2,11–14,19], the solutions are 455

H(t) = cosh(αt) or H(t) = cos(αt), 456

giving the two branches. 457

If c = 0, the equation reduces to Lemma 9(ii), and the result follows from Theorem 4. 458

Proposition 1. For the hyperbolic branch in Theorem 5(i) we have F(x) ≥ 0 for all x > 0 if and only if c > 0. 459

Proof. Since cosh(αt)− 1 ≥ 0 for all t, 460

F(et) =
2
c
(

cosh(αt)− 1
)

461

is nonnegative for all t if and only if 2
c > 0, that is, c > 0. 462

We now express the hyperbolic branch in x-coordinates and identify the parameter regime in 463

which the solution admits a natural interpretation as a reciprocal cost function. 464
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Corollary 6. Let c > 0 and consider the hyperbolic branch 465

F(et) =
2
c
(

cosh(αt)− 1
)
, α ∈ R. 466

Then, in x-coordinates, 467

F(x) =
1
c
(
xα + x−α − 2

)
, x > 0. 468

Moreover: 469

(i) F(x) ≥ 0 for all x > 0; 470

(ii) F(1) = 0; 471

(iii) F(x) = F(1/x); 472

(iv) if α ̸= 0, then F(x) = 0 if and only if x = 1. 473

In particular, for c > 0 and α ̸= 0, F defines a reciprocal cost function on R>0. 474

Corollary 7. For every c ∈ R, the equation 475

F(xy) + F
( x

y

)
= 2F(x) + 2F(y) + cF(x)F(y) 476

admits a continuous nonconstant solution F : R>0 → R satisfying F(1) = 0 and F(x) = F(1/x). 477

Proof. The explicit solutions given in Theorem 5 provide such functions for each c ∈ R. 478

Corollary 8. Under the assumptions of Lemma 7, assume in addition that F is convex and that c ̸= 0 in (11). 479

Then c > 0, and only the hyperbolic branch is admissible, i.e. 480

F(et) =
2
c
(

cosh(αt)− 1
)
. 481

Moreover, α ≥ 1. 482

Proof. By Lemma 7, F(1) is a global minimum. Since F(1) = 0, we have F(x) ≥ 0 for all x > 0. 483

Because c ̸= 0, Theorem 5(i) holds. The cosine branch 484

F(et) =
2
c
(

cos(αt)− 1
)

485

is not convex on R>0, since 486

G′′(t) = −2
c

α2 cos(αt) 487

changes sign. Hence F′′ also changes sign, so F cannot be convex. Therefore only the hyperbolic branch 488

remains 489

F(et) =
2
c
(

cosh(αt)− 1
)
. 490

Since F(x) ≥ 0 for all x > 0, Proposition 1 implies c > 0. Further, we write t = ln x and set 491

U(t) := cosh(αt)− 1. Then F(x) = 2
c U(ln x) and 492

F′′(x) =
2

cx2

(
U′′(t)− U′(t)

)
=

2
cx2

(
α2 cosh(αt)− α sinh(αt)

)
. 493

Convexity of F on R>0 means F′′(x) ≥ 0 for all x > 0, i.e. 494

α2 cosh(αt)− α sinh(αt) ≥ 0 for all t ∈ R. 495
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Since cosh(αt) = cosh(|α|t), we may assume without loss of generality that α > 0. (If α = 0 then 496

G ≡ 0, contradicting nonconstancy; if α < 0 replace α by |α| since cosh is even) Dividing by α > 0, we 497

obtain 498

α cosh(αt) ≥ sinh(αt) for all t ∈ R. 499

For t > 0, it is equivalent to 500

α ≥ tanh(αt). 501

Since tanh(αt) → 1 as t → ∞, the above inequality implies α ≥ 1. For t < 0: since α > 0 and 502

sinh(αt) < 0, the inequality α cosh(αt) ≥ sinh(αt) holds trivially. For t = 0 both sides vanish. Hence 503

the condition α ≥ 1 is both necessary and sufficient for all t ∈ R. 504

Conversely, if α ≥ 1, then 505

α ≥ tanh(αt) for all t, 506

because tanh(αt) < 1 for every finite t. Hence α ≥ 1 is both necessary and sufficient for global 507

convexity. 508

4. D’Alembert inevitability for n-dimensional cost 509

In this part, we extend the inevitability result to functions defined on Rn
>0. Let x = (x1, . . . , xn) 510

and y = (y1, . . . , yn) be elements of Rn
>0, with 511

x · y = (x1y1, . . . , xnyn), x/y = (x1/y1, . . . , xn/yn), 1 = (1, . . . , 1). 512

