
Received:

Revised:

Accepted:

Published:

Copyright: © 2026 by the authors.

Submitted to Axioms for possible open

access publication under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

d’Alembert’s Functional Equation and a Globally Convex
Free-Action Principle on Positive Paths
Sebastian Pardo-Guerra 1* and Jonathan Washburn 1

1 Recognition Physics Institute, Austin, TX, USA.
* Correspondence: sebas@recognitionphysics.org.

Abstract 1

We study the kinetic action that d’Alembert’s functional equation induces on positive paths 2

in R>0, and prove that it is strongly convex. Calibrated d’Alembert forces the cosh cost 3

J(x) = 1
2 (x + x−1)− 1, equivalently J̃(ξ) = cosh ξ − 1 in the log coordinate ξ = log x. Eval- 4

uating this log-cost at the log-velocity ξ̇ rather than the log-position – a single named model- 5

ing postulate (Postulate 2.10) – yields the kinetic action A[γ] =
∫ b

a (cosh ξ̇ − 1) dt, which is 6

strongly convex under geometric (log-space) interpolation of paths. This convexity has three 7

consequences, none of which requires an Euler–Lagrange equation, a Fréchet derivative, 8

or a second variation. First, a one-sided chord condition characterizes global minimality. 9

Second, the unique fixed-endpoint minimizer is the uniform-log-velocity path. Third, the 10

action gap obeys an exact Bregman / Pythagorean identity A[γ]−A[γ∗] =
∫

DK(ξ̇ ∥ ξ̇∗) dt, 11

sharpened by a quantitative Friedrichs–Poincaré bound on log(γ/γ∗). The whole package 12

carries a dually-flat / Hessian-manifold reading in the additive coordinate ξ. 13

This convexity theorem is purely mathematical, and we are careful to delimit it. The bridge 14

to Newtonian and rapidity mechanics is conditional, requiring structure beyond Postu- 15

late 2.10: a kinematic embedding, a mass coupling, a time calibration, and a Hamiltonian- 16

primary Legendre structure. Granted these, the cosh action recovers the Newtonian small- 17

step limit and the relativistic rapidity profile Km(ϕ) = m(γL − 1); even so, the cosh-dual 18

Hamiltonian is not the special-relativistic free-particle Hamiltonian (Proposition 6.9), the 19

agreement being one of profile in rapidity rather than an identity of Hamiltonians. Global 20

minimality, finally, is a free-sector phenomenon: once a non-affine strictly convex potential 21

is added, joint convexity is lost and the classical local-minimum / stationary-action picture 22

returns. 23

Keywords: d’Alembert functional equation; strong convexity; least action principle; Breg- 24

man divergence; dually flat geometry. 25

MSC: 49J05; 26A51; 39B22; 53B12; 49S05 26

1. Introduction 27

The principle of least action is normally introduced as a variational postulate [1]. In 28

this work, we isolate a narrower mathematical question: can a functional equation, once 29

paired with a single explicit step-evaluation postulate, select a kinetic action whose fixed- 30

endpoint minimizer is global rather than merely stationary? We answer this question for 31

positive paths. Throughout, we take the choice manifold to be the positive half-line R>0, 32

interpreted as the space of comparison ratios in the cost-first ledger framework of [2,3], 33

and written in logarithmic coordinate ξ = log x. We do not re-derive this choice here. The 34
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geometric and information-theoretic content of R>0 as a Hessian manifold is developed 35

in the multidimensional cost-geometry paper [4]; the cost-first ledger interpretation of 36

x ∈ R>0 as a ratio of ledger entries (with x = 1 the equilibrium “no comparison required” 37

state) is the subject of [2]. We take both upstream choices as inputs to our free-sector 38

analysis, not as consequences of it. 39

Our input is d’Alembert’s functional equation 40

H(t + u) + H(t − u) = 2 H(t) H(u), t, u ∈ R. (1) 41

With the calibration H(0) = 1 and H′′(0) = 1, the continuous classification gives H(t) = 42

cosh t [5,6]. Thus the induced cost on R>0 is 43

J(x) = cosh(log x)− 1 = 1
2 (x + x−1)− 1. 44

The dynamical content of the work then rests on a single modeling choice, formalized 45

below as Postulate 2.10: the d’Alembert log-cost J̃ is evaluated at the log-velocity ξ̇, not 46

at the log-position ξ. This is a modeling postulate, not a theorem of d’Alembert; (1) fixes 47

the function J̃ but says nothing about its argument. The motivation for the postulate 48

is structural: d’Alembert’s equation is a composition law for additive steps (rapidity 49

addition, Remark 6.3), so the natural object the cost applies to is the infinitesimal log-step 50

ξ̇ = d(log γ)/dt. Applying J̃ to that step gives the kinetic integrand 51

K(ξ̇) = J̃(ξ̇) = cosh(ξ̇)− 1. 52

Our main result is then a convexity theorem. On the class of kinetically admissible 53

positive paths, the kinetic action 54

A[γ] =
∫ b

a
K(ξ̇(t)) dt, ξ = log γ, 55

is strongly convex under geometric, equivalently log-space, interpolation of paths, with 56

explicit L2 slack s(1−s)
2 ∥ξ̇1 − ξ̇2∥2

L2 . Consequently, a one-sided chord condition implies 57

global minimality without invoking Euler–Lagrange equations, Fréchet derivatives, or 58

second variations. More concretely, for fixed endpoints xa, xb > 0 the unique global 59

minimizer is 60

γ∗(t) = exp
(

log xa +
t − a
b − a

(log xb − log xa)

)
, 61

the uniform-log-velocity path. The action gap admits an exact Bregman / Pythagorean 62

decomposition [7] 63

A[γ]−A[γ∗] =
∫ b

a
DK
(
ξ̇(t) ∥ ξ̇∗

)
dt ≥ 1

2∥ξ̇ − ξ̇∗∥2
L2 ≥ π2

2(b − a)2

∥∥log(γ/γ∗)
∥∥2

L2 , 64

where DK(v∥w) = cosh v − cosh w − sinh w (v − w) is the cosh Bregman divergence. The 65

minimum-action profile A∗(T, ∆) = T(cosh(∆/T)− 1) is jointly convex and positively 66

1-homogeneous, hence subadditive in time. These quantitative refinements admit a clean 67

dually-flat / Hessian-manifold reading [8,9] in the additive coordinate ξ = log x: the 68

log-cost J̃(ξ) = cosh ξ − 1 is the Hessian potential of a 1D dually-flat structure with metric 69

cosh ξ dξ2, whose e-affine (log-affine) geodesics are exactly the geometric interpolations, 70

and A is the corresponding Bregman (cosh-)energy. This log-coordinate structure is distinct 71

from the Hessian metric gJ = x−3 dx2 of J in the coordinate x (Appendix A). 72

We confine this global-minimizer statement to the free sector. Once a non-affine strictly 73

convex potential is added, joint convexity of the Lagrangian is lost and the classical local- 74
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minimum / stationary-action picture reappears. We therefore make the later bridge to 75

Newtonian mechanics explicitly conditional: it requires a kinematic embedding, a mass 76

coupling, a time calibration, and a Hamiltonian-primary Legendre structure. These choices 77

explain how the cosh kinetic cost has the Newtonian small-step limit and the relativistic 78

rapidity profile, but they are not part of the free convexity theorem itself. 79

We retain the velocity-free integral J [γ] =
∫

J(γ(t)) dt only as a static cost (Section 3); 80

its integrand has no velocity dependence and its Euler–Lagrange equation is algebraic, 81

selecting the ground state γ ≡ 1 (Section 5). We defer the comparison of A with the Hessian 82

Riemannian path-energy on (R>0, gJ) to Appendix A. 83

Nature of the contribution. The free-sector arguments are deliberately elementary: once 84

d’Alembert fixes the cosh cost and Postulate 2.10 places it at the log-velocity, the convex- 85

ity results follow from pointwise convexity of cosh after the log change of coordinates, 86

Jensen’s inequality, a perspective construction [10,11], the one-dimensional Friedrichs in- 87

equality [12], and textbook Bregman / dually-flat geometry [7–9]. The novelty we claim is 88

therefore one of provenance and organization, not of analytic depth: a functional equation 89

together with a single named postulate forces a globally (not merely locally) minimizing 90

free action with an exact Bregman gap and a closed-form geodesic minimizer. The fuller 91

scope statement, including the conditional status of the mechanics bridge, is given in 92

Section 9. 93

1.1. Structure of the paper 94

The paper has two parts. The free-sector mathematical core occupies Sections 2–5, and 95

the conditional physical bridge occupies Sections 6–8. 96

• §2 recalls the calibrated d’Alembert classification and introduces the costs J, J̃, K. 97

• §3 sets up positive path spaces, A, and the geometric and arithmetic interpolations. 98

• §4 proves the strong convexity theorem, the fixed-endpoint minimizer, the Pythagorean 99

/ Bregman identity with its Friedrichs–Poincaré bound, the perspective convexity of 100

the minimum-action profile, and the dually flat reformulation. 101

• §5 compares the static, kinetic, and Hessian Euler–Lagrange pictures. 102

• §6 derives Newton’s law from the cosh Lagrangian. 103

• §7 gives the Hamiltonian formulation and the Noether conservation laws. 104

• §8 records the classical local-min / stationary-action picture for general potentials. 105

Section 9 summarizes the results and lists open directions, and Appendix A collects the 106

comparison material on the Hessian Riemannian path-energy EHess. 107

Remark 1.1 (Scope of the framework: what is and is not claimed). Because the framework 108

draws on several traditions (d’Alembert’s functional equation, Bregman / dually flat 109

geometry, Newtonian mechanics, special relativity), it is worth stating up front what each 110

piece does and does not assert. 111

• Two velocity notions. Under the kinematic embedding of Definition 6.1, the coordinate 112

velocity q̇ equals the boost rapidity ϕ (in natural units), not the SR 3-velocity vSR = 113

c tanh ϕ. The two agree only at leading order, ϕ = vSR/c + O((vSR/c)3); for large 114

rapidity vSR saturates at ±c while q̇ = ϕ remains unbounded. 115

• Cosh-dual Hamiltonian is not the SR Hamiltonian. The Hamiltonian TH(p) = p arsinh(p/m)−116√
m2 + p2 + m of §7 is the Legendre dual of the cosh kinetic cost. It is not the SR free- 117

particle Hamiltonian
√

m2 + p2 − m; the two agree only at O(p2) and differ strictly 118

at O(p4), with TH(p) >
√

m2 + p2 − m for all p ̸= 0 (Proposition 6.9). The Proposi- 119

tion 6.5 match is one of profile in rapidity, not Hamiltonian identity. 120

• General potentials are external. The native cosh-sinh potential Vnat = kJ̃ is the only 121

potential forced by the same d’Alembert uniqueness that forces the kinetic term. All 122
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other potentials (harmonic, Coulomb, gravitational, polynomial, lattice, periodic, etc.) 123

are external inputs from the cost-field environment; we do not derive them from (1). 124

• Global minimality is a free-sector claim. The chord-form free-action principle (Theo- 125

rem 4.7) gives global minimality of A on kinetically admissible positive paths sharing 126

endpoints. Once a non-affine strictly convex potential is added, the Lagrangian be- 127

comes indefinite in (ξ, ξ̇) and the classical short-time local-minimum / long-time 128

stationary-action / conjugate-time obstruction picture replaces global minimality (§8). 129

2. The Cost Functional, Log Coordinates, and the Kinetic Cost 130

This section assembles the cost functions on which the rest of the paper is built. We 131

first recall the calibrated d’Alembert classification, then introduce the static cost J on R>0, 132

its logarithmic form J̃, and the kinetic cost K obtained by evaluating J̃ at the log-velocity 133

(Postulate 2.10). We begin by fixing notation. 134

Remark 2.1 (Notation glossary). For convenience we list here the principal symbols used 135

in the cost, action, Lagrangian, and Hamiltonian layers of the paper, with a pointer to 136

where each is first introduced. The free-sector symbols (J through A∗) are dimensionless 137

throughout; the mechanics-layer symbols (Km onward) carry the dimensions recorded in 138

the dimensional dictionary (Remark 6.2). 139

Symbol Role First introduced
J(x) static cost on R>0, 1

2 (x + x−1)− 1 §2
J̃(ξ) log-cost, cosh ξ − 1 §2
K(v) kinetic cost, J̃(v) = cosh v − 1 §2, Postulate 2.10
J [γ] static integral

∫ b
a J(γ) dt §3

A[γ] kinetic action
∫ b

a K(ξ̇) dt §3
A∗(T, ∆) minimum-action profile, T(cosh(∆/T)− 1) §4.6
EHess[γ] Hessian Riemannian path-energy (distinct from A) §5.2, App. A
Km(ϕ) physical kinetic cost, m(cosh ϕ − 1) §6, Def. 6.4
L(ξ, ξ̇) cosh Lagrangian, Km(ξ̇)− V(ξ) §6.4
Lnat native d’Alembert Lagrangian Def. 6.11
TH(p) cosh-dual Hamiltonian ( ̸=

√
m2 + p2 − m, Prop. 6.9) Prop. 6.8

H(ξ, p) Hamiltonian, TH(p) + V(ξ) Def. 6.7

140

The kinematic symbols (ξ, ϕ, vSR, q, τ, t0) used in the mechanics layer are catalogued sepa- 141

rately in Remark 6.2. Two symbols carry conventional double duty within standard physics 142

usage but are kept distinct here by notation: the Hessian path-energy is written EHess, never 143

E (reserved for the conserved energy along a trajectory in §7); and the d’Alembert solution 144

function H of (1) (Theorem 2.2) appears only inside §2, never in the same equation as the 145

Hamiltonian H(ξ, p) of §7. 146

2.1. Calibrated d’Alembert classification 147

Theorem 2.2 (Calibrated d’Alembert classification, recalled). Let H : R → R be a continuous 148

solution of the d’Alembert functional equation (1). 149

(i) Smoothness (Aczél). By Aczél’s smoothness theorem for d’Alembert’s equation [5, Ch. 3, 150

§3.1.3], continuity of H on R implies H ∈ C∞(R). This is the only external bridge result 151

used in the classification. 152

(ii) Classification. Every continuous solution of (1) is exactly one of the following disjoint 153

alternatives: 154

H(t) ≡ 0, H(t) = cos(αt) (α > 0), H(t) = cosh(αt) (α > 0), H(t) ≡ 1. 155
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The zero branch occurs when H(0) = 0. If H(0) = 1, then H is even, H′(0) = 0, and 156

differentiating (1) twice in the second variable at 0 yields H′′(t) = H′′(0)H(t). The sign 157

of H′′(0) gives the cosine, cosh, or constant branch. 158

(iii) Calibration to cosh. The condition H(0) = 1 excludes the zero branch, and the condition 159

H′′(0) > 0 excludes the cosine and constant branches, forcing H(t) = cosh(αt) for some 160

α > 0. Fixing the unit of cost by the further normalization H′′(0) = 1 then selects α = 1, 161

hence H(t) = cosh t. 162

Remark 2.3 (H′′(0) = 1 is a unit choice, not forced by d’Alembert). d’Alembert’s equa- 163

tion (1) together with H(0) = 1 and H′′(0) > 0 forces H(t) = cosh(αt) only up to the 164

scale parameter α =
√

H′′(0) > 0. The choice α = 1 we adopt throughout is a normal- 165

ization of the cost scale, equivalent to choosing the unit in which the kinetic coefficient 166

K′′(0) = cosh 0 = 1 at the ground state. Any other choice α > 0 produces the same theory 167

under the rescaling ξ 7→ αξ, K 7→ cosh(α ·)− 1. No qualitative result here depends on the 168

value of α; only the numerical action constants do. 169

Remark 2.4 (Aczél’s smoothness theorem, restated for self-containedness). For ease of 170

reference and completeness, we restate the precise statement of the single external bridge 171

result on which Theorem 2.2(i) relies. 172

(Aczél) [5, Ch. 3, §3.1.3]. Let H : R → R be a continuous, not identically zero solution of 173

d’Alembert’s equation (1). Then H is infinitely differentiable on R. 174

The proof in Aczél proceeds by a translation-and-averaging argument. Setting u = t in (1) 175

gives the algebraic identity 176

H(2t) + H(0) = 2H(t)2, 177

which expresses H on a dilated argument as a polynomial in H(t) and so propagates 178

information about H to all dyadic scales; this identity by itself does not raise regularity. The 179

regularity bootstrap itself comes from integrating (1) in u over [0, h]. Choosing h > 0 small 180

enough that Ch :=
∫ h

0 H(u) du ̸= 0 (possible on the nontrivial branch, where H(0) = 1 and 181

H is continuous), the substitutions s = t ± u give 182

2 Ch H(t) =
∫ t+h

t
H(s) ds +

∫ t

t−h
H(s) ds. 183

The right-hand side is C1 in t by the fundamental theorem of calculus, hence so is H; 184

iterating, if H ∈ Ck then the right-hand side is Ck+1, hence H ∈ Ck+1, so H ∈ C∞. The 185

upshot is that H′(0) and H′′(0) both exist as ordinary derivatives, which is exactly what 186

the calibration in Theorem 2.2(iii) requires. This is the only place in our development where 187

we invoke a continuity-to-smoothness upgrade from outside; everything downstream stays 188

inside C∞. 189

2.2. The static cost functional 190

Definition 2.5 (Cost functional). The cost functional is 191

J(x) = 1
2

(
x + x−1

)
− 1, x > 0. 192

J is non-negative, vanishes iff x = 1, is symmetric under inversion (J(x) = J(1/x)), 193

and diverges at 0 and ∞. 194

Theorem 2.6 (Strict convexity of J). J is strictly convex on (0, ∞). 195

Proof. J′′(x) = x−3 > 0 for x > 0. 196
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2.3. Logarithmic coordinates 197

Set ξ := log x, so that x = eξ and ξ ranges over R. 198

Definition 2.7 (Log-cost functional). The log-cost functional is 199

J̃(ξ) := J(eξ) = 1
2 (e

ξ + e−ξ)− 1 = cosh(ξ)− 1. 200

Proposition 2.8 (Properties of J̃). (i) J̃(ξ) ≥ 0 with equality iff ξ = 0. 201

(ii) J̃ is even: J̃(−ξ) = J̃(ξ), which is the log-form of J(x) = J(1/x). 202

(iii) J̃ is strictly convex on R, with J̃′′(ξ) = cosh(ξ) ≥ 1 > 0. 203

(iv) Small-ξ Taylor: J̃(ξ) = 1
2 ξ2 + 1

24 ξ4 + O(ξ6). 204

Proof. All from J̃(ξ) = cosh(ξ)− 1 and the standard Taylor series of cosh. 205

Remark 2.9. The passage J ↔ J̃ via ξ = log x is the natural one for d’Alembert. In the 206

additive variable ξ, (1) is precisely the cosh-composition identity cosh(ξ + η) + cosh(ξ − 207

η) = 2 cosh ξ cosh η, so J̃ is the d’Alembert-calibrated cost evaluated at an additive argument. 208

The remainder of our analysis lives naturally in these coordinates. 209

2.4. The kinetic cost 210

The classification of d’Alembert solutions (Theorem 2.2) fixes the function J̃(·) = 211

cosh(·)− 1, but it does not specify which argument that function takes on. Two natural 212

choices arise on a positive path γ : [a, b] → R>0 with ξ = log γ: the log-position ξ(t) and 213

the log-velocity ξ̇(t) = d(log γ)/dt. We make the second choice explicit as a postulate, since 214

it is what generates the dynamics of this paper. 215

Postulate 2.10 (Step-evaluation of the d’Alembert log-cost). Along a positive path γ : 216

[a, b] → R>0 with ξ = log γ, the d’Alembert log-cost J̃ is evaluated at the log-velocity ξ̇, 217

not at the log-position ξ. The cost per unit parameter time of motion with log-velocity ξ̇ is 218

therefore 219

J̃(ξ̇) = cosh(ξ̇)− 1. 220

Remark 2.11 (Status and consequences of Postulate 2.10). Postulate 2.10 is a modeling choice, 221

not a consequence of d’Alembert’s equation: (1) fixes the function J̃ but says nothing about 222

its argument. Its motivation is structural – d’Alembert’s equation is the composition law 223

for additive steps (rapidity addition, in the kinematic reading of §6, Remark 6.3), and the 224

canonical additive object on a positive path is the infinitesimal log-step ξ̇. We do not claim 225

this motivation forces the postulate. 226

Evaluating J̃ at the log-position ξ instead gives the velocity-free static cost integrand 227

of §3, whose Euler–Lagrange equation is algebraic (Remark 5.2) and produces no dynam- 228

ics. The strongly convex kinetic action of §4, and with it the entire free-sector global- 229

minimum result of this paper, is downstream of Postulate 2.10. The same J̃ also reappears 230

at log-position in §6 as the native potential Vnat once a Hamiltonian-primary additive cost 231

postulate is added; until then, only the velocity reading is in force. 232

Definition 2.12 (Kinetic cost). Under Postulate 2.10, the kinetic cost is the real-valued 233

function K : R → R, 234

K(v) := J̃(v) = cosh(v)− 1. 235

The value K(ξ̇) is the d’Alembert-calibrated cost per unit parameter time of motion with 236

log-velocity ξ̇. In the physical bridge of Section 6, this parameter is calibrated to the 237

dimensionless time τ = tphys/t0; before that bridge, t is only the variational parameter on 238

the path. 239
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Proposition 2.13 (Properties of K). (i) K(v) ≥ 0 with equality iff v = 0 (zero log- 240

velocity). 241

(ii) K is even. 242

(iii) K is strictly convex on R, with K′′(v) = cosh(v) ≥ 1. 243

(iv) Sharp quartic remainder. For all |v| < 1, 244

∣∣K(v)− 1
2 v2∣∣ ≤ v4

24 (1 − v2)
. (2) 245

In particular, K(v)− 1
2 v2 = v4

24 + O(v6) as v → 0, and the leading constant 1/24 is 246

sharp. 247

Proof. (i)–(iii) are immediate from K(v) = cosh(v)− 1 and K′′(v) = cosh(v) ≥ 1. 248

For (iv), the cosh Taylor series gives 249

K(v)− 1
2 v2 = ∑

k≥2

v2k

(2k)!
. 250

All terms are non-negative, so the difference is non-negative (the absolute value can be 251

dropped). For each k ≥ 2, (2k)! ≥ 4! = 24 and v2k = v4 · (v2)k−2, so v2k/(2k)! ≤ 252

v4(v2)k−2/24. Summing the resulting geometric series in v2 (valid for |v| < 1), 253

0 ≤ ∑
k≥2

v2k

(2k)!
≤ v4

24 ∑
j≥0

(v2)j =
v4

24 (1 − v2)
, 254

which is (2). Sharpness of the leading 1/24 follows from the k = 2 term: as v → 0, 255

K(v)− 1
2 v2 ∼ v4/24. 256

Remark 2.14 (Rapidity interpretation). If we read the dimensionless step variable ϕ := 257

dξ/dτ as the rapidity of a one-parameter boost, then K(ϕ) = cosh(ϕ) − 1 is the excess 258

cosh of rapidity – the relativistic kinetic-energy profile. d’Alembert’s equation (1) is the 259

rapidity-addition law, so this profile is internal to the d’Alembert framework. The dy- 260

namical identification of ϕ with physical rapidity is the kinematic calibration we make in 261

Definition 6.1. 262

3. Path Space, Static and Kinetic Actions, and Interpolation 263

With the cost functions J, J̃, and K now in hand, we turn to the spaces of paths on which 264

they act. This section fixes the admissibility classes used throughout the paper, defines 265

the static cost integral J and the kinetic action A, and introduces the two interpolations – 266

arithmetic and geometric – whose contrast drives the convexity theory of Section 4. 267

3.1. Admissible paths 268

Definition 3.1 (Admissible path). For a, b ∈ R with a < b, an admissible path on [a, b] is a 269

function γ : [a, b] → R>0 that is absolutely continuous on [a, b], satisfies γ(t) > 0 for every 270

t ∈ [a, b], and has γ̇ ∈ L2([a, b]). 271

Remark 3.2 (Automatic uniform positivity). Absolute continuity on the compact interval 272

[a, b] implies continuity, so the strict positivity condition γ(t) > 0 on the compact [a, b] 273

together with continuity yields a positive lower bound: there exists cγ > 0 such that 274

γ(t) ≥ cγ for all t ∈ [a, b]. We therefore use “strictly positive on [a, b]” and “bounded away 275

from 0” interchangeably for admissible paths. 276
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Strict positivity is essential: J is defined only on (0, ∞), and we will need log γ to 277

be absolutely continuous with L2 derivative. The log-coordinate of an admissible path, 278

ξ(t) := log γ(t), is absolutely continuous on [a, b] with ξ̇ = γ̇/γ ∈ L2 (using Remark 3.2 to 279

bound 1/γ above by 1/cγ < ∞). 280

Definition 3.3 (Finite-action (kinetically admissible) path). An admissible path γ on [a, b] 281

is kinetically admissible (or finite-action) if, writing ξ := log γ, one has K(ξ̇) ∈ L1([a, b]), 282

equivalently 283∫ b

a

[
cosh(ξ̇(t))− 1

]
dt < ∞. 284

Remark 3.4. The condition ξ̇ ∈ L2([a, b]) does not by itself imply K(ξ̇) ∈ L1([a, b]), since 285

cosh has super-quadratic growth. We therefore treat the kinetic action A below as a real- 286

valued functional on the class of kinetically admissible paths. 287

3.2. The static cost integral 288

Definition 3.5 (Static cost integral). For an admissible path γ on [a, b], the static cost integral 289

is 290

J [γ] :=
∫ b

a
J(γ(t)) dt. 291

Proposition 3.6 (Basic properties of J ). J [γ] ≥ 0, and J [γconst=1] = 0. 292

Proof. An admissible path is continuous on the compact interval [a, b] and takes values 293

in (0, ∞), hence J ◦ γ is continuous and therefore integrable. Since J(x) ≥ 0 for all x > 0, 294

its integral is non-negative. If γ ≡ 1, then J(γ(t)) = J(1) = 0 for all t, so the integral is 295

zero. 296

J measures the time-integrated cost of being in a non-ground state and plays a role analo- 297

gous to a potential term in the multiplicative coordinate. It is not an action in the dynamical 298

sense: its integrand has no velocity dependence and its Euler–Lagrange equation is alge- 299

braic (Section 5). 300

3.3. The kinetic action 301

Definition 3.7 (Kinetic action). For a kinetically admissible path γ on [a, b], with ξ := log γ, 302

the kinetic action is 303

A[γ] :=
∫ b

a
K(ξ̇(t)) dt =

∫ b

a

[
cosh(ξ̇(t))− 1

]
dt. 304

Proposition 3.8 (Basic properties of A). (i) A[γ] ≥ 0. 305

(ii) A[γ] = 0 iff γ is constant on [a, b] (any positive constant; not only γ ≡ 1). 306

(iii) If ∥ξ̇∥∞ ≤ 1/10, then the kinetic action approximates the Newtonian L2 integral with 307

relative error at most 1/1188: 308∣∣A[γ]− 1
2

∫ b
a ξ̇(t)2 dt

∣∣ ≤ 100
99·24

∫ b
a ξ̇(t)4 dt ≤ 1

2376

∫ b
a ξ̇(t)2 dt. 309

Proof. (i) K ≥ 0 pointwise. (ii) K(ξ̇) = 0 a.e. ⇐⇒ ξ̇ = 0 a.e., and absolute continuity 310

of ξ gives ξ constant, equivalently γ constant. (iii) Apply the sharp quartic remainder 311

(2) pointwise at v = ξ̇(t) with |v| ≤ 1/10, so that (1 − v2)−1 ≤ 100/99 and v4 ≤ v2/100; 312

integration yields both bounds. 313
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3.4. Two interpolations 314

The variational theorems below require an interpolation between two admissible paths. 315

Two natural candidates arise: arithmetic interpolation (appropriate for J ) and geometric 316

(log- space) interpolation (appropriate for A). 317

Definition 3.9 (Arithmetic interpolation). For admissible γ1, γ2 on [a, b] and s ∈ [0, 1], 318

interp+(γ1, γ2, s)(t) := (1 − s) γ1(t) + s γ2(t). 319

Definition 3.10 (Geometric (log-space) interpolation). For admissible γ1, γ2 on [a, b] and 320

s ∈ [0, 1], 321

interp×(γ1, γ2, s)(t) := γ1(t)1−s γ2(t)s = exp
(
(1 − s) log γ1(t) + s log γ2(t)

)
. 322

Equivalently, in log coordinates, ξs(t) = (1 − s)ξ1(t) + sξ2(t). 323

Lemma 3.11 (Both interpolations preserve admissibility). If γ1, γ2 are admissible on [a, b] and 324

s ∈ [0, 1], then interp+(γ1, γ2, s) and interp×(γ1, γ2, s) are admissible on [a, b]. 325

Proof. For interp+, absolute continuity and the L2 derivative condition are preserved 326

under linear combinations, and positivity holds since (1 − s)γ1 + sγ2 ≥ min(γ1, γ2) > 0. 327

For interp×, write ξi := log γi. Since each γi is bounded away from 0 and absolutely 328

continuous, ξi is absolutely continuous with ξ̇i = γ̇i/γi ∈ L2([a, b]). Then ξs := (1 − s)ξ1 + 329

sξ2 is absolutely continuous with ξ̇s ∈ L2, and γs := interp×(γ1, γ2, s) = eξs is absolutely 330

continuous with γ̇s = γs ξ̇s a.e. Since γ1, γ2 are bounded away from 0, there exist c1, c2 > 0 331

with γi(t) ≥ ci on [a, b], hence γs(t) = γ1(t)1−sγ2(t)s ≥ c1−s
1 cs

2 > 0, so γs is bounded away 332

from 0. On the compact interval [a, b], γs is continuous and strictly positive, hence also 333

bounded above, so γ̇s = γs ξ̇s ∈ L2([a, b]). 334

Lemma 3.12 (Geometric interpolation preserves finite kinetic action). If γ1, γ2 are kinetically 335

admissible on [a, b] and s ∈ [0, 1], then interp×(γ1, γ2, s) is kinetically admissible on [a, b]. 336

Proof. Let ξi = log γi and ξs = (1 − s)ξ1 + sξ2, so ξ̇s = (1 − s)ξ̇1 + sξ̇2 a.e. By convexity 337

of K, 338

K(ξ̇s(t)) ≤ (1 − s)K(ξ̇1(t)) + sK(ξ̇2(t)) for a.e. t. 339

The right-hand side lies in L1([a, b]) by kinetic admissibility of γ1, γ2, hence so does 340

K(ξ̇s). 341

4. Convexity and the Free-Action Principle 342

We now reach the mathematical core of the paper. Having assembled the cost functions 343

and the path spaces, we establish the convexity properties of the static and kinetic actions, 344

derive the free-action principle in chord form, and extract its quantitative consequences: 345

the closed-form fixed-endpoint minimizer, the Bregman–Pythagorean identity with its 346

Friedrichs–Poincaré bound, the perspective convexity of the minimum-action profile, and 347

the dually flat reformulation. 348

4.1. Static convexity 349

Theorem 4.1 (Convexity of J under arithmetic interpolation). For admissible γ1, γ2 on [a, b] 350

and s ∈ [0, 1], 351

J [interp+(γ1, γ2, s)] ≤ (1 − s)J [γ1] + sJ [γ2]. 352
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Proof. Pointwise convexity of J (Theorem 2.6): at every t, J((1 − s)γ1(t) + sγ2(t)) ≤ 353

(1 − s)J(γ1(t)) + sJ(γ2(t)). Integrate. 354

4.2. Kinetic convexity (the central theorem) 355

The kinetic action A is not in general convex under arithmetic interpolation in γ. The 356

correct interpolation is geometric: in log coordinates, this is affine, and convexity of the 357

integrand K(ξ̇) in ξ̇ propagates immediately. 358

Theorem 4.2 (Strong convexity of A under geometric interpolation). For kinetically admissi- 359

ble γ1, γ2 on [a, b], write ξi := log γi. For every s ∈ [0, 1], 360

A[interp×(γ1, γ2, s)] ≤ (1 − s)A[γ1] + sA[γ2] − s(1 − s)
2

∫ b

a

(
ξ̇1(t)− ξ̇2(t)

)2 dt. (3) 361

In particular, A is convex along geometric interpolation, and inequality (3) is strict for s ∈ (0, 1) 362

unless ξ̇1 = ξ̇2 a.e. on [a, b]; equivalently, γ2/γ1 is constant on [a, b]. 363

Proof. Set ξs := (1− s)ξ1 + sξ2, so ξs is the log of interp×(γ1, γ2, s) and ξ̇s = (1− s)ξ̇1 + sξ̇2 364

a.e. The kinetic integrand K(v) = cosh(v)− 1 satisfies K′′(v) = cosh(v) ≥ 1 on R, hence is 365

1-strongly convex: for all v1, v2 ∈ R and s ∈ [0, 1], with vs := (1 − s)v1 + sv2, 366

K(vs) ≤ (1 − s)K(v1) + s K(v2) − s(1−s)
2 (v1 − v2)

2. (4) 367

Indeed, Taylor’s theorem at vs applied separately to v1 and v2 gives, for some ζi between 368

vs and vi, K(vi) = K(vs) + K′(vs)(vi − vs) +
1
2 K′′(ζi)(vi − vs)2. Combining with weights 369

(1− s) and s, the linear K′(vs) contribution vanishes (because vs is the weighted mean), and 370

the remainders are bounded below by 1
2 (vi − vs)2 via K′′ ≥ 1. Using v1 − vs = s(v1 − v2) 371

and v2 − vs = (1 − s)(v2 − v1), the quadratic floor sums to 1
2 s(1 − s)(v1 − v2)