We also write ln x := (ln x1, . . . , ln xn) ∈ Rn and, for α = (α1, . . . , αn) ∈ Rn, use the notation 513

xα :=
n

∏
k=1

xαk
k , α · ln x :=

n

∑
k=1

αk ln xk = ln(xα). 514

Definition 2. A function F : Rn
>0 → R satisfies an n-dimensional polynomial composition law if there 515

exists a polynomial P ∈ R[u, v] such that for all x, y ∈ Rn
>0, 516

F(x · y) + F(x/y) = P
(

F(x), F(y)
)
. (16) 517

The algebraic classification of the polynomial combiner P depends only on the functional equation 518

and on the nondegeneracy of the range of F, and therefore it is independent of the dimension n. 519

Theorem 6. Let F : Rn
>0 → R be continuous and nontrivial, with F(1) = 0, where 1 = (1, . . . , 1), and 520

suppose (16) holds with a symmetric polynomial combiner P of total degree at most two. Then there exists c ∈ R 521

such that 522

P(u, v) = 2u + 2v + c uv. 523

Proof. Since P is symmetric, from (16) we get 524

F(x/y) = F(y/x) (x, y ∈ Rn
>0). 525

By substituting y = 1, we obtain the reciprocity F(z) = F(z−1) for all z ∈ Rn
>0. 526

Now set x = 1 in (16). Using F(1) = 0 and reciprocity we obtain 527

P(0, F(y)) = F(y) + F(y−1) = 2F(y) (y ∈ Rn
>0). 528

Since F is continuous and nontrivial with F(1) = 0, its range contains a nondegenerate interval I with 529

0 ∈ I. Hence the polynomial v 7→ P(0, v)− 2v vanishes on I, so 530

P(0, v) = 2v for all v ∈ R. 531
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By symmetry, also P(u, 0) = 2u for all u ∈ R. 532

Let us write a general symmetric quadratic polynomial 533

P(u, v) = a + b(u + v) + c uv + e(u2 + v2). 534

Then 535

P(0, v) = a + bv + ev2 = 2v for all v, 536

so a = 0, b = 2, and e = 0. Therefore 537

P(u, v) = 2u + 2v + c uv 538

This completes the proof. 539

We now classify the corresponding solutions. In logarithmic coordinates t = (ln x1, . . . , ln xn) ∈ 540

Rn, define 541

G(t) = F(et1 , . . . , etn), t ∈ Rn. 542

We treat t ∈ Rn as a column vector. If F(x) = F(x−1), then G is even, G(−t) = G(t). 543

Assume first that c ̸= 0 and define H(t) = 1 + c
2 G(t). Then H is continuous and satisfies the 544

n-dimensional d’Alembert equation 545

H(t + u) + H(t − u) = 2H(t)H(u), t, u ∈ Rn, 546

with H(0) = 1 and H even. 547

548

In the following theorem, we will classify the solutions. 549

Theorem 7. All continuous solutions of 550

F(x · y) + F(x/y) = 2F(x) + 2F(y) + c F(x)F(y), F(1) = 0, (17) 551

are as follows: 552

(i) If c ̸= 0, then there exists α = (α1, . . . , αn) ∈ Rn such that either 553

F(x) =
2
c

(
cosh

( n

∑
k=1

αk ln xk

)
− 1

)
=

1
c

(
n

∏
k=1

xαk
k +

n

∏
k=1

x−αk
k − 2

)
, 554

or 555

F(x) =
2
c

(
cos
( n

∑
k=1

αk ln xk

)
− 1

)
. 556

(ii) If c = 0, then 557

F(x) =
n

∑
i,j=1

aij ln xi ln xj 558

for some symmetric matrix A = (aij) ∈ Rn×n. 559

Proof. (i) Case c ̸= 0. Since F is continuous, G(t) = F(et1 , . . . , etn) and H(t) = 1 + c
2 G(t) are 560

continuous with H(0) = 1. A direct computation shows that H satisfies 561

H(t + u) + H(t − u) = 2H(t)H(u), t, u ∈ Rn. 562
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Thus H satisfies the classical d’Alembert functional equation on Rn in the vector notation used in 563

this section. By the known classification of continuous solutions of the n-dimensional d’Alembert 564

equation on Rn (see [1,12,19]), there exists λ ∈ Cn such that 565

H(t) =
1
2

(
eλ·t + e−λ·t

)
= cosh(λ · t). 566

If H is real-valued for all t ∈ Rn, then λ must be either real or purely imaginary. Indeed, if λ 567

has both nonzero real and imaginary parts, then H(t) cannot remain real for all t ∈ Rn. Writing 568

λ = α ∈ Rn or λ = iα gives the two real branches 569

H(t) = cosh(α · t) or H(t) = cos(α · t). 570

Since G(t) = 2
c (H(t)− 1) and t = ln x, we obtain 571

F(x) =
2
c

(
cosh(α · ln x)− 1

)
=

1
c

(
xα + x−α − 2

)
, 572

or 573

F(x) =
2
c

(
cos(α · ln x)− 1

)
. 574

(ii) Case c = 0. Then the equation for G reduces to 575

G(t + u) + G(t − u) = 2G(t) + 2G(u), t, u ∈ Rn. 576

This is a Jensen-type quadratic functional equation on Rn. (see [2,12]). By the standard classi- 577

fication of continuous solutions of the quadratic Jensen-type equation on Rn (see [2,12]), every 578

solution has the form 579

G(t) = tTA t, t ∈ Rn, 580

where A = (aij) ∈ Rn×n is a symmetric matrix. Finally, for t = ln x we have 581

F(x) =
n

∑
i,j=1

aij ln xi ln xj, 582

which completes the proof. 583

584

Remark 7. For F to serve as a cost function (non-negative with F(x) = 0 only at x = 1) [20], the matrix 585

A must be positive definite. 586

Remark 8. In the case c ̸= 0, the cosh branch with c > 0 and α ∈ Rn satisfies F(x) ≥ 0 with equality if 587

and only if x = 1. Hence this branch is compatible with the interpretation of F as a cost function. 588

When c ̸= 0, the equation (16) is very restrictive. By Theorem 7, the function F depends on 589

x ∈ Rn
>0 only through the expression α · ln x. Thus, even in dimension n, the effective dependence is 590

one-dimensional. 591

In applications, cost functions on Rn
>0 are assumed to be additively separable, reflecting indepen- 592

dent contributions of different coordinates. It is therefore natural to ask whether such separable forms 593

are compatible with the composition law (17). 594

Suppose that F has a form 595

F(x) =
n

∑
k=1

fk(xk). (18) 596
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If each fk satisfies the composition law in one variable, then 597

F(x · y) + F(x/y) = 2F(x) + 2F(y) + c
n

∑
k=1

fk(xk) fk(yk). 598

However, 599

P(F(x), F(y)) = 2F(x) + 2F(y) + cF(x)F(y) 600

contains additional mixed terms of the form 601

c ∑
k ̸=j

fk(xk) f j(yj), 602

which cannot vanish unless at most one component is nontrivial. This indicates that F given by (18) is 603

incompatible with the composition law (17) when c ̸= 0. 604

More precisely, the following statement holds. 605

Theorem 8. Let c ̸= 0 and n ≥ 2. If F : Rn
>0 → R satisfies 606

F(x · y) + F(x/y) = 2F(x) + 2F(y) + cF(x)F(y), 607

then F cannot be written in the form (18) with two or more nonconstant components. 608

Proof. In logarithmic coordinates 609

G(t) =
2
c
(

cosh(α · t)− 1
)

or G(t) =
2
c
(

cos(α · t)− 1
)
. 610

We denote by 0 = (0, . . . , 0) ∈ Rn the zero vector. For the hyperbolic branch, G(t) = 2
c (cosh(α · t)− 1), 611

and for the trigonometric branch, G(t) = 2
c (cos(α · t)− 1). In either case, a direct computation gives 612