2, which 372

yields (4). 373

Apply (4) pointwise at vi = ξ̇i(t) for a.e. t. The right-hand side is integrable: the kinetic 374

terms by kinetic admissibility of γ1, γ2 (Definition 3.3), and the quadratic term because 375

ξ̇i ∈ L2([a, b]) (Definition 3.1). Lemma 3.12 gives K(ξ̇s) ∈ L1. Integrating yields (3). 376

For the equality clause, suppose equality holds in (3) for some s0 ∈ (0, 1). Then the 377

pointwise inequality (4), applied at vi = ξ̇i(t), must hold with equality for a.e. t ∈ [a, b]: if 378

the pointwise gap were strictly positive on a set of positive measure, integration would 379

give a strict integral gap, contradicting integral equality. We now show that pointwise 380

equality in (4) at s0 ∈ (0, 1) forces v1 = v2. 381

Define, for v, w ∈ R, the non-negative quantity 382

∆(v, w) := K(v)− K(w)− K′(w)(v − w) =
∫ v

w
(v − u) cosh(u) du, 383

by Taylor’s theorem with integral remainder for K at w. The identity (1 − s0)(v1 − vs) + 384

s0(v2 − vs) = 0 kills the linear term in the weighted combination, giving the exact identity 385

(1 − s0)K(v1) + s0K(v2)− K(vs) = (1 − s0)∆(v1, vs) + s0 ∆(v2, vs). 386

Combining with (v1 − vs)2 = s2
0(v1 − v2)

2 and (v2 − vs)2 = (1 − s0)
2(v1 − v2)

2, the strong- 387

convex bound (4) rearranges to the manifestly non-negative expression 388

(1 − s0)
[
∆(v1, vs)− 1

2 (v1 − vs)
2]+ s0

[
∆(v2, vs)− 1

2 (v2 − vs)
2] ≥ 0, 389
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where each bracket is ≥ 0 since cosh ≥ 1 in the integrand. Since s0, (1 − s0) > 0, equality 390

forces each bracket to vanish: 391

∆(vi, vs) = 1
2 (vi − vs)

2, i = 1, 2. 392

We now show that ∆(v, w) = 1
2 (v − w)2 implies v = w. Subtracting, 393

∆(v, w)− 1
2 (v − w)2 =

∫ v

w
(v − u) [cosh(u)− 1] du. 394

We claim this is strictly positive whenever v ̸= w, irrespective of the ordering of v and w. 395

Indeed, on the open interval with endpoints w and v the factor (v−u) has constant sign, and 396

cosh u− 1 ≥ 0 vanishes only at the single point u = 0; hence the product (v− u)[cosh u− 1] 397

has constant sign and is nonzero off the null set {u = 0}. If w < v then v − u > 0 on (w, v), 398

so the integrand is ≥ 0 and positive a.e., giving
∫ v

w(· · · ) du > 0. If w > v then v − u < 0 399

on (v, w), so
∫ w

v (· · · ) du < 0 and therefore
∫ v

w(· · · ) du = −
∫ w

v (· · · ) du > 0. In both cases 400

the quantity is strictly positive, so ∆(v, w) > 1
2 (v − w)2 for v ̸= w, and the only solution of 401

∆(v, w) = 1
2 (v − w)2 is v = w. 402

Therefore v1 = vs = v2, i.e. v1 = v2. Applying this pointwise, ξ̇1(t) = ξ̇2(t) for a.e. 403

t ∈ [a, b]. By absolute continuity, ξ2 − ξ1 is constant on [a, b], i.e. γ2/γ1 is constant. 404

Remark 4.3 (The quantity ∆(v, w) is the cosh Bregman divergence). The quantity ∆(v, w) 405

introduced in the equality clause of the preceding proof is, up to notation, the cosh Breg- 406

man divergence DK(v∥w) formally defined in Section 4.5 (Definition 4.11). The properties 407

exploited above – non-negativity, integral representation, and the strict quadratic lower 408

bound – are collected later in Proposition 4.12; we used them inline here to keep the proof 409

of Theorem 4.2 self-contained and free of forward references. 410

Remark 4.4 (Mechanism of the convexity theorem). The proof uses only two ingredients: 411

(a) the log-change of coordinates γ 7→ ξ := log γ, which converts the multiplicative 412

interpolation on R>0 into the affine interpolation ξs = (1 − s)ξ1 + sξ2 on R; and (b) 413

pointwise convexity of K, propagated by integration. The argument is structurally a Jensen- 414

type estimate after the log-change of coordinates – no Fréchet differentiation, no calculus 415

of variations, no analytic estimate beyond pointwise convexity. The strength comes from 416

matching the interpolation to the d’Alembert log-cost; Theorem 4.7 then converts this 417

strong convexity into global minimality via a single chord check. 418

4.3. The convex free-action principle 419

The next two theorems give the convex form of the principle of least action in the free 420

sector, i.e., for the kinetic action A with no potential term. Their hypothesis is the weakest 421

possible local-minimality condition: the action does not strictly decrease along a single 422

positive geometric-interpolation step toward any competitor. 423

Theorem 4.5 (Local-min implies global-min, kinetic form). Let γgeo and γother be kinetically 424

admissible paths on [a, b] sharing endpoints. If there exists s0 ∈ (0, 1] such that 425

A[γgeo] ≤ A[interp×(γgeo, γother, s0)], 426

then 427

A[γgeo] ≤ A[γother] − 1 − s0

2

∫ b

a

(
ξ̇geo(t)− ξ̇other(t)

)2 dt, (5) 428

where ξ• := log γ•. In particular, A[γgeo] ≤ A[γother]. Moreover, if s0 ∈ (0, 1), then the 429

inequality is strict unless γother ≡ γgeo on [a, b]. 430
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Remark 4.6 (Vacuity of the boundary case s0 = 1). At s0 = 1, the geometric interpolant 431

interp×(γgeo, γother, 1) collapses to γother, so the hypothesis of Theorem 4.5 reduces to 432

A[γgeo] ≤ A[γother], which is identical to its conclusion. The slack 1−s0
2

∫
(ξ̇geo − ξ̇other)

2dt 433

in (5) also vanishes, so the strictness clause is vacuous at s0 = 1. The boundary value s0 = 1 434

is retained in Theorem 4.5 only because the quantitative bound (5) remains a (trivially true) 435

identity there; the nontrivial mathematical content lives entirely in s0 ∈ (0, 1). For exactly 436

this reason the global-minimality principle Theorem 4.7 and its converse (Remark 4.8) are 437

stated with the interior range s0 ∈ (0, 1), which avoids the circularity in which the s0 = 1 438

chord inequality would coincide with the conclusion itself (Remark 4.9). 439

Proof. By Theorem 4.2 (the strong-convexity bound (3)) with s = s0, 440

A[interp×(γgeo, γother, s0)] ≤ (1− s0)A[γgeo]+ s0 A[γother]−
s0(1 − s0)

2

∫ b

a

(
ξ̇geo − ξ̇other

)2dt.441

Chain with the hypothesis, subtract (1 − s0)A[γgeo], and divide by s0 > 0 to obtain (5). 442

For the strictness statement, assume s0 ∈ (0, 1) and γother ̸≡ γgeo. The shared-endpoint 443

hypothesis forces ξother − ξgeo ∈ H1
0([a, b]), so by absolute continuity its derivative cannot 444

be identically zero a.e. (otherwise the difference would be constant, hence zero by the 445

endpoint condition). Therefore
∫ b

a (ξ̇geo − ξ̇other)
2 dt > 0, and the slack 1−s0

2

∫
(ξ̇geo − 446

ξ̇other)
2 dt in (5) is strictly positive, yielding strict inequality. At s0 = 1 the slack vanishes, 447

so the conclusion reduces to the hypothesis. 448

Theorem 4.7 (Free-action principle, chord form). Let γgeo be a kinetically admissible path on 449

[a, b]. Suppose that for every kinetically admissible competitor γother sharing endpoints with γgeo 450

there exists some interior chord parameter s0 ∈ (0, 1) with 451

A[γgeo] ≤ A[interp×(γgeo, γother, s0)]. 452

Then γgeo is a global minimizer of A among kinetically admissible competitors sharing its endpoints. 453

Proof. Apply Theorem 4.5 for each such γother. 454

Remark 4.8 (Chord condition is a characterization of global minimality). The chord condi- 455

tion of Theorem 4.7 is in fact equivalent to global minimality, not merely sufficient. The 456

non-trivial direction (sufficiency) is Theorem 4.7 itself. The converse is elementary: if 457

γgeo is a global minimizer of A on the kinetically admissible class with fixed endpoints, 458

then for every kinetically admissible competitor γother sharing the endpoints and every 459

s ∈ (0, 1), the interpolant interp×(γgeo, γother, s) is itself a kinetically admissible competitor 460

sharing the endpoints (Lemma 3.11 together with Lemma 3.12), so global minimality of 461

γgeo gives A[γgeo] ≤ A[interp×(· · · , s)] trivially. Theorem 4.7 therefore gives a one-line 462

characterization of global minimality of A via a directional inequality, with no calculus 463

involved on either side. 464

Remark 4.9 (On the meaning of the free-sector claim). The hypothesis of Theorem 4.7 is a 465

one-sided chord condition: for each competitor, the action does not strictly decrease along 466

at least one interior positive geometric-interpolation step toward that competitor. This 467

is exactly the classical first-order optimality criterion for a convex functional – a point is 468

a global minimizer iff every admissible one-sided directional variation is non-negative – 469

specialized to geometric interpolation. The mathematical content of Theorem 4.7 is therefore 470

the strong convexity of A along interp× (Theorem 4.2), not a new variational mechanism; 471

no Euler–Lagrange equation, Fréchet derivative, or second-variation condition is invoked, 472

and the genuine quantitative output is the explicit Jensen minimizer of Corollary 4.10. 473
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We require the chord parameter to be interior, s0 ∈ (0, 1), for a substantive reason. 474

At the boundary s0 = 1 the interpolant interp×(γgeo, γother, 1) collapses to γother, so the 475

chord inequality A[γgeo] ≤ A[interp×(· · · , 1)] degenerates into the conclusion A[γgeo] ≤ 476

A[γother] itself and carries no deductive content (cf. the vacuity of s0 = 1 in Remark 4.6). 477

Admitting s0 = 1 would make the hypothesis formally equivalent to the conclusion; 478

restricting to s0 ∈ (0, 1) removes this circularity while leaving the converse of Remark 4.8 479

intact. The extension to Lagrangians with potential is necessarily weaker (Section 8). 480

4.4. Closed-form minimizer and uniqueness 481

Corollary 4.10 (Uniform-log-velocity minimizer). Given endpoints γ(a) = xa > 0 and 482

γ(b) = xb > 0 on [a, b] with a < b, the unique minimizer of A among kinetically admissible 483

competitors is the uniform-log-velocity path 484

γ∗(t) = exp
(

log xa +
t − a
b − a

(log xb − log xa)

)
, 485

whose log-velocity is the constant ξ̇∗ ≡ (log xb − log xa)/(b − a). Its kinetic action is 486

A[γ∗] = (b − a)
[
cosh

(
log xb−log xa

b−a

)
− 1
]
. 487

Proof. The path γ∗ has constant ξ̇∗, hence is kinetically admissible and has finite action. 488

For any kinetically admissible γ with these endpoints,
∫ b

a ξ̇ dt = ξ(b)− ξ(a) = log xb − log xa 489

is fixed. Here ξ̇ ∈ L2([a, b]) ⊂ L1([a, b]) because a < b < ∞, and kinetic admissibility gives 490

K(ξ̇) ∈ L1([a, b]). Thus Jensen’s inequality applies to the probability measure (b − a)−1dt 491

and the strictly convex function K: 492

∫ b

a
K(ξ̇(t)) dt ≥ (b − a)K

(
1

b−a

∫ b

a
ξ̇ dt
)

= (b − a)K(ξ̇∗), 493

with equality iff ξ̇ is a.e. constant, in which case absolute continuity and the endpoint 494

condition force γ = γ∗. 495

4.5. Pythagorean identity and the action gap 496

Strong convexity of A (Theorem 4.2) is reflected, at the level of the fixed-endpoint 497

minimizer, by an exact Bregman / Pythagorean identity that decomposes the action gap A[γ]− 498

A[γ∗] into a non-negative divergence integral. This refines the qualitative uniqueness of 499

Corollary 4.10 into a quantitative L2 / Sobolev bound. 500

Definition 4.11 (Cosh Bregman divergence). The cosh Bregman divergence is the non-negative 501

function DK : R×R → R, 502

DK(v ∥w) := K(v)− K(w)− K′(w)(v − w) = cosh(v)− cosh(w)− sinh(w)(v − w). 503

Proposition 4.12 (Properties of DK). (i) Integral form. DK(v ∥w) =
∫ v

w(v−u) cosh(u) du.504

(ii) Non-negativity. DK(v ∥w) ≥ 0, with equality iff v = w. 505

(iii) Quadratic lower bound. DK(v ∥w) ≥ 1
2 (v − w)2 for all v, w ∈ R. 506

(iv) Asymmetry near the ground state. If w = 0, DK(v ∥ 0) = K(v) = cosh(v)− 1, so the 507

Bregman divergence at the ground velocity reduces to the kinetic cost itself. 508

Proof. Part (i) is Taylor’s theorem with integral remainder for K at w: K(v) − K(w) − 509

K′(w)(v − w) =
∫ v

w(v − u)K′′(u) du =
∫ v

w(v − u) cosh(u) du. Parts (ii) and (iii) fol- 510

low from cosh ≥ 1 > 0 in (i): the integrand (v − u) cosh(u) has a constant sign on 511
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[min(v, w), max(v, w)], and replacing cosh(u) by its lower bound 1 gives
∫ v

w(v − u) du = 512

1
2 (v − w)2. Part (iv) is direct evaluation. 513

Theorem 4.13 (Pythagorean identity for the geodesic minimizer). Let γ be a kinetically 514

admissible path on [a, b] with γ(a) = xa and γ(b) = xb, and let γ∗ be the uniform-log-velocity 515

minimizer of Corollary 4.10, with constant log-velocity ξ̇∗ = (log xb − log xa)/(b − a). Writing 516

ξ := log γ, 517

A[γ] = A[γ∗] +
∫ b

a
DK
(
ξ̇(t) ∥ ξ̇∗

)
dt. (6) 518

In particular, by Proposition 4.12(iii), 519

A[γ]−A[γ∗] ≥ 1
2

∫ b

a

(
ξ̇(t)− ξ̇∗

)2 dt = 1
2 ∥ξ̇ − ξ̇∗∥2

L2([a,b]), (7) 520

with equality iff γ ≡ γ∗ on [a, b]. 521

Proof. Define ξ∗(t) := log xa + ξ̇∗ (t − a), so ξ∗ is affine with constant derivative ξ̇∗. By 522

Definition 4.11, 523

K(ξ̇(t)) = K(ξ̇∗) + K′(ξ̇∗)
(
ξ̇(t)− ξ̇∗

)
+ DK

(
ξ̇(t) ∥ ξ̇∗

)
. (8) 524

Before integrating, note that each of the three terms lies in L1([a, b]): the constant K(ξ̇∗) 525

trivially; the linear term because ξ̇ − ξ̇∗ ∈ L2([a, b]) ⊂ L1([a, b]) and K′(ξ̇∗) = sinh(ξ̇∗) 526

is a finite constant; and the Bregman term because, by (8), it equals the L1 function K(ξ̇) 527

(integrable by kinetic admissibility of γ, Definition 3.3) minus the two L1 terms just named. 528

In particular DK(ξ̇ ∥ ξ̇∗) ∈ L1([a, b]), so the identity (6) is an equality between finite quan- 529

tities. The first term integrates to (b − a)K(ξ̇∗) = A[γ∗] (Corollary 4.10). The second 530

term integrates to K′(ξ̇∗)
∫ b

a (ξ̇ − ξ̇∗) dt = K′(ξ̇∗)
[
(ξ(b)− ξ(a))− (ξ∗(b)− ξ∗(a))

]
= 0, be- 531

cause γ and γ∗ share endpoints, so
∫ b

a ξ̇ dt = log xb − log xa =
∫ b

a ξ̇∗ dt and the prefactor 532

K′(ξ̇∗) = sinh(ξ̇∗) is a finite constant. The third term integrates to the right-hand side of (6). 533

The bound (7) is Proposition 4.12(iii) integrated, with equality iff ξ̇ = ξ̇∗ a.e., equivalently 534

γ = γ∗ by absolute continuity and the endpoint condition. 535

Remark 4.14 (Pythagorean reading). Equation (6) is the Pythagorean theorem of Bregman 536

geometry in 1D: the geodesic γ∗ is the Bregman projection of any kinetically admissible 537

competitor γ onto the constant-velocity submanifold subject to the endpoint constraint, 538

and the action gap is the Bregman “squared distance” to that projection. In this sense 539

Corollary 4.10 is not only an existence/uniqueness statement but a projection identity, and 540

Theorem 4.7 can be read as a sub-gradient characterization of the projection. 541

Corollary 4.15 (Sobolev / Friedrichs–Poincaré gap). With the notation of Theorem 4.13, set 542

η := ξ − ξ∗ ∈ H1
0([a, b]) (so η(a) = η(b) = 0). Then 543

A[γ]−A[γ∗] ≥ 1
2

∫ b

a
η̇(t)2 dt ≥ π2

2(b − a)2

∫ b

a
η(t)2 dt =

π2

2(b − a)2

∥∥log(γ/γ∗)
∥∥2

L2([a,b]).

(9) 544

The constant π2/(b − a)2 is the optimal Friedrichs constant on H1
0([a, b]), attained by η(t) = 545

sin(π(t − a)/(b − a)). 546

Proof. The first inequality is (7), written in η-coordinates: ξ̇ − ξ̇∗ = η̇. The second in- 547

equality is the Friedrichs (one-dimensional Wirtinger) inequality on H1
0([a, b]),

∫
η̇2 ≥ 548

π2

(b−a)2

∫
η2. 549
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4.6. Joint convexity of the minimum-action profile 550

Proposition 4.16 (Perspective convexity of A∗). Define the minimum-action profile 551

A∗(T, ∆) := T
[
cosh(∆/T)− 1

]
, T > 0, ∆ ∈ R. 552

By Corollary 4.10, A∗(b − a, log xb − log xa) = A[γ∗] on [a, b]. Then A∗ is: 553

(i) the perspective transform of u 7→ cosh(u)− 1, hence jointly convex on R>0 ×R; 554

(ii) strictly convex in ∆ for each fixed T > 0; 555

(iii) positively homogeneous of degree 1: A∗(λT, λ∆) = λA∗(T, ∆) for every λ > 0; 556

(iv) monotone non-increasing in T for each fixed ∆, with ∂TA∗ ≤ 0 and A∗(T, ∆) → 0 as 557

T → ∞. 558

Proof. Let f (u) := cosh(u)− 1 and write u := ∆/T, so A∗(T, ∆) = T f (u). From ∂Tu = 559

−u/T and ∂∆u = 1/T one computes the partial derivatives 560

∂TA∗ = f (u)− u f ′(u), ∂∆A∗ = f ′(u), 561

562

∂2
TA∗ =

u2 f ′′(u)
T

, ∂2
∆A∗ =

f ′′(u)
T

, ∂T∂∆A∗ = −u f ′′(u)
T

. 563

With ordering (T, ∆), the Hessian factors as a rank-one outer product: 564

∇2A∗(T, ∆) =
f ′′(u)

T

(
u
−1

)(
u −1

)
=

cosh(∆/T)
T

(
∆/T
−1

)(
∆/T −1

)
. 565

Since cosh > 0 and T > 0, the Hessian is positive semidefinite, giving joint convexity (i). 566

For fixed T, ∂2
∆A∗ = T−1 cosh(∆/T) > 0, giving strict convexity in ∆, hence (ii). Positive 567

homogeneity (iii) is immediate from λT f (λ∆/(λT)) = λT f (∆/T). 568

For (iv), use the supporting-hyperplane inequality for the convex function f at the 569

point u, evaluated at 0: 570

f (0) ≥ f (u) + f ′(u)(0 − u) = f (u)− u f ′(u), 571

i.e. f (u)− u f ′(u) ≤ f (0) = 0, with strict inequality when u ̸= 0 by strict convexity (the 572

supporting line at u touches f only at u). Hence ∂TA∗ = f (∆/T) − (∆/T) f ′(∆/T) ≤ 573

0, with equality iff ∆/T = 0, i.e. iff ∆ = 0. The asymptotic A∗(T, ∆) = ∆2/(2T) + 574

O(∆4/T3) → 0 as T → ∞ follows from the Taylor expansion cosh(u)− 1 = u2/2 + O(u4) 575

at u = ∆/T → 0. 576

Corollary 4.17 (Geodesic concatenation: subadditivity in time). For T1, T2 > 0 and ∆1, ∆2 ∈ 577

R, 578

A∗(T1 + T2, ∆1 + ∆2) ≤ A∗(T1, ∆1) +A∗(T2, ∆2), (10) 579

with equality iff ∆1/T1 = ∆2/T2. Equivalently, the unique global minimizer between fixed 580

positive endpoints on [a, c] is the single uniform-log-velocity geodesic; splitting the interval at any 581

intermediate b ∈ (a, c) and relaxing the value at b never beats the global geodesic, and ties it only 582

when the two halves continue at the same log-velocity. 583

Proof. By Proposition 4.16(i),(iii), A∗ is convex and positively homogeneous of degree 1 on 584

the open half-plane R>0 ×R. A convex positively 1-homogeneous function is subadditive: 585

applying convexity at 1
2 ((2T1, 2∆1) + (2T2, 2∆2)) and using 1-homogeneity to absorb the 586

factor 2 yields (10). 587
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For the equality clause, write Xi = (Ti, ∆i) ∈ R>0 ×R. Equality in (10) is exactly equal- 588

ity in the midpoint convexity step A∗
( 1

2 (2X1) +
1
2 (2X2)

)
= 1

2A∗(2X1) +
1
2A∗(2X2), which 589

holds iff A∗ is affine on the segment joining 2X1 and 2X2. By Proposition 4.16, the Hessian 590

∇2A∗(T, ∆) = cosh(∆/T)
T (∆/T,−1)⊤(∆/T,−1) is rank one and positive semidefinite, with 591

its single null direction the radial one (T, ∆) (along which 1-homogeneity makes A∗ linear); 592

in every transverse direction it is strictly positive. Hence A∗ is strictly convex along any 593

segment that does not lie on a ray through the origin, and the midpoint identity forces 594

2X1 and 2X2 – equivalently X1 and X2 – to be positively proportional, i.e. ∆1/T1 = ∆2/T2. 595

Conversely, on a common ray 1-homogeneity gives equality. (This sharpening also uses the 596

strict convexity in ∆ of Proposition 4.16(ii), which guarantees the transverse Hessian does 597

not degenerate.) 598

Remark 4.18 (Causal / adiabatic asymptotics). Two limits of A∗ are physically significant. 599

• Short-time / ultra-relativistic. As T → 0+ with ∆ ̸= 0 fixed, A∗(T, ∆) ∼ 1
2 e|∆|/T T → 600

∞ exponentially. The cosh cost imposes a natural exponential barrier in log-displacement: 601

a log-displacement ∆ over time T is exponentially expensive when |∆| ≫ T. 602

• Long-time / adiabatic. As T → ∞ with ∆ fixed, A∗(T, ∆) = ∆2

2T +O(∆4/T3) → 0. The 603

minimum-action profile is asymptotically Newtonian on the minimizer alone, even 604

though no individual integrand has been linearized. 605

4.7. Structural reformulation: dually flat / Hessian geometry 606

Remark 4.19 (Dually flat / Hessian-manifold reading). The convexity results admit a 607

clean reading in the language of Hessian / dually flat manifolds (Amari–Nagaoka [8], 608

Shima [9]), provided one is careful about which Hessian structure carries the geometric 609

interpolation. The relevant structure lives in the additive coordinate ξ = log x: the log- 610

cost J̃(ξ) = cosh ξ − 1 is a strictly convex Hessian potential on R, and the pair (R, J̃) is a 611

one-dimensional dually flat manifold with metric 612

g J̃(ξ) = J̃′′(ξ) dξ2 = cosh ξ dξ2. 613

In this structure: 614

• geometric interpolation interp×, being affine in ξ, is precisely the e-affine (log-affine) 615

geodesic; 616

• the cosh Bregman divergence (Definition 4.11) is the Bregman divergence generated by 617

J̃, entering the Pythagorean identity (Theorem 4.13) evaluated on the log-velocity ξ̇; 618

• the kinetic action A is the corresponding Bregman / cosh-energy of paths; 619

• Theorems 4.2, 4.13 and Corollary 4.10 are the 1D instances of the standard “geodesic 620

convexity + projection theorem” for Bregman energies on dually flat manifolds. 621

This is not the Hessian metric of J in the coordinate x. The pair (R>0, J) is also a Hessian 622

manifold, with affine coordinate x and metric gJ(x) = J′′(x) dx2 = x−3 dx2; its primal-affine 623

geodesics are parameterized linearly in x (arithmetic interpolation interp+), and its Levi– 624

Civita geodesics are the power-law family γ(t) = (at + b)−2 of Appendix A (Theorem A1, 625

Remark A3). On the 1-manifold R>0 these are not distinct curves – a fixed-endpoint 626

geodesic of any connection traces the same arc of R>0 – but distinct parameterizations of that 627

common arc, each connection fixing its own affine time-law. Because ξ = log x is a nonlinear 628

reparametrization, it does not transport the affine/geodesic structure of x: indeed gJ pulls 629

back to e−ξ dξ2, which differs from g J̃ = cosh ξ dξ2. The two Hessian structures share the 630

carrier but use different potentials, metrics, and connections, and only (R, J̃) carries the 631

geometric-interpolation convexity of A. The Otto-type geometry of EHess on (R>0, gJ) is 632

left to future work. 633
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5. Euler–Lagrange Equations and the Geodesic Picture 634

Three natural Euler–Lagrange equations appear in the cost-functional setting: one 635

for J , one for A, and one for the Hessian path-energy EHess. All three are satisfied at the 636

ground state γ ≡ 1; away from it they differ in content. 637

Definition 5.1 (Critical points used in this section). Let a < b. 638

(i) An admissible path γ is a static critical point of J if, for every η ∈ C1([a, b]) with 639

η(a) = η(b) = 0, the admissibility condition γ + εη > 0 holds for all sufficiently 640

small |ε|, and 641

d
dε

∣∣∣∣
ε=0

∫ b

a
J(γ(t) + εη(t)) dt = 0. 642

(ii) A C2 log-path ξ is a kinetic critical point of A if, for every η ∈ C1([a, b]) with 643

η(a) = η(b) = 0, 644

d
dε

∣∣∣∣
ε=0

∫ b

a
K(ξ̇(t) + εη̇(t)) dt = 0. 645

For an admissible path γ with ξ = log γ, this is the critical-point notion used for 646

A[γ]. 647

Remark 5.2 (Cost-rate Euler–Lagrange equation for J ). Because the integrand of J de- 648

pends only on γ and not on γ̇, the variational equation for J is purely algebraic. For 649

admissible γ and η ∈ C1([a, b]) with η(a) = η(b) = 0, differentiating under the integral 650

(justified because γ is continuous and strictly positive on the compact [a, b], so γ + εη stays 651

in a compact subinterval of (0, ∞) where J′ is bounded, for |ε| small) gives the first variation 652

δJ [γ](η) =
∫ b

a
J′(γ(t)) η(t) dt. 653

The du Bois-Reymond lemma forces J′(γ(t)) = 0 a.e.; with J′ ◦ γ continuous on [a, b], 654

this upgrades to equality for every t. Since J′(x) = 1
2 (1 − x−2) vanishes on (0, ∞) only at 655

x = 1, the unique admissible static critical point of J (in the sense of Definition 5.1) is the 656

ground state γ ≡ 1. We retain this fact only for the ground-state coexistence observation 657

of Remark 5.5 below; no theorem downstream of this remark uses the cost-rate Euler– 658

Lagrange equation. 659

5.1. The kinetic EL for A 660

The integrand of A is K(ξ̇) – a function of ξ̇ only, independent of ξ. The Euler–Lagrange 661

equation is therefore that ∂ξ̇ K is conserved in time: 662

d
dt

sinh(ξ̇(t)) = 0 ⇐⇒ cosh(ξ̇(t)) ξ̈(t) = 0 ⇐⇒ ξ̈(t) = 0, 663

the last equivalence because cosh > 0. 664

Theorem 5.3 (Kinetic EL selects uniform log-velocity). Let γ be an admissible path on [a, b] 665

with ξ := log γ ∈ C2. Then γ is automatically kinetically admissible (Definition 3.3), and γ is a 666

kinetic critical point of A in the sense of Definition 5.1 iff ξ̈ ≡ 0, i.e., ξ is an affine function of t and 667

γ(t) = xa eξ̇0(t−a) for some xa > 0 and ξ̇0 ∈ R. With fixed endpoints γ(a) = xa, γ(b) = xb, the 668

unique critical point is the uniform-log-velocity path of Corollary 4.10, and it is simultaneously the 669

global minimizer. 670

Proof. Since ξ ∈ C2([a, b]), the derivative ξ̇ is continuous and bounded. Hence K(ξ̇) is 671

continuous and integrable, so γ is kinetically admissible. 672
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For η ∈ C1([a, b]) with η(a) = η(b) = 0, differentiating under the integral is justified 673

because ξ̇ and η̇ are bounded and K′ is continuous on the compact range swept out by 674

ξ̇ + εη̇ for |ε| small. The first variation is 675

d
dε

∣∣∣∣
ε=0

∫ b

a
K(ξ̇ + εη̇) dt =

∫ b

a
sinh(ξ̇(t)) η̇(t) dt. 676

Because ξ ∈ C2, the function sinh(ξ̇) is C1, and integration by parts gives 677

∫ b

a
sinh(ξ̇) η̇ dt =

[
sinh(ξ̇)η

]b
a −

∫ b

a
cosh(ξ̇)ξ̈ η dt = −

∫ b

a
cosh(ξ̇)ξ̈ η dt. 678

Thus the first variation vanishes for all endpoint-fixed η ∈ C1([a, b]) iff cosh(ξ̇)ξ̈ = 0 on 679

[a, b] by the fundamental lemma of the calculus of variations. Since cosh(ξ̇) > 0, this is 680

equivalent to ξ̈ = 0. Therefore ξ is affine, and conversely any affine ξ makes the displayed 681

first variation vanish. 682

With fixed endpoints, the affine function ξ is uniquely determined, giving the path of 683

Corollary 4.10. Its global minimality is exactly Corollary 4.10. 684

Remark 5.4 (Regularity classes). Theorem 5.3 uses the strong pointwise Euler–Lagrange 685

notion of “critical point,” which requires ξ ∈ C2 (a proper subclass of the kinetically 686

admissible paths of Definition 3.3). The chord condition in Theorem 4.7 is instead a 687

convexity-based sufficient and necessary condition for global minimality on the larger 688

kinetically admissible class, where ξ need only be absolutely continuous with L2 log- 689

derivative and finite kinetic action. For C2 paths with fixed endpoints, the uniform-log- 690

velocity path is simultaneously the strong-EL critical point of this theorem and the global 691

minimizer furnished by Corollary 4.10. 692

5.2. Common ground state and the Hessian-energy comparison 693

So far we have compared the static J and kinetic A Euler–Lagrange pictures. A third 694

path-level functional also lives on R>0 – the Hessian Riemannian path-energy 695

EHess[γ] :=
∫ b

a
1
2 g(γ) γ̇2 dt =

∫ b

a
1
2

γ̇(t)2

γ(t)3 dt 696

of the Hessian metric g(x) = J′′(x) = x−3, with geodesic Euler–Lagrange equation 697

γ̈ + Γ(γ) γ̇2 = 0, Γ(x) = − 3
2x

. (11) 698

EHess uses the Riemannian connection of g, whereas A uses the log-affine (e-)connection of 699

§4.7, and the two have different nonconstant critical families – different parameterizations 700

of the same arcs of R>0, not different trajectories, since the carrier is 1-dimensional (Ap- 701

pendix A, Remark A3). We include EHess here only for the comparison below; it does not 702

enter any subsequent theorem of this work. (The symbol EHess is reserved for this Hessian 703

path-energy throughout; the unadorned E later used in §7 for the conserved energy along a 704

trajectory is a distinct object.) 705

Remark 5.5 (Coexistence at the ground state). The constant path γ ≡ 1 on [a, b] satisfies 706

all three a priori distinct critical-point conditions simultaneously: the cost-rate Euler– 707

Lagrange equation for J (Remark 5.2); the kinetic Euler–Lagrange equation ξ̈ = 0 for A 708

(Theorem 5.3); and the Hessian-metric geodesic equation (11). Verification is immediate: 709

J′(1) = 1
2 (1 − 1) = 0 gives (i); ξ̇ ≡ 0 gives ξ̈ ≡ 0 and hence (ii); γ̇ ≡ 0 together with γ̈ ≡ 0 710

gives (iii). Although the dynamical functionals A and EHess have different nonconstant 711
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critical families – differing in parameterization rather than trajectory, the carrier being 712

1-dimensional – the additional static cost-rate condition (i) singles out γ ≡ 1 as the common 713

normalized reference state shared by all three critical sets. The pictures remain distinct 714

away from the ground state; we make no further bridging claim. 715

6. Conditional Bridge to Newtonian Mechanics 716

Having established in Sections 2–5 that the d’Alembert calibration alone forces the 717

convex free-sector structure of A, we now turn to the physical bridge. We shall see that the 718

cosh kinetic profile recovers the Newtonian small-step limit and the relativistic rapidity 719

dependence only after four explicit additional postulates, which we name and isolate at the 720

outset: 721

• Kinematic embedding. The mechanical position q is identified with the log-coordinate 722