∂2G
∂tj ∂tk

(0) = ±2
c

αjαk (j ̸= k), 613

where the sign + corresponds to the hyperbolic branch and the sign − to the trigonometric branch. 614

If F(x) = ∑k fk(xk), then G(t) = ∑k gk(tk), and therefore all mixed partial derivatives vanish. 615

Hence αjαk = 0 for all j ̸= k. Thus at most one component of α is nonzero. Consequently F depends 616

on at most one coordinate, so a decomposition with two nonconstant components is impossible. 617

Corollary 9. For c ̸= 0, no additively separable cost with at least two nonconstant coordinate components is 618

compatible with the bilinear combiner. 619

In the following example, we provide a realization of the multidimensional rigidity result. We 620

construct a 16-dimensional system depending on two parameters (r, s) and show that the induced 621

reciprocal cost depends only on a single scalar aggregate. 622

Example 2. Let (r, s) ∈ Ω ⊂ R2 and define 623

Φ(r, s) = (ϕ1(r, s), . . . , ϕ16(r, s)) ∈ R16
624

by 625

Φ(r, s) =
(
r, s, r + s, r − s, rs, r2, s2, r2 − s2, 2rs, r3, s3, r2s, rs2, r4, s4, r2s2). 626

Let α ∈ R16 and set 627

S(r, s) = α · Φ(r, s). 628



20 of 25

Figure 1. Left: collapse regime (c ̸= 0), where F depends only on S(r, s) and is constant on its level sets, reducing
the dependence to one dimension. Right: no-collapse regime, where F depends genuinely on (r, s).

Define 629

x(r, s) =
(
eα1ϕ1(r,s), . . . , eα16ϕ16(r,s)) ∈ R16

>0. 630

Then 631
16

∑
k=1

ln xk(r, s) = S(r, s),
16

∏
i=1

xi(r, s) = eS(r,s). 632

The reciprocal cost on R16
>0 is given by 633

F(x) =
1
2

(
R + R−1

)
− 1, R =

16

∏
i=1

xi. 634

Under the above parametrization this becomes 635

F(r, s) = cosh
(
S(r, s)

)
− 1. 636

The reciprocal cost depends only on the single scalar quantity 637

S(r, s) = α · Φ(r, s) =
16

∑
k=1

ln xk. 638

By Theorem 7 the system collapses to a logarithmic direction for c ̸= 0. In the case c ̸= 0, the function F(r, s) 639

depends only on the scalar quantity S(r, s) = α · Φ(r, s). Hence, for any two points (r1, s1) and (r2, s2) such 640

that S(r1, s1) = S(r2, s2), we have F(r1, s1) = F(r2, s2). Therefore, F is constant along the level sets of S, and 641

the dependence on (r, s) reduces effectively to one dimension. Here, the level sets of S are the sets 642

{(r, s) ∈ Ω : S(r, s) = γ}, γ ∈ R. 643

644

Remark 9. If we consider a different combiner Pk in each coordinate, 645

F(x ·k y) + F(x /k y) = Pk
(

F(x), F(y)
)
, 646



21 of 25

where only the k-th component is modified, then necessarily 647

Pk(u, v) = 2u + 2v + ck uv 648

for each k. The case c1 = · · · = cn reduces to the consideration above. The compatibility of unequal 649

parameters ck remains open. 650

5. Canonical coefficient selection 651

The previous sections establish that symmetry and the polynomial composition law uniquely 652

force the one-parameter bilinear family (11) for some real constant c ∈ R. 653

We now show that a natural local normalization selects one distinguished member of this family. 654

Definition 3. Let F : R>0 → R. The log-curvature of F, denoted κ(F), is defined as 655

κ(F) := lim
t→0

2F(et)

t2 , 656

provided this limit exists. 657

When the limit exists, κ(F) is the quadratic scaling coefficient of F(et) at t = 0. This does not 658

assume a priori that F is C2. The existence of the limit provides the required regularity. 659