ξ = log γ of a positive degree of freedom. 723

• Mass coupling. A species carries a coupling constant m > 0 that multiplies the 724

dimensionless K; this gives the Newtonian small-step limit and matches the relativistic 725

rapidity profile of the same cosh form. 726

• Hamiltonian primacy. The Hamiltonian H = TH(p) + V(ξ) is the primary, additively 727

combined cost; the Lagrangian L = Km − V is its Legendre dual, and the minus sign 728

on V is forced by the transform, not posited. 729

• Native state cost. The same d’Alembert uniqueness that forces K also forces a native 730

static log-cost J̃(ξ) = cosh ξ − 1; the native Lagrangian is Lnat = Km(ξ̇) − k J̃(ξ), 731

a cosh-sinh oscillator. General potentials V are external inputs from the cost-field 732

environment, outside the scope of our analysis. 733

These four ingredients make the Newtonian interpretation a derivation of clearly bounded 734

scope rather than an identification asserted at the outset. 735

6.1. Foundations of the bridge 736

Definition 6.1 (Kinematic embedding axiom). Status. The identification below is an axiom 737

of the physical bridge, not a theorem of d’Alembert. We postulate that the mechanical 738

position coordinate q of classical mechanics is the log-coordinate ξ = log γ of a positive 739

degree of freedom, and that the dimensionless log-step ϕ := dξ/dτ is calibrated as a boost 740

rapidity. Neither identification is forced by the convexity theorems of Sections 2–5; both are 741

physical postulates whose role is exactly to supply the kinematic content that d’Alembert’s 742

algebra alone cannot. 743

Statement. 744

Fix the species-relevant invariant speed c > 0 and a reference time scale t0 > 0. We 745

write 746

τ := t/t0 747

for the associated dimensionless evolution parameter. Throughout Sections 6–7 we work 748

in natural units, in which c = 1 and t0 = 1, and restore standard units explicitly at each 749

appearance of a dimensional quantity. 750

For the physical bridge in Sections 6–7 we identify the variational parameter used in 751

the preceding sections with τ. Thus a dot in these sections denotes differentiation with 752

respect to the dimensionless parameter τ unless a physical-time derivative such as dq/dt 753

is written explicitly. In natural units t = τ, so the dot notation agrees with the usual 754

mechanical notation. 755

We identify a positive degree of freedom γ ∈ R>0 with classical kinematic data via 756

ξ := log γ ∈ R, q := ξ (natural units)
[
equivalently q := c t0 ξ in standard units

]
, 757
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and we identify the dimensionless log-step per unit dimensionless time with the boost 758

rapidity: 759

ϕ :=
dξ

dτ
, vSR/c := tanh(ϕ),

dq
dt

= c
dξ

dτ

[
= ξ̇ = ϕ in natural units c = t0 = 1

]
.

(12) 760

The mechanical ground state q = 0 corresponds to the ground state γ = 1. 761

Remark 6.2 (Dimensional dictionary). Sections 6–7 are written in natural units (c = t0 = 1), 762

so every symbol is either dimensionless or carries some power of mass. The following table 763

lists each symbol’s role together with its standard-unit (i.e., c, t0 restored) dimensions, so 764

that the natural-unit expressions in the body can be read in either convention. 765

Symbol Description Standard-unit dimensions
ξ log-coordinate, ξ = log γ dimensionless
τ = t/t0 dimensionless time dimensionless
t physical time T
t0 reference time scale T
c invariant speed LT−1

ϕ = dξ/dτ rapidity (boost parameter) dimensionless
vSR = c tanh ϕ SR 3-velocity LT−1

q = c t0 ξ mechanical position L
dq/dt = c ϕ coordinate velocity LT−1

m mass coupling (Def. 6.4) M
k binding coupling (§6.3) ML2T−2 (energy)
Km(ϕ) = mc2(cosh ϕ − 1) physical kinetic cost ML2T−2 (energy)
p = ∂L/∂ξ̇ conjugate to ξ ML2T−2 (energy)
L, H Lagrangian, Hamiltonian ML2T−2 (energy)
A[γ] free-sector kinetic action dimensionless
mc2t0 A[γ], LV [γ] =

∫
L dt physical action ML2T−1 (action)

766

Notes. (i) Because ξ is dimensionless, the conjugate p := ∂L/∂ξ̇ has dimensions of energy, 767

not of mechanical momentum MLT−1; the conventional SR-mechanical momentum is 768

p/c, with units MLT−1. (ii) The position identification q = c t0 ξ in standard units is 769

the dimensionally consistent reading that makes dq/dt = c ϕ a proper velocity (LT−1); 770

in natural units it collapses to q = ξ and q̇ = ϕ as written. (iii) In natural units the 771

physical kinetic cost Km(ϕ) and the binding cost k(cosh ξ − 1) both reduce to mass times a 772

dimensionless cosh-bump; the explicit c2 factors are restored only in expressions written 773

outside of natural units. (iv) The free-sector functionals A[γ] and A∗(T, ∆) of Sections 3–4 774

are dimensionless, consistent with Remark 2.1; the symbol A acquires action dimensions 775

only through the mass–time prefactor, as the physical kinetic action mc2t0 A[γ], which in 776

the free case V ≡ 0 coincides with LV [γ] =
∫

L dt. The two rows above list these two 777

distinct objects separately. 778

Remark 6.3 (Two velocity notions and why rapidity is primary). Two observations force the 779

rapidity identification of Definition 6.1 rather than a direct “ξ̇ = Newtonian (SR 3-)velocity” 780

reading, and Equation (12) carries two distinct “velocity-like” quantities that must not be 781

confused. 782

(a) Algebra. d’Alembert’s equation (1) on the additive variable ξ is precisely the composition 783

law for boosts: cosh(ϕ1 + ϕ2) + cosh(ϕ1 − ϕ2) = 2 cosh(ϕ1) cosh(ϕ2). The canonical additive 784

parameter on which this composition is linear is the rapidity ϕ, not the SR 3-velocity vSR 785

(which composes nonlinearly via the Einstein addition formula). 786

(b) Dimensions. If γ is dimensionless, then so is ξ. Differentiating ξ with respect to physical 787

time gives a quantity with dimensions of inverse time, so we compare instead with the 788
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dimensionless step ϕ = dξ/dτ, where τ = t/t0. The Newtonian identification “q = ξ” is 789

dimensionally consistent only after choosing natural units; in standard units it becomes 790

q = c t0 ξ and dq/dt = c dξ/dτ = c ϕ (Remark 6.2). The rapidity identification (12) is 791

dimension-free because it uses ϕ, not the unscaled derivative with respect to physical time. 792

(c) Two velocity notions: vSR versus q̇. Under the kinematic axiom (12), the coordinate (log-) 793

velocity q̇ = dq/dt = c ϕ
nat. units

= ϕ is the rate of change of the log-coordinate q = ξ with 794

respect to lab time; under the kinematic axiom this is the rapidity itself (in natural units). The 795

special-relativistic 3-velocity vSR := c tanh(ϕ) is defined by the rapidity-to-velocity formula 796

of special relativity. The two agree only to leading order. In natural units, where q̇ = ϕ and 797

c = 1, 798

vSR = tanh(q̇) = q̇ − q̇3

3
+ O(q̇5), 799

while in standard units, using ϕ = q̇/c, 800

vSR = c tanh(q̇/c) = q̇ − q̇3

3c2 + O(q̇5/c4). 801

For |q̇| ≪ 1 they coincide; for large |q̇|, vSR saturates at ±c while q̇ = ϕ is unbounded. 802

The Newtonian small-step limit (Proposition 6.5(ii) and Theorem 6.14) lives where the 803

distinction is invisible at leading order; the relativistic profile match (Proposition 6.5(i)) 804

lives where the distinction is sharp. We always use vSR for the SR 3-velocity c tanh ϕ, 805

distinct from q̇ except at ϕ = 0. 806

The Newtonian-limit identification of the log-step variable with velocity in natural units is 807

therefore not an independent embedding; it is the small-rapidity consequence ϕ ≈ vSR/c 808

for |vSR| ≪ c (Proposition 6.5(ii)). Under the kinematic axiom, q̇ = ϕ exactly in natural 809

units. 810

With Definition 6.1 in place, the results of Sections 4–5 are re-readable as statements 811

about a genuine scalar mechanical coordinate q. 812

Definition 6.4 (Species mass coupling). Each particle species carries a mass coupling m > 0 813

(with dimensions of mass), a species-specific prefactor on the dimensionless d’Alembert- 814

forced kinetic cost. The physical kinetic cost is, in natural units (c = t0 = 1), 815

Km(ϕ) := m K(ϕ) = m
[
cosh(ϕ)− 1

]
, 816

and in standard units the same object reads Km(ϕ) = mc2[cosh(ϕ)− 1], with dimensions 817

of energy. When the dimensionless parameter is chosen as τ = t/t0, the physical action 818

includes the corresponding time factor dt = t0 dτ. We write Km throughout for the natural- 819

unit form, where c = t0 = 1 and ϕ = ξ̇. 820

Proposition 6.5 (Single cosh profile covers Newtonian and rapidity regimes). Let m > 0. 821

With the rapidity identification (12) of Definition 6.1, the notational distinction q̇ = ϕ versus 822

vSR = c tanh ϕ of Remark 6.3 in force: 823

(i) Relativistic rapidity profile (as a function of rapidity, or equivalently of vSR). For 824

all rapidities ϕ ∈ R, 825

Km(ϕ) = m
[
cosh(ϕ)− 1

]
= m(γL − 1), 826

where γL := cosh ϕ = 1/
√

1 − (vSR/c)2 is the Lorentz factor associated with vSR/c = 827

tanh ϕ. This is the exact relativistic kinetic-energy dependence on rapidity; in standard 828

units the right-hand side reads mc2(γL − 1). This is a profile match for the d’Alembert step 829
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cost, not a claim that the Legendre Hamiltonian below is the standard special-relativistic 830

Hamiltonian. 831

(ii) Newtonian limit (consequence). For |ϕ| ≪ 1 (equivalently |vSR| ≪ c, equivalently 832

|q̇| ≪ 1 in natural units), the Taylor expansion of cosh gives 833

Km(ϕ) = 1
2 mϕ2 + m

24 ϕ4 + O(ϕ6). 834

Substituting either of the two leading-order equivalences ϕ = q̇ (exact, by (12)) or ϕ = 835

vSR/c + (vSR/c)3/3 + O((vSR/c)5) gives, in natural units c = t0 = 1, 836

Km = 1
2 m q̇2 + m

24 q̇4 + O(q̇6) = 1
2 m v2

SR + O(v4
SR), 837

the standard Newtonian kinetic energy. The two readings “q̇” and “vSR” coincide to 838

leading order v2 and differ only at O(v4). 839

Proof. (i) is the identity cosh(artanh β) = (1 − β2)−1/2 applied to β = vSR/c and ϕ = 840

artanh(vSR/c), multiplied by m; equivalently, cosh ϕ = γL by definition of rapidity. 841

(ii) The first expansion is the standard cosh Taylor series cosh(ϕ)− 1 = 1
2 ϕ2 + 1

24 ϕ4 + 842

O(ϕ6) multiplied by m, with the sharp explicit error bound |Km(ϕ)− 1
2 mϕ2| ≤ mϕ4

24(1−ϕ2)
for 843

|ϕ| < 1 (Proposition 2.13(iv) multiplied by m). 844

Substituting ϕ = q̇ (an exact identification under the kinematic axiom (12) in natural 845

units) directly yields Km = 1
2 mq̇2 + m

24 q̇4 + O(q̇6). 846

Substituting instead the SR 3-velocity expansion ϕ = artanh(vSR/c) = vSR/c + 847

(vSR/c)3/3 + O((vSR/c)5) gives, in natural units, ϕ2 = v2
SR + 2vSR · v3

SR/3 + O(v6
SR) = 848

v2
SR +O(v4

SR), so 1
2 mϕ2 = 1

2 mv2
SR +O(v4

SR), and the quartic-and-higher tail m
24 ϕ4 +O(ϕ6) = 849

O(v4
SR) is absorbed in the same remainder. The agreement of the two readings at the v2

SR 850

level is then q̇2 = v2
SR + O(v4

SR), which follows from q̇ = ϕ = vSR/c + O((vSR/c)3). 851

Remark 6.6 (Provenance of the mass value). The mass coupling m is the only particle- 852

species parameter in the kinetic sector. We do not produce its provenance – why a given 853

species carries a given numerical m – here; it is determined by deeper structural properties 854

of the species that lie outside the scope of this paper. Within our scope, m is an input. What 855

we derive is the form mK(ϕ) of the kinetic Lagrangian, with the same cosh−1 function 856

covering the Newtonian small-step limit and the rapidity profile. 857

Definition 6.7 (Additive cost postulate). The total instantaneous cost of a trajectory in a 858

degree of freedom ξ with conjugate momentum p decomposes additively into a velocity 859

cost and a state cost: 860

H(ξ, p) = TH(p) + V(ξ), 861

where TH is the Legendre transform of the physical kinetic cost Km and V : R → R is the 862

state cost. H is the Hamiltonian and is the primary dynamical object of the framework. 863

Proposition 6.8 (The cosh kinetic Hamiltonian). Let m > 0. For the physical kinetic cost 864

Km(ξ̇) = m[cosh ξ̇ − 1], 865

p =
∂Km

∂ξ̇
= m sinh ξ̇, ξ̇ = arsinh

( p
m

)
, 866

and the Legendre transform is 867

TH(p) = pξ̇ − Km(ξ̇) = p arsinh
( p

m

)
−
√

m2 + p2 + m. 868
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Small-p Taylor: 869

TH(p) =
p2

2m
− p4

24 m3 + O(p6/m5). 870

Proof. The identities p = m sinh ξ̇ and ξ̇ = arsinh(p/m) are immediate from the definition 871

of p and the inverse-hyperbolic-sine. Using cosh(arsinh(u)) =
√

1 + u2 with u = p/m, 872

Km(ξ̇) = m[
√

1 + p2/m2 − 1] =
√

m2 + p2 − m, and therefore TH(p) = p arsinh(p/m)− 873√
m2 + p2 + m. For the Taylor expansion: arsinh(p/m) = p/m − p3/(6m3) + O(p5/m5), 874

so p arsinh(p/m) = p2/m − p4/(6m3) + O(p6/m5); and
√

m2 + p2 = m + p2/(2m) − 875

p4/(8m3) + O(p6/m5). Subtracting, 876

TH(p) = p2

m − p4

6m3 −m− p2

2m + p4

8m3 +m+O(p6/m5) = p2

2m +
(

1
8 − 1

6

)
p4

m3 +O(p6/m5) = p2

2m − p4

24 m3 +O(p6/m5).877

878

Proposition 6.9 (Cosh-dual Hamiltonian is distinct from the SR free-particle Hamiltonian). 879

Let m > 0. The cosh-dual Hamiltonian 880

TH(p) = p arsinh
( p

m

)
−
√

m2 + p2 + m 881

of Proposition 6.8 and the special-relativistic free-particle Hamiltonian (with rest energy subtracted) 882

HSR(p) :=
√

m2 + p2 − m 883

are distinct functions on R. More precisely: 884

(i) Strict separation away from zero. Let f (p) := TH(p)− HSR(p) = p arsinh(p/m)− 885

2
√

m2 + p2 + 2m. Then 886

f ′′(p) =
p2

(m2 + p2)3/2 ≥ 0, 887

with equality only at p = 0, so f is convex on R and strictly convex off the single point 888

p = 0. Together with f (0) = 0 and f ′(0) = 0, this gives 889

TH(p) > HSR(p) for every p ̸= 0. 890

(ii) Newtonian agreement, quartic divergence. The two Hamiltonians share the Newtonian 891

small-p limit at order p2 but differ at order p4: 892

TH(p) =
p2

2m
− p4

24 m3 + O(p6/m5), 893

HSR(p) =
p2

2m
− p4

8 m3 + O(p6/m5), 894

so 895

TH(p)− HSR(p) =
p4

12 m3 + O(p6/m5). 896

The match of Proposition 6.5 is therefore one of profile in rapidity – kinetic energy as a function of 897

rapidity equals m(cosh ϕ − 1) = m(γL − 1) in both theories – not an identity of Hamiltonians. 898

We use the cosh-dual TH throughout. 899
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Proof. (i) Set f (p) := TH(p) − HSR(p) = p arsinh(p/m) − 2
√

m2 + p2 + 2m. Using 900

(d/dp) arsinh(p/m) = 1/
√

m2 + p2, direct differentiation gives 901

f ′(p) = arsinh
( p

m

)
+

p√
m2 + p2

− 2p√
m2 + p2

= arsinh
( p

m

)
− p√

m2 + p2
, 902

and differentiating once more, using (d/dp)
[
p/
√

m2 + p2
]
= m2/(m2 + p2)3/2, 903

f ′′(p) =
1√

m2 + p2
− m2

(m2 + p2)3/2 =
(m2 + p2)− m2

(m2 + p2)3/2 =
p2

(m2 + p2)3/2 . 904

Hence f ′′(p) ≥ 0 on R, with equality iff p = 0. In particular f is convex on R and 905

strictly convex on any open interval not containing 0. The critical-point equations f (0) = 906