By the change of variables x = et, the limit exists if and only if 660

lim
x→1

2F(x)
(ln x)2 661

exists, and in that case the two limits coincide. 662

Assume that the limit κ(F) exists. Then necessarily F(1) = 0, since otherwise the quotient 2F(et)
t2 663

diverges as t → 0. Set G(t) = F(et). If G is twice differentiable at 0, then 664

κ(F) = G′′(0). 665

The calibration condition κ(F) = 1 means 666

G(t) = 1
2 t2 + o(t2) (t → 0). 667

We now determine how this calibration constrains the parameter c. 668

Theorem 9. Let F be a continuous nonconstant solution of (11) with c ̸= 0. Assume that F belongs to the 669

hyperbolic branch described in Theorem 5, that is, 670

F(et) =
2
c
(

cosh(αt)− 1
)

for some α > 0. 671

If κ(F) = 1, then c = 2α2. 672

Proof. Let G(t) = F(et). For c ̸= 0, define H(t) = 1 + c
2 G(t). By Lemma 9(i), H satisfies the classical 673

d’Alembert equation (13). By assumption, we are in the hyperbolic branch, so 674

H(t) = cosh(αt), α > 0. 675

Hence 676

G(t) =
2
c
(

H(t)− 1
)
=

2
c
(

cosh(αt)− 1
)
. 677
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Using the Taylor expansion at t = 0, 678

cosh(αt)− 1 =
α2t2

2
+ o(t2), 679

we compute 680

κ(F) = lim
t→0

2F(et)

t2 = lim
t→0

2G(t)
t2 =

4
c

lim
t→0

cosh(αt)− 1
t2 =

4
c
· α2

2
=

2α2

c
. 681

Therefore, the calibration condition κ(F) = 1 implies c = 2α2. 682

We now combine the d’Alembert Inevitability Theorem 3 with the solution classification in 683

Theorem 5 and the calibration condition. 684

Theorem 10. Assume: 685

(i) F is continuous and nonconstant; 686

(ii) F satisfies the bilinear composition law (11); 687

(iii) F is convex and nonnegative on (0, ∞); 688

(iv) κ(F) = 1. 689

Then F belongs to the hyperbolic family 690

Fα(x) =
1
α2

(
cosh(α ln x)− 1

)
, α ≥ 1, (19) 691

and 692

c = 2α2. 693

Proof. Passing to logarithmic coordinates G(t) = F(et) and applying Lemma 9, the equation (11) 694

reduces to the classical d’Alembert equation. By Theorem 5, all continuous solutions are either 695

hyperbolic or trigonometric. 696

Since F is convex and nonnegative on (0, ∞), F must belong to the hyperbolic branch, so that 697

G(t) = F(et) =
2
c
(

cosh(αt)− 1
)

for some α > 0. 698

The log-curvature is 699

κ(F) = lim
t→0

2F(et)

t2 =
2α2

c
. 700

Using κ(F) = 1 gives 701

c = 2α2. 702

Substituting this relation into the expression for F yields 703

Fα(et) =
1
α2

(
cosh(αt)− 1

)
. (20) 704

Finally, global convexity of F on (0, ∞) is equivalent to α ≥ 1 by Corollary 8. 705

The parameter α reflects a multiplicative rescaling of the logarithmic coordinate. The representa- 706

tion (20) can be written equivalently as 707

Fα(x) =
1
α2 F1(xα). 708

Thus α does not introduce a new structural type of solution; it corresponds only to a rescaling of the 709

coordinate t = ln x. Without loss of generality, we may therefore assume α = 1. 710
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Corollary 10. Under the assumption of Theorem 10, after normalization of the multiplicative coordinate, the 711

canonical representative is 712

F(x) =
1
2
(x + x−1)− 1. 713

Proof. If we set α = 1 in (19) we have c = 2 and 714

F(et) = cosh(t)− 1 =
1
2
(et + e−t)− 1. 715

Returning to multiplicative coordinates x = et yields 716

F(x) =
1
2
(x + x−1)− 1. 717

718

Remark 10. If c = 0, then the composition law (11) reduces to the additive branch, and the classification yields 719

F(x) = k(ln x)2. 720

In this case, 721

κ(F) = 2k, 722

so the normalization κ(F) = 1 forces k = 1
2 , giving 723

F(x) = 1
2 (ln x)2. 724

This provides a unit-curvature solution in the additive regime, which lies outside the bilinear (c ̸= 0) family. 725

6. Conclusion 726

In this paper we studied continuous nonconstant functions F : R>0 → R satisfying a symmetric 727

polynomial composition law 728

F(xy) + F
( x

y

)
= P(F(x), F(y)). 729

We first considered the case of higher-degree polynomial combiners. Theorem 1 shows that 730

symmetric combiners with deg P ≥ 3 are incompatible with the functional equation under a non- 731

cancellation condition. In particular, the cubic case in Example 1 admits no nonconstant continuous 732

solutions. Consequently, only polynomial combiners of degree at most two can admit nontrivial 733

continuous solutions. 734

In the quadratic case, the combiner P is necessarily of the form 735

P(u, v) = 2u + 2v + c uv, c ∈ R. 736

We also showed that symmetry of P is equivalent to reciprocity F(x) = F(1/x), and that the 737

normalization F(1) = 0 implies P(u, 0) = 2u and P(0, v) = 2v. For a given continuous nonconstant 738

solution F, the combiner is unique. 739

Passing to logarithmic coordinates reduces the composition law to the classical d’Alembert 740

functional equation. This givess a complete classification of continuous solutions: the hyperbolic and 741

trigonometric branches, and the quadratic logarithmic case when c = 0. 742

In the n-dimensional case we showed that the classification of P remains unchanged. For c ̸= 0, 743

every solution depends only on a single scalar combination α · ln x. As a consequence, additive 744

separability F(x) = ∑k fk(xk) is impossible for n ≥ 2. 745
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Finally, we introduced the log-curvature calibration κ(F) and proved that, for nonnegative convex 746

solutions with c ̸= 0 and κ(F) = 1, the solutions belong to the family 747

Fα(x) =
1
α2

(
cosh(α ln x)− 1

)
, c = 2α2. 748

After normalization α = 1, this gives the canonical reciprocal cost 749

F(x) =
1
2
(
x + x−1)− 1. 750

Thus, the canonical reciprocal cost is uniquely determined by the structural constraints. 751

752

Several natural questions remain open for further investigation. These include the classification of 753

asymmetric polynomial combiners, the stability of the polynomial composition law in the Hyers-Ulam 754

sense, and the multidimensional case with distinct coordinate parameters. 755

Author Contributions: Conceptualization, J.W.; Methodology, J.W. and M.Z.; Software, J.W.; Validation, J.W., M.Z. 756

and E.A.; Formal Analysis, M.Z. and J.W.; Investigation, J.W., M.Z. and E.A.; Resources, J.W.; Writing-Original 757

Draft Preparation, J.W.; Writing-Review and Editing, M.Z., J.W., and E.A.; Funding Acquisition, J.W. All authors 758

have read and agreed to the published version of the manuscript. 759

Funding: This research received no external funding. 760

Institutional Review Board Statement: Not applicable. 761

Informed Consent Statement: Not applicable. 762

Data Availability Statement: No new data were created or analyzed in this study. 763

Acknowledgments: The authors thank the anonymous referees for their helpful comments, which improved the 764

manuscript. 765

Conflicts of Interest: The authors declare no conflicts of interest. 766

References 767

1. J. Aczél, Lectures on Functional Equations and Their Applications, Academic Press, New York, 1966. 768

2. J. Aczél and J. Dhombres, Functional Equations in Several Variables, Cambridge University Press, 1989. 769

3. M. Akkouchi, A note on d’Alembert’s functional equation, Ann. Math. Blaise Pascal 8 (2001), no. 1, 1–6. 770

4. R. Bhatia, Positive Definite Matrices, Princeton University Press, 2007. 771

5. S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, 2002. 772

6. T. M. K. Davison, D’Alembert’s functional equation and Chebyshev polynomials, Ann. Acad. Paed. Cracov., 773

Studia Math. 4 (2001), 31–38. 774

7. J. d’Alembert, Mémoire sur les principes de mécanique, Hist. Acad. Sci. Paris (1769), 278–286. 775

8. B. Ebanks and H. Stetkær, d’Alembert’s other functional equation, Publ. Math. Debrecen 87 (2015), 319–349. 776
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