0 · 0 − 2m + 2m = 0 and f ′(0) = 0 − 0 = 0 identify p = 0 as the unique critical point and, 907

by convexity, the global minimum of f . Suppose, toward a contradiction, that f (p0) = 0 for 908

some p0 ̸= 0. By convexity of f on [0, p0] (or [p0, 0] if p0 < 0) with f (0) = f (p0) = 0, f ≤ 0 909

on this interval; combined with f ≥ 0 from minimality at 0, this forces f ≡ 0 on the interval, 910

hence f ′′ ≡ 0 there. But f ′′(p) > 0 at every interior point p ̸= 0, contradicting f ′′ vanishing 911

on an open subinterval. Therefore f (p) > 0 for every p ̸= 0, i.e., TH(p) > HSR(p) for every 912

p ̸= 0. 913

(ii) The TH expansion is Proposition 6.8. For HSR, apply the binomial series
√

1 + u = 914

1 + u/2 − u2/8 + O(u3) at u = p2/m2 ≥ 0 to obtain 915

√
m2 + p2 = m

√
1 + p2/m2 = m +

p2

2m
− p4

8 m3 + O(p6/m5), 916

and subtract m to get the displayed HSR expansion. Subtracting the two expansions term 917

by term, the p2 terms cancel and the p4 coefficient of TH − HSR is 918

− 1
24 m3 −

(
− 1

8 m3

)
=

−1 + 3
24 m3 =

1
12 m3 , 919

giving TH(p)− HSR(p) = p4/(12 m3)+O(p6/m5) as claimed. The positivity of this leading 920

p4 coefficient is also implied by part (i): f (p) > 0 for small p ̸= 0 together with f (p) = 921

c p4 + O(p6) from the Taylor expansion forces c ≥ 0, and the explicit value c = 1/(12 m3) 922

confirms c > 0. 923

Remark 6.10 (The Legendre sign is derived, not posited). From the additive postulate 924

H = TH(p) + V(ξ), the Lagrangian is derived via the inverse Legendre transform: 925

L(ξ, ξ̇) = pξ̇ − H =
[
pξ̇ − TH(p)

]
− V(ξ) = Km(ξ̇)− V(ξ). 926

The minus sign on V in the Lagrangian is forced by the Legendre transform of an additive 927

Hamiltonian; it is not an independent postulate. In a Hamiltonian-primary formulation, 928

where the primary object is the additive cost H, the sign structure L = T − V is a theorem, 929

not an axiom. 930

In the free-sector analysis, the d’Alembert log-cost J̃(ξ) = cosh ξ − 1 of §2 played 931

two distinct roles. Evaluated at the log-velocity ξ̇, it produced the kinetic integrand 932

K(v) = J̃(v) = cosh v − 1 that drives the convexity theorem of §4. Evaluated at the 933

log-position ξ itself, the same log-cost is the integrand of the velocity-free static cost 934

J [γ] =
∫

J̃(ξ) dt of §3, whose algebraic Euler–Lagrange equation (Remark 5.2) selects 935

the ground state γ ≡ 1. The d’Alembert calibration therefore fixes J̃ on both arguments. 936

Assigning the static cost its own species prefactor k > 0 – the binding coupling – gives 937
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the native d’Alembert state cost Vnat(ξ) = kJ̃(ξ) = k(cosh ξ − 1). Thus J̃ enters the native 938

Lagrangian below twice under the same calibration: once at log-velocity (kinetic) and once 939

at log-position (potential), with independent couplings m and k. 940

Definition 6.11 (Native d’Alembert Lagrangian). With kinetic mass coupling m and binding 941

coupling k, the native d’Alembert Lagrangian is 942

Lnat(ξ, ξ̇) := Km(ξ̇)− k J̃(ξ) = m
[
cosh(ξ̇)− 1

]
− k
[
cosh(ξ)− 1

]
. 943

In the pure d’Alembert case k = m, the constants cancel and Lnat(ξ, ξ̇) = m
[
cosh(ξ̇) − 944

cosh(ξ)
]
. 945

Remark 6.12 (Provenance of the binding coupling). Like the mass coupling m of Defini- 946

tion 6.4, the binding coupling k > 0 is treated here as an external species parameter, subject 947

to the same provenance caveat recorded for m in the remark above: its numerical value is 948

governed by the same upstream structural mechanisms that fix m and lies outside the scope 949

of this paper. What we derive is the form of the native Lagrangian, with the d’Alembert 950

log-cost J̃ appearing under the same calibration in both the kinetic slot (evaluated at ξ̇) 951

and the potential slot (evaluated at ξ); the two couplings (m, k) then enter as independent 952

prefactors of those two slots. 953

Remark 6.13 (Native vs. general potentials). Lnat is the minimal dynamical object produced 954

by d’Alembert alone: kinetic cost plus native static cost, combined via the Hamiltonian- 955

primary Legendre transform (Remark 6.10). A general potential V(ξ) in Section 6.4 is the 956

replacement of the native kJ̃(ξ) by whatever interaction model supplies the state cost. Here, 957

any V ̸= kJ̃ is an external input that we do not derive from d’Alembert. 958

6.2. Small-velocity reduction of the kinetic action 959

Theorem 6.14 (Small-velocity reduction, mass-coupled). Let γ be an admissible path on [a, b] 960

with ξ := log γ and ∥ξ̇∥∞ ≤ 1/10 (hence in particular kinetically admissible, since cosh(ξ̇) ≤ 961

cosh(1/10) < ∞ a.e.), and let m > 0. Then 962∣∣∣∣mA[γ] − m
2

∫ b

a
ξ̇(t)2 dt

∣∣∣∣ ≤ m
24

· 100
99

∫ b

a
ξ̇(t)4 dt ≤ m

2376

∫ b

a
ξ̇(t)2 dt. (13) 963

Under the kinematic embedding q := ξ and the natural-unit calibration of the variational parameter 964

with τ, the mass-weighted kinetic action mA[γ] reduces to the standard kinetic integral T[q] = 965

1
2

∫ b
a m q̇(t)2 dt with relative error at most 1/1188 ≈ 8.4 × 10−4. 966

Proof. The sharp quartic remainder (2) applied pointwise at v = ξ̇(t) with |ξ̇(t)| ≤ 1/10 967

gives |K(ξ̇)− 1
2 ξ̇2| ≤ ξ̇4/24 · 100/99, which integrated against m dt yields the first inequality 968

of (13). The second uses ξ̇4 ≤ ξ̇2/100 when |ξ̇| ≤ 1/10, giving a relative-error bound of 969

2/2376 = 1/1188 on the kinetic approximation. 970

Remark 6.15. The kinetic term emerges from the Taylor of K(ξ̇) – velocity, not of J(1 + ε) – 971

state displacement. The mass coupling m enters as a uniform prefactor consistent with the 972

Newtonian small-step limit and the rapidity profile of Proposition 6.5. 973

6.3. The native cosh-sinh oscillator 974

Theorem 6.16 (EL equation and small-amplitude limit of Lnat). For the native d’Alembert 975

Lagrangian (Definition 6.11) with couplings m, k > 0, the Euler–Lagrange equation is 976

m cosh(ξ̇) ξ̈ + k sinh(ξ) = 0. (14) 977
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In the small-velocity, small-amplitude limit (|ξ̇|, |ξ| ≪ 1), (14) reduces to the linear harmonic 978

oscillator m ξ̈ + k ξ = 0, with angular frequency ω =
√

k/m. 979

Proof. ∂ξ̇ Lnat = m sinh ξ̇, so (d/dt)∂ξ̇ Lnat = m cosh ξ̇ ξ̈. ∂ξ Lnat = −k sinh ξ. The Euler– 980

Lagrange equation (d/dt)∂ξ̇ L − ∂ξ L = 0 gives (14). Taylor-expanding cosh ξ̇ = 1 + O(ξ̇2) 981

and sinh ξ = ξ + O(ξ3) recovers the harmonic oscillator. 982

Corollary 6.17 (Conserved energy of the native oscillator). For couplings m, k > 0, the native 983

Hamiltonian (Proposition 6.8 with V = kJ̃), 984

Hnat(ξ, p) = p arsinh
( p

m
)
−
√

m2 + p2 + m + k
[
cosh(ξ)− 1

]
, 985

is constant along any C2 solution of (14). Its small-(ξ, p) expansion is Hnat =
p2

2m + k
2 ξ2 − p4

24 m3 + 986

k
24 ξ4 + O(p6, ξ6), the harmonic oscillator Hamiltonian plus exactly determined quartic corrections. 987

Proof. Conservation. Let ξ ∈ C2([a, b]) satisfy (14), and set p := m sinh(ξ̇). Using 988

cosh(arsinh(p/m)) =
√

1 + p2/m2, the Hamiltonian Hnat rewritten in (ξ, ξ̇) coordinates 989

along the trajectory is 990

E(t) := Hnat(ξ(t), p(t)) = m
[
ξ̇(t) sinh(ξ̇(t))− cosh(ξ̇(t)) + 1

]
+ k
[
cosh(ξ(t))− 1

]
. 991

Direct differentiation gives 992

Ė(t) = m
[
ξ̈ sinh(ξ̇) + ξ̇ cosh(ξ̇) ξ̈ − sinh(ξ̇) ξ̈

]
+ k sinh(ξ) ξ̇

= ξ̇
[
m cosh(ξ̇) ξ̈ + k sinh(ξ)

]
= 0

993

by (14); the ξ̈ sinh(ξ̇) and − sinh(ξ̇)ξ̈ terms cancel exactly. Hence E is constant on [a, b]. 994

Expansion. Combine Proposition 6.8 (giving TH(p) = p2/(2m) − p4/(24m3) + 995

O(p6/m5)) with the small-ξ Taylor of cosh: k[cosh ξ − 1] = kξ2/2 + kξ4/24 + O(ξ6). 996

Remark 6.18 (Joint saddle structure of Lnat and explicit dropout time). We anticipate here 997

the conjugate-time machinery of §8 (Definition 8.2 and Theorems 8.3/8.5) to compute the 998

dropout time for the native oscillator; only the small-amplitude Jacobi computation is 999

performed in this remark, and the statements about strict weak local minimality below are 1000

direct specializations of those theorems to V = kJ̃. 1001

Lnat is convex in ξ̇ (from cosh ξ̇) but concave in ξ (from − cosh ξ). It is therefore a saddle 1002

jointly in (ξ, ξ̇), and the free global-minimum theorem of Section 4 does not extend to it. 1003

The dropout is quantitative. Linearize (14) along the trivial extremal ξ∗ ≡ 0: with 1004

Lξ̇ ξ̇(0, 0) = m and Lξξ(0, 0) = −k, the Jacobi equation (18) reduces to the harmonic- 1005

oscillator equation 1006

m η̈ + k η = 0, 1007

whose solution with η(a) = 0 is η(t) = C sin
(√

k/m (t − a)
)
. The first conjugate time of 1008

Definition 8.2 along ξ∗ ≡ 0 is therefore 1009

tc = a + π
√

m/k = a + π/ω, 1010

exactly half the harmonic period. Specializing Theorems 8.3/8.5 to V = kJ̃ gives three 1011

regimes: 1012

• Short-time regime, b − a < π/ω. Then b < tc, so by Theorem 8.3, ξ∗ ≡ 0 is a strict weak 1013

local minimizer of LV on V . 1014
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• Long-time regime, b − a > π/ω. Then tc = a + π/ω ∈ (a, b) is a conjugate point in the 1015

open interval, so by Theorem 8.5, ξ∗ ≡ 0 is not a strict weak local minimizer. 1016

• Boundary case, b − a = π/ω. Then the first conjugate time lies exactly at tc = b. This 1017

degenerate case falls outside Theorems 8.3/8.5 as stated, since Theorem 8.3 requires 1018

the strict inequality b < tc and Theorem 8.5 requires c in the open interval (a, b). The 1019

behaviour at this boundary is governed by the leading nonzero higher-order term of 1020

LV along the Jacobi field η(t) = sin(ω(t − a)), and is resolved by Proposition 6.19 1021

below for k ̸= m (according to the sign of k − m); in the pure case k = m the action is 1022

exactly flat along the null field, so strict local minimality fails and non-strict minimality 1023

is left open. 1024

Thus the native oscillator transitions from local-minimizer status to non-minimizer at 1025

exactly half the harmonic period, recovering the classical conjugate-point picture for the 1026

small-amplitude limit of (14); the degenerate boundary b − a = π/ω is settled by Proposi- 1027

tion 6.19. 1028

Proposition 6.19 (Resolution of the boundary conjugate case). Let m, k > 0, ω =
√

k/m, 1029

and let ξ∗ ≡ 0 be the trivial extremal of the native Lagrangian Lnat (Definition 6.11) on [a, b] at the 1030

boundary length b − a = π/ω, so that the first conjugate time lies exactly at tc = b. Let V be the 1031

class of C1 endpoint-fixed variations of Theorem 8.3. Then: 1032

(i) The second variation δ2LV [η] =
∫ b

a
(
mη̇2 − kη2) dt is positive semidefinite on H1

0([a, b]), 1033

with one-dimensional null space span{η0}, η0(t) = sin(ω(t− a)), and is strictly positive 1034

on the L2-orthogonal complement of η0 with spectral gap λ2 = 3k > 0. 1035

(ii) Along the null direction the leading nonvanishing term of the action is quartic, 1036

LV [εη0] =
πω

64
(k − m) ε4 + O(ε6). 1037

(iii) Hence, at b − a = π/ω: if k > m then ξ∗ ≡ 0 is a strict weak local minimizer of LV on 1038

V ; if k < m it is not a weak local minimizer (the explicit family εη0 strictly lowers the 1039

action); and if k = m (the pure d’Alembert case of Definition 6.11) the action is exactly 1040

flat along the entire family εη0, so ξ∗ ≡ 0 is not a strict weak local minimizer; whether it 1041

is a (non-strict) weak local minimizer requires a mixed-direction analysis transverse to η0 1042

and is not decided by the one-parameter expansion along the null field alone. 1043

Proof. (i) Since Lξξ̇ = 0, Lξ̇ ξ̇(0, 0) = m and Lξξ(0, 0) = −V′′(0) = −k, the accessory 1044

quadratic form is δ2LV [η] =
∫ b

a (mη̇2 − kη2) dt. The Dirichlet Sturm–Liouville operator 1045

−m d2/dt2 − k on [a, b] has eigenpairs ηn(t) = sin
(
nπ(t − a)/(b − a)

)
, λn = mn2π2/(b − 1046

a)2 − k. At b − a = π/ω, i.e. (b − a)2 = π2m/k, these become λn = (n2 − 1)k, so λ1 = 0 1047

(eigenfunction η0 = sin(ω(t − a))) and λn = (n2 − 1)k ≥ 3k > 0 for n ≥ 2. Thus δ2LV ≥ 0, 1048

vanishes exactly on span{η0}, and for ζ = ∑n≥2 cnη̂n in the L2-orthogonal complement 1049

(with η̂n L2-orthonormal) satisfies δ2LV [ζ] = ∑n≥2 λnc2
n ≥ 3k∥ζ∥2

L2 . Moreover, since 1050

∥ζ̇∥2
L2 = ∑n≥2

(
nπ/(b − a)

)2c2
n = ∑n≥2(n2k/m) c2

n at this length and (n2 − 1)/n2 ≥ 3
4 for 1051

n ≥ 2, one has the H1-coercivity 1052

δ2LV [ζ] = ∑
n≥2

(n2 − 1)k c2
n ≥ 3

4 m ∥ζ̇∥2
L2 , ζ ⊥L2 η0. (15) 1053

Equivalently, the semidefiniteness is the equality case of the sharp Friedrichs inequality 1054

(Corollary 4.15) at (b − a)2 = π2m/k. 1055
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(ii) With ξ = εη0, ξ̇ = εη̇0 and cosh u − 1 = 1
2 u2 + 1

24 u4 + O(u6), 1056

LV [εη0] =
ε2

2

∫ b

a
(mη̇2

0 − kη2
0) dt +

ε4

24

∫ b

a
(mη̇4

0 − kη4
0) dt + O(ε6). 1057

The ε2 coefficient is 1
2 δ2LV [η0] = 0 by (i), and the cubic term vanishes since cosh is even. 1058

With η̇0 = ω cos(ω(t − a)), the substitution s = ω(t − a) ∈ [0, π] and
∫ π

0 sin4 =
∫ π

0 cos4 = 1059

3π
8 give

∫ b
a η4

0 dt = 3π
8ω and

∫ b
a η̇4

0 dt = 3πω3

8 , whence 1060

1
24

∫ b

a
(mη̇4

0 − kη4
0) dt =

π

64
· mω4 − k

ω
=

πω

64
(k − m), 1061

using ω2 = k/m so that mω4 − k = k(ω2 − 1) = k(k − m)/m and k/(mω) = ω. 1062

(iii), case k < m. The quartic coefficient πω
64 (k−m) is negative, so LV [εη0] < 0 = LV [ξ∗] 1063

for all small ε ̸= 0; the admissible one-parameter family εη0 ∈ V strictly lowers the action, 1064

hence ξ∗ ≡ 0 is not a weak local minimizer. 1065

Case k > m. We prove directly that LV [η] > 0 for every η ∈ C1
0([a, b]) with 0 < 1066

∥η∥C1 ≤ ϵ and a suitable ϵ > 0, which is strict weak local minimality (the competitor path 1067

is ξ∗ + η = η). Fix ρ ∈ (0, 1) and assume ∥η∥∞ ≤ ρ. Two pointwise all-order cosh estimates 1068

hold: from cosh u − 1 − 1
2 u2 − 1

24 u4 = ∑j≥3 u2j/(2j)! ≥ 0, 1069

cosh η̇ − 1 ≥ 1
2 η̇2 + 1

24 η̇4, 1070

while Proposition 2.13(iv) gives, for |η| ≤ ρ < 1, 1071

cosh η − 1 ≤ 1
2 η2 +

η4

24(1 − ρ2)
. 1072

Substituting both into LV , with Q[η] := δ2LV [η] =
∫ b

a (mη̇2 − kη2) dt, 1073

LV [η] ≥ 1
2 Q[η] +

m
24

∫ b

a
η̇4 dt − k

24(1 − ρ2)

∫ b

a
η4 dt. (16) 1074

Decompose η = c η0 + ζ with η0(t) = sin(ω(t − a)) and ⟨ζ, η0⟩L2 = 0; both η0, ζ ∈ 1075

C1
0([a, b]). Integrating by parts and using mη̈0 = −mω2η0 = −kη0, the Q-cross term 1076

vanishes,
∫ b

a (mη̇0ζ̇ − kη0ζ) dt =
∫ b

a (kη0ζ − kη0ζ) dt = 0, so Q[η] = Q[ζ] ≥ 3
4 m∥ζ̇∥2

L2 by (15). 1077

The splitting is bounded in C1: as ∥η0∥2
L2 = (b − a)/2, the coefficient c = ⟨η, η0⟩L2 /∥η0∥2

L2 1078

obeys |c| ≤
√

2 ∥η∥∞, whence ∥ζ∥∞ ≤ (1 +
√

2)∥η∥∞ and ∥ζ̇∥∞ ≤ (1 +
√

2 ω)∥η∥C1 . 1079

For the quartics use, for any fixed δ ∈ (0, 1), the elementary Young inequalities 1080

(x + y)4 ≥ (1 − δ)x4 − Cδy4 and (x + y)4 ≤ (1 + δ)x4 + Cδy4 (with Cδ depending only on 1081

δ), applied pointwise with (x, y) = (cη̇0, ζ̇) and (x, y) = (cη0, ζ) and integrated: 1082

∫ b

a
η̇4 dt ≥ (1 − δ)c4

∫ b

a
η̇4

0 dt − Cδ

∫ b

a
ζ̇4 dt,

∫ b

a
η4 dt ≤ (1 + δ)c4

∫ b

a
η4

0 dt + Cδ

∫ b

a
ζ4 dt. 1083

Inserting these into (16) and using the values m
24

∫ b
a η̇4

0 dt = kπω
64 and k

24

∫ b
a η4

0 dt = kπ
64ω from 1084

(ii) (recall mω3 = kω), the c4 contribution is c4 µ(δ, ρ) with 1085

µ(δ, ρ) := (1 − δ)
kπω

64
− 1 + δ

1 − ρ2
kπ

64ω
−−−−−−→
(δ,ρ)→(0,0)

kπ

64

(
ω − 1

ω

)
=

πω

64
(k − m) > 0. 1086
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Fix δ, ρ small enough that µ(δ, ρ) ≥ πω
128 (k − m) =: µ0 > 0. The remaining ζ-dependent 1087

terms are 1088

1
2 Q[ζ]− mCδ

24

∫ b

a
ζ̇4 dt − kCδ

24(1 − ρ2)

∫ b

a
ζ4 dt. 1089

By
∫

ζ̇4 ≤ ∥ζ̇∥2
∞∥ζ̇∥2

L2 ,
∫

ζ4 ≤ ∥ζ∥2
∞C2

P∥ζ̇∥2
L2 (Poincaré ∥ζ∥L2 ≤ CP∥ζ̇∥L2), and the C1

1090

bounds on ζ above, both negative terms are ≤ C∗ ∥η∥2
C1 ∥ζ̇∥2

L2 for a constant C∗ = 1091

C∗(δ, ρ, b − a, ω, m, k). With 1
2 Q[ζ] ≥ 3

8 m∥ζ̇∥2
L2 , the ζ-terms are ≥ ( 3

8 m − C∗∥η∥2
C1)∥ζ̇∥2

L2 . 1092

Choosing ϵ ≤ ρ with C∗ϵ2 ≤ 3
16 m gives, for all ∥η∥C1 ≤ ϵ, 1093

LV [η] ≥ µ0 c4 + 3
16 m ∥ζ̇∥2

L2 ≥ 0, 1094

with equality only if c = 0 and ζ̇ ≡ 0, i.e. (since ζ ∈ H1
0 ) ζ = 0 and so η = 0. Hence 1095

LV [η] > 0 = LV [ξ∗] for every η ∈ V \ {0} with ∥η∥C1 ≤ ϵ, and ξ∗ ≡ 0 is a strict weak local 1096

minimizer. 1097

Case k = m. Here ω = 1, the interval has length π, and η0(t) = sin(t − a). Along the 1098

one-parameter family ξ = εη0 the action is exactly flat for every ε, not merely quartically 1099

degenerate: with Lnat = m[cosh ξ̇ − cosh ξ] and the substitution s = t − a ∈ [0, π], 1100

LV [εη0] = m
∫ π

0

[
cosh(ε cos s)− cosh(ε sin s)

]
ds = 0, 1101

because
∫ π

0 f (cos s) ds =
∫ π

0 f (sin s) ds for every even f (both equal 2
∫ π/2

0 f (sin s) ds), 1102

applied to f = cosh(ε ·). Since εη0 ∈ V is admissible and arbitrarily small in C1 with 1103

LV [εη0] = 0 = LV [ξ∗], the strict inequality required for strict weak local minimality 1104

fails. The exact flatness also shows that no finite-order expansion along η0 can decide the 1105

question: whether ξ∗ ≡ 0 is a non-strict weak local minimizer depends on the behaviour of 1106

LV in directions transverse to η0 and is left open here. 1107

6.4. Newton’s law from the general cosh Lagrangian 1108

Definition 6.20 (Cosh Lagrangian with general potential). Given a potential V : R → R of 1109

class C1 (either the native V = kJ̃ or an external input for general interactions), and mass 1110

coupling m > 0, the cosh Lagrangian is 1111

L(ξ, ξ̇) := Km(ξ̇)− V(ξ) = m
[
cosh(ξ̇)− 1

]
− V(ξ), 1112

with associated action LV [γ] :=
∫ b

a L(ξ(t), ξ̇(t)) dt for admissible paths γ with ξ = log γ 1113

for which this integral is defined. 1114

Theorem 6.21 (Newton’s second law from the cosh Lagrangian). Let a < b, m > 0, and 1115

V ∈ C1(R). For C2 curves ξ : [a, b] → R, the Euler–Lagrange equation of L is 1116

m cosh(ξ̇(t)) ξ̈(t) + V′(ξ(t)) = 0. (17) 1117

In the small-velocity limit cosh(ξ̇) → 1, this reduces to 1118

m ξ̈(t) = −V′(ξ(t)), 1119

Newton’s second law with mass m and force F = −V′. Under the kinematic embedding q := ξ, 1120

this is the standard form mq̈ = −V′(q). 1121
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Proof. ∂ξ̇L = m sinh(ξ̇), so (d/dt)∂ξ̇L = m cosh(ξ̇)ξ̈. ∂ξL = −V′(ξ). The Euler–Lagrange 1122

equation (d/dt)∂ξ̇L − ∂ξL = 0 gives m cosh(ξ̇)ξ̈ − (−V′(ξ)) = 0, i.e., (17). The small- 1123

velocity limit is immediate. 1124

Remark 6.22 (Newton’s first law: inertia). For V′ ≡ 0, equation (17) reduces to ξ̈ = 0, 1125

i.e., uniform log-velocity motion. This is the mechanical reading, under the kinematic 1126

embedding q = ξ, of the variational statement Theorem 5.3; it is also equivalent to the con- 1127

servation of the cosh momentum p = m sinh ξ̇ in Corollary 7.6 below, via ṗ = m cosh(ξ̇)ξ̈ 1128

and cosh > 0. We single it out by name only because the bridge to Newtonian mechanics 1129

motivates labeling, not because it is a separate fact. 1130

7. Hamiltonian Formulation and Conservation Laws 1131

Having established the cosh Lagrangian in Section 6, we now record its Hamilto- 1132

nian dual and the associated conservation laws. The Hamiltonian H = TH(p) + V(ξ) is 1133

the foundationally primary object in the bridge construction (Definition 6.7): the addi- 1134

tively combined total cost from which the Lagrangian is Legendre-derived. We collect 1135

below the mass-coupled Hamilton equations, the small-momentum expansion, and energy 1136

conservation. 1137

Definition 7.1 (Cosh momentum and Hamiltonian, mass-coupled). Let m > 0 and let 1138

V : R → R. For L(ξ, ξ̇) = Km(ξ̇)− V(ξ) = m[cosh(ξ̇)− 1]− V(ξ), the conjugate momentum 1139

is 1140

p :=
∂L
∂ξ̇

= m sinh(ξ̇), ξ̇ = arsinh
( p

m

)
, 1141

and the Hamiltonian is 1142

H(ξ, p) := p ξ̇ −L = TH(p) + V(ξ) = p arsinh
( p

m

)
−
√

m2 + p2 + m + V(ξ), 1143

with TH as in Proposition 6.8 and using the identity cosh(arsinh(u)) =
√

1 + u2. 1144

Proposition 7.2 (Small-momentum limit of H). Let m > 0 and V : R → R. As |p|/m → 0, 1145

H(ξ, p) =
p2

2m
+ V(ξ) − p4

24 m3 + O(p6/m5). 1146

Under the kinematic embedding q := ξ, this is the standard non-relativistic Hamiltonian H = 1147

p2/(2m) + V(q) plus a species-scale-suppressed quartic correction. 1148

Proof. Specialize Proposition 6.8 and add V(ξ). 1149

Theorem 7.3 (Hamilton’s equations from EL). Let a < b, m > 0, and let V ∈ C1(R). Let 1150

H(ξ, p) = p arsinh(p/m)−
√

m2 + p2 + m + V(ξ). 1151

If ξ ∈ C2([a, b]) satisfies (17) and p(t) = m sinh(ξ̇(t)), then Hamilton’s equations hold: 1152

ξ̇ = ∂p H = arsinh
( p

m

)
, ṗ = −∂ξ H = −V′(ξ). 1153

Proof. The first equation is the inverse Legendre transform (p = m sinh(ξ̇) ⇐⇒ ξ̇ = 1154

arsinh(p/m)). The second follows from (17): ṗ = (d/dt)[m sinh(ξ̇)] = m cosh(ξ̇)ξ̈ = 1155

−V′(ξ). 1156
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7.1. Conservation laws from one-parameter symmetries 1157

Two standard conservation laws we use elsewhere in this work – energy and the cosh 1158

momentum – arise as Noether charges of explicit one-parameter symmetries of the action. 1159

We take the Noether derivation as primary; energy and momentum conservation are then 1160

immediate corollaries. This presentation also makes visible why the cosh momentum is not 1161

conserved for the native cosh–sinh oscillator. 1162

Theorem 7.4 (Noether charges of the cosh Lagrangian). Let L(ξ, ξ̇) = m
[
cosh(ξ̇)− 1

]
− 1163

V(ξ) with m > 0 and V ∈ C1(R). 1164

(a) Time-translation symmetry. The one-parameter group Φα
t : (t, ξ) 7→ (t + α, ξ) leaves L 1165

invariant for every α ∈ R, since L has no explicit t-dependence. The associated Noether charge is 1166

the energy 1167

E = ξ̇ ∂ξ̇ L − L = m
[
ξ̇ sinh(ξ̇)− cosh(ξ̇) + 1

]
+ V(ξ), 1168

and it is conserved on every C2 solution of (17). 1169

(b) ξ-translation symmetry, free case. If V is constant on R, the one-parameter group Φα
ξ : 1170

(t, ξ) 7→ (t, ξ + α) leaves L invariant. The associated Noether charge is the cosh momentum 1171

p = ∂ξ̇ L = m sinh(ξ̇), conserved on every C2 solution of (17). 1172

(c) Native oscillator: no ξ-translation symmetry. For V = kJ̃ with k > 0, the native potential 1173

satisfies J̃(ξ + α) = cosh(ξ + α) − 1 ̸≡ J̃(ξ) whenever α ̸= 0. Hence Φα
ξ is not a Noether 1174

symmetry of Lnat, and the cosh momentum is not conserved along solutions of (14); only the energy 1175

of Corollary 6.17 is. 1176

Proof. (a) For an autonomous first-order Lagrangian, the Noether identity for time- 1177

translation gives dE/dt = ∂tL = 0 along solutions. Explicitly, with E = m[ξ̇ sinh(ξ̇) − 1178

cosh(ξ̇) + 1] + V(ξ), 1179

Ė = m
[
ξ̈ sinh(ξ̇) + ξ̇ cosh(ξ̇)ξ̈ − sinh(ξ̇)ξ̈

]
+ V′(ξ)ξ̇ = ξ̇

[
m cosh(ξ̇)ξ̈ + V′(ξ)

]
= 0 1180

by (17). 1181

(b) The infinitesimal generator is (δt, δξ) = (0, 1). Under this generator, δL = ∂ξ L · 1 = 1182

−V′(ξ), which vanishes identically iff V is constant. The Noether charge is ∂ξ̇ L · δξ = 1183

m sinh(ξ̇), and direct differentiation gives 1184

ṗ = m cosh(ξ̇)ξ̈ = −V′(ξ) = 0 1185

by (17) and V′ ≡ 0. 1186

(c) We use the quasi-invariance (Bessel-Hagen) form of Noether’s theorem [13–15]: 1187

Φα
ξ is a Noether symmetry of Lnat iff there exists a function F = F(t, ξ, ξ̇) of class C1

1188

such that δLnat = dF/dt along arbitrary C1 curves, not merely along solutions. Here 1189

δLnat = ∂ξ Lnat · 1 = −k sinh(ξ), a function of ξ alone. We show that −k sinh(ξ) is not a 1190

total t-derivative of any F(t, ξ, ξ̇). 1191

Suppose for contradiction that −k sinh(ξ) = dF/dt = ∂tF + Fξ ξ̇ + Fξ̇ ξ̈ identically in 1192

(t, ξ, ξ̇, ξ̈). The left-hand side is independent of ξ̇ and ξ̈, so equating coefficients of ξ̈ and 1193

of ξ̇ gives Fξ̇ ≡ 0 and Fξ ≡ 0, hence F = F(t). Then dF/dt = F′(t) depends only on t, but 1194

−k sinh(ξ) depends nontrivially on ξ (since k > 0), contradiction. Hence no such F exists, 1195

Φα
ξ is not a quasi-invariance of Lnat, and Noether’s theorem produces no conserved charge 1196

from ξ-translation for the native potential. 1197

Direct verification of non-conservation. Along any solution of (14), ṗ = m cosh(ξ̇)ξ̈ = 1198

−k sinh(ξ), which vanishes identically only at the trivial extremal ξ ≡ 0. So even without 1199

the symmetry analysis, p is manifestly not conserved. 1200
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Corollary 7.5 (Energy conservation). Let a < b, m > 0, V ∈ C1(R), and let H be as in 1201

Theorem 7.3. If ξ ∈ C2([a, b]) satisfies (17) and p(t) = m sinh(ξ̇(t)), then the total energy 1202

E(t) := H(ξ(t), p(t)) is constant on [a, b]. 1203

Proof. Theorem 7.4(a). 1204

Corollary 7.6 (Momentum conservation in the free case). Let a < b, m > 0, and let V′ ≡ 0 1205

on R. If ξ ∈ C2([a, b]) satisfies (17), then the cosh momentum p(t) := m sinh(ξ̇(t)) is constant 1206

on [a, b]. Equivalently, ξ̈ ≡ 0 (Remark 6.22 / Theorem 5.3), since ṗ = m cosh(ξ̇)ξ̈ and cosh > 0. 1207

Proof. Theorem 7.4(b); the equivalent “ξ̈ = 0” form is immediate from ṗ = m cosh(ξ̇)ξ̈ = 0 1208

and cosh > 0. 1209

Remark 7.7 (Symmetry inventory of the d’Alembert framework). Within the cosh La- 1210

grangian L = m[cosh ξ̇ − 1]− V(ξ), the maximal one-parameter symmetry group is gener- 1211

ated by: 1212

• time translation, always present, conserving energy; 1213

• ξ-translation, present iff V is constant on R, conserving the cosh momentum m sinh ξ̇; 1214

• the discrete reflection ξ 7→ −ξ (with ξ̇ 7→ −ξ̇), present iff V is even, which is a Z/2Z 1215

symmetry rather than a one-parameter group and so yields no continuous Noether 1216

charge. 1217

The native potential V = kJ̃ is even but not translation invariant, so it admits the reflection 1218

symmetry but not a continuous ξ-translation symmetry; consequently the only continuous 1219

conservation law of the native oscillator is energy. This explains both why energy survives 1220

the addition of the native potential and why the cosh momentum does not. 1221

8. Potentials and Classical Variational Scope 1222

Having shown in Section 6 how Newton’s law arises in the small-velocity limit of 1223

the cosh Lagrangian, we now ask what variational status the resulting extremals carry 1224

when a non-affine convex potential is added. Our convexity argument in Section 4 is free 1225

of any potential; adding −V(ξ) breaks joint convexity of L in (ξ, ξ̇) whenever V is strictly 1226

convex (the native case V = kJ̃ is the basic example). The Lagrangian is then a saddle: 1227

convex in velocity and concave in position. In this setting the convex global-minimizer 1228

theorem of Theorem 4.7 no longer applies, and we adopt the classical local-minimum / 1229

stationary-action picture as the correct replacement. 1230

Remark 8.1 (Convention on regularity classes for this section). This convention is in force 1231

throughout Section 8. The free-sector results of Sections 3–4 are stated for kinetically admissible 1232

paths in the sense of Definition 3.3: absolutely continuous positive paths γ : [a, b] → R>0 1233

with log-derivative in L2([a, b]) and finite kinetic action
∫
(cosh ξ̇ − 1) dt < ∞. 1234

All theorems below (Theorems 8.3, 8.4, 8.5) instead require: 1235

(R1) the potential satisfies V ∈ C2(R) (or V ∈ C1(R) for the bare stationarity theorem 1236

Theorem 8.4); 1237

(R2) the extremal ξ∗ : [a, b] → R is of class C2([a, b]) and satisfies the strong Euler– 1238

Lagrange equation (17) pointwise; 1239

(R3) variations η : [a, b] → R are of class C1([a, b]) with η(a) = η(b) = 0. 1240

This is a deliberate shift to stronger regularity than the free-sector path space of Section 3, 1241

made because the Jacobi sufficient/necessary conditions of Gelfand–Fomin [16] are for- 1242

mulated at this regularity. The free-sector theorems of Section 4 are not re-stated under 1243

(R1)–(R3); they remain valid in the larger kinetically admissible class. The two regularity 1244

worlds meet at C2 uniform-log-velocity paths, which simultaneously satisfy the convex 1245
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chord characterization of Theorem 4.7 and the pointwise Euler–Lagrange equation of 1246

Theorem 5.3 (see Remark 5.4). 1247

Second variation, Jacobi fields, and conjugate times 1248

Fix a < b, m > 0, and V ∈ C2(R). For a C2 curve ξ : [a, b] → R, write 1249

LV [ξ] :=
∫ b

a

[
m(cosh(ξ̇(t))− 1)− V(ξ(t))

]
dt. 1250

For an admissible path γ with ξ = log γ, this agrees with the earlier notation LV [γ] = LV [ξ]. 1251

Let ξ∗ ∈ C2([a, b]) be a solution of the Euler–Lagrange equation (17). The classical second- 1252

variation theory for first-order C2 Lagrangians associates to ξ∗ a Jacobi equation. In the 1253

present case Lξξ̇ = 0, so the Jacobi equation is 1254

d
dt

(
m cosh(ξ̇∗(t)) η̇(t)

)
+ V′′(ξ∗(t)) η(t) = 0. (18) 1255

Definition 8.2 (Conjugate time). A time c ∈ (a, b] is conjugate to a along ξ∗ if there exists a 1256

nonzero C2 solution η of (18) with η(a) = 0 and η(c) = 0. The first conjugate time on [a, b] 1257

is the infimum of such c in (a, b], if any exists, and is defined to be ∞ if no conjugate time 1258

occurs in (a, b]. 1259

Theorem 8.3 (Short-time local minimality). Let a < b, m > 0, V ∈ C2(R), and let L(ξ, ξ̇) = 1260

Km(ξ̇)− V(ξ). Let ξ∗ ∈ C2([a, b]) be a solution of (17) with fixed endpoints, and let tc be the first 1261

conjugate time of Definition 8.2. Denote by V the class of C1 endpoint-fixed variations 1262

V := {ξ∗ + η : η ∈ C1([a, b]), η(a) = η(b) = 0}. 1263

If b < tc (equivalently, there is no conjugate point in (a, b]), then ξ∗ is a strict local minimizer of 1264

LV within V , in a sufficiently small C1 neighborhood of ξ∗. 1265

Proof. We invoke the Jacobi sufficient-condition theorem in the form of Gelfand–Fomin 1266

[16, Ch. 5, Sufficient Conditions for a Weak Extremum]. Its hypotheses hold here: the 1267

Lagrangian L(ξ, ξ̇) = m(cosh ξ̇ − 1)− V(ξ) is C2, the strong Legendre condition Lξ̇ ξ̇ = 1268

m cosh(ξ̇) ≥ m > 0 holds, ξ∗ is a C2 extremal, and b < tc says that no nontrivial Jacobi field 1269

vanishing at a has a second zero in (a, b]. The classical theorem therefore gives strict weak 1270

local minimality in a sufficiently small C1 neighborhood. 1271

Theorem 8.4 (Long-time stationarity). Let a < b, m > 0, V ∈ C1(R), and let ξ∗ ∈ C2([a, b]) 1272

be a solution of (17) with fixed endpoints. Then the first variation of LV at ξ∗ vanishes on every C1
1273

endpoint-fixed variation η, without any claim of local or global minimality. 1274

Proof. For η ∈ C1([a, b]) with η(a) = η(b) = 0, the standard first-variation formula applies: 1275

the kinetic term is smooth in ξ̇, V ∈ C1, and ξ∗ ∈ C2, so differentiating under the integral 1276

and integrating the kinetic term by parts gives 1277

δLV [ξ∗](η) =
∫ b

a

( d
dt

∂ξ̇ L(ξ∗, ξ̇∗)− ∂ξ L(ξ∗, ξ̇∗)
)

η(t) dt. 1278

Since ξ∗ satisfies the Euler–Lagrange equation, this integral vanishes for all endpoint-fixed 1279

η. 1280

Theorem 8.5 (Conjugate-time obstruction to local minimality). Let a < b, m > 0, V ∈ C2(R), 1281

and let ξ∗ ∈ C2([a, b]) be a solution of (17) with fixed endpoints. If there exists a time c ∈ (a, b) 1282

https://doi.org/10.3390/axioms1010000

https://doi.org/10.3390/axioms1010000


Version June 30, 2026 submitted to Axioms 34 of 38

conjugate to a along ξ∗ (Definition 8.2), then ξ∗ is not a strict local minimizer of LV on the class V 1283

of C1 endpoint-fixed variations. 1284

Proof. The Lagrangian is C2 and satisfies the strong Legendre condition Lξ̇ ξ̇ = m cosh(ξ̇) ≥ 1285

m > 0. The classical Jacobi necessary condition for a strict weak local minimum therefore 1286

applies to the extremal ξ∗. That theorem states that a strict weak local minimum cannot 1287

have a conjugate point to the initial endpoint in the open interval (a, b); see Gelfand–Fomin 1288

[16, Ch. 5, Necessary Conditions; Ch. 6]. The existence of such a c contradicts the necessary 1289

condition, so ξ∗ is not a strict local minimizer on V . 1290

Thus the variational principle changes form when a non-affine strictly convex potential 1291

is introduced: the free convex global minimum is replaced by short-time local minimality 1292

up to conjugate points and long-time stationarity only. 1293

9. Discussion 1294

9.1. Summary and scope 1295

Our main result is a free-sector variational theorem on positive paths. The calibrated 1296

d’Alembert equation forces the cosh cost, and applying that cost to the log-velocity yields 1297

the kinetic action A[γ] =
∫ b

a [cosh(ξ̇(t)) − 1] dt with ξ = log γ. On the kinetically ad- 1298

missible class, A is strongly convex under geometric interpolation (Theorem 4.2), with an 1299

explicit L2 slack of 1-strong convexity. The chord condition of Theorem 4.7 therefore implies 1300

global minimality with a quantitative gap (Theorem 4.5), and Corollary 4.10 identifies the 1301

unique fixed-endpoint minimizer explicitly as the uniform-log-velocity path. The action 1302

gap admits an exact Pythagorean / Bregman identity (Theorem 4.13) together with the 1303

Friedrichs–Poincaré bound A[γ]−A[γ∗] ≥ π2

2(b−a)2 ∥ log(γ/γ∗)∥2
L2 (Corollary 4.15), and 1304

the minimum-action profile A∗(T, ∆) = T(cosh(∆/T)− 1) is the perspective transform of 1305

cosh−1, jointly convex and positively 1-homogeneous, giving the geodesic-concatenation 1306

inequality of Corollary 4.17. These results form a Bregman / dually-flat interpretation of 1307

the d’Alembert log-cost J̃ in the additive coordinate ξ = log x (metric cosh ξ dξ2), which is 1308

distinct from the Hessian metric gJ = x−3 dx2 of J in the coordinate x (Remark 4.19). 1309

On the nature of the contribution. The free-sector arguments are deliberately elementary. Once 1310

d’Alembert fixes the cosh cost (Theorem 2.2) and Postulate 2.10 places it at the log-velocity, 1311

the entire convexity package follows from pointwise convexity of cosh after the log change 1312

of coordinates (Remark 4.4), Jensen’s inequality (Corollary 4.10), the perspective construc- 1313

tion (Proposition 4.16), the one-dimensional Friedrichs inequality (Corollary 4.15), and 1314

textbook Bregman / dually-flat geometry (Remark 4.19); Theorem 4.7 is the specialization 1315

of the standard first-order optimality criterion for convex functionals (Remark 4.9). The 1316

novelty we claim is therefore one of provenance and organization – that a functional equation 1317

together with a single named modeling postulate forces a globally (not merely locally) 1318

minimizing free action with an exact Bregman gap and a closed-form geodesic minimizer – 1319

rather than of analytic depth. Correspondingly, the dynamical content actually forced by 1320

d’Alembert is narrow: free motion is the uniform-log-velocity geodesic, and the interacting 1321

system selected within this framework is the native cosh–sinh oscillator (the sharper scope 1322

statement below); all other potentials enter as external inputs. 1323

This conclusion is a free-sector result; it does not assert global minimality for La- 1324

grangians with non-affine strictly convex potentials. In that case the Lagrangian becomes 1325

a saddle in (ξ, ξ̇), and Section 8 records the classical replacement: short-time local mini- 1326

mality, long-time stationarity, and conjugate-time obstructions. The bridge to Newtonian 1327

mechanics is also conditional. It requires the kinematic identification q = ξ, a mass cou- 1328

pling, a dimensionless time calibration, and the Hamiltonian-primary Legendre structure 1329
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(Section 6). With those choices the cosh action has the Newtonian small-step limit and the 1330

cosh-dual Hamiltonian reduces to p2/(2m) +V(q) at small momentum. These bridge state- 1331

ments are interpretive consequences of additional structure, not part of the free convexity 1332

theorem itself. 1333

A sharper version of the scope statement is the following. Among all Lagrangians 1334

of the form L(ξ, ξ̇) = Km(ξ̇) − V(ξ) with m > 0, the only one forced by the d’Alembert 1335

calibration is the native cosh–sinh Lagrangian Lnat(ξ, ξ̇) = m[cosh ξ̇ − 1]− k[cosh ξ − 1] of 1336

Definition 6.11, in which the same cosh−1 function appears in both the kinetic and the static 1337

slot under the same d’Alembert uniqueness. Every other potential – harmonic, Coulomb, 1338

gravitational, polynomial, lattice, periodic, . . . – is an external input from the cost-field 1339

environment that we do not derive from d’Alembert’s equation here. The mathematically 1340

privileged dynamical system is therefore the cosh–sinh oscillator carrying two species 1341

couplings (m, k); even there, the binding coupling k > 0 is left as an unconstrained input, 1342

with its provenance (like that of m) lying outside the scope of this paper. For any external 1343

V, the results of Sections 6.4–8 (Newton’s law in the small-velocity limit, Hamilton’s 1344

equations, energy conservation, short-time local min / long-time stationarity / conjugate- 1345

time obstruction) apply, but they describe a compatible embedding of an externally specified 1346

mechanical system into the cosh kinetic framework, not a derivation of that mechanical 1347

system from d’Alembert. 1348

9.2. Open directions 1349

The most direct extensions are mathematical, and the Bregman / dually flat reading of 1350

§4.7 makes several of them concrete. 1351

• Multi-component / matrix lift. On the cone Rn
>0 the cost Jn(x) = ∑i J(xi) inher- 1352

its the Hessian metric ∑i x−3
i dx2

i , geometric interpolation acts componentwise, and 1353

Theorems 4.2–4.13 extend verbatim. The non-trivial lift is to Symn
>0 via J(X) = 1354

1
2 tr(X + X−1)− n, where the affine-invariant geodesic structure suggests comparisons 1355

with log-Euclidean / Bures–Wasserstein geometry [17,18]. 1356

• Discrete-time actions. The discrete kinetic action ∑k(cosh(ξk+1 − ξk)− 1) inherits 1357

geometric- interpolation convexity and the Pythagorean identity at the discrete level, 1358

giving a discrete optimal-control statement parallel to Corollary 4.10. 1359

• Probabilistic identification. The function K(v) = cosh(v)− 1 is, up to normalization, 1360

the cumulant generating function of the Skellam( 1
2 , 1

2 ) distribution [19]. This suggests 1361

that A is the rate functional of a continuous-time Skellam-type random walk on 1362

R, with the geodesic of Corollary 4.10 appearing as the corresponding Schrödinger 1363

bridge [20]. 1364

• Field-theoretic cosh-Dirichlet energy. For γ : M → R>0 on a Riemannian manifold 1365

(M, g), EM[γ] =
∫

M(cosh |∇ log γ|g − 1) dvolg is convex along log-affine homotopies; 1366

its Euler–Lagrange equation is a degenerate-elliptic cosh-Laplacian with growth inter- 1367

polating between |∇|2 and e|∇|. 1368

• Comparison with the Hessian energy EHess. The relation between the Bregman 1369

geometry of A (§4.7) and the Otto-type geometry of EHess on the same base manifold 1370

(R>0, J) [21–23] deserves explicit treatment: the two functionals differ in connection 1371

rather than in carrier. 1372

These questions preserve our main theme: how much variational structure is already forced 1373

by the algebra of the underlying cost. 1374
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Appendix A Hessian Riemannian path-energy on (R>0, gJ) 1382

We collect here the structural facts about the Hessian path-energy 1383

EHess[γ] =
∫ b

a
1
2

γ̇(t)2

γ(t)3 dt 1384

of §5.2 that we did not need for the free-sector convexity story of Section 4. The material 1385

here is included for completeness and to make the A-vs-EHess distinction unambiguous; 1386

we use none of it in the main theorems of this work. A fuller variational analysis of EHess, 1387

including any connection to Otto-type Wasserstein-gradient-flow geometry [21,23] on a 1388

related space of probability measures, is left to future work; we do not invoke Otto calculus 1389

here. 1390

Appendix A.1 Explicit geodesic family 1391

Theorem A1 (Explicit geodesic family). The family γ(t) = (at + b)−2 with a ̸= 0 and 1392

at + b > 0 satisfies the geodesic equation (11). 1393

Proof. With u = at + b: γ = u−2, γ̇ = −2au−3, γ̈ = 6a2u−4, Γ(γ) = − 3
2 u2, and γ̈ + 1394

Γ(γ)γ̇2 = 6a2u−4 − 6a2u−4 = 0. 1395

Appendix A.2 Geodesic completeness 1396

Remark A2 (Geodesic completeness of (R>0, g) at 0 but not at ∞). The Riemannian distance 1397

element of g(x) = x−3 is ds =
√

g(x) dx = x−3/2 dx. Direct integration gives 1398

∫ 1

0
x−3/2 dx = +∞,

∫ ∞

1
x−3/2 dx = 2. 1399

Thus the boundary x = 0 is at infinite Riemannian distance from any interior point (the 1400

metric is complete at 0), while x = ∞ is at finite Riemannian distance (the metric is 1401

incomplete at ∞). Consistently, the geodesic family γ(t) = (at + b)−2 with a < 0 reaches 1402

γ = +∞ at the finite parameter t = −b/a, whereas γ → 0+ requires |t| → ∞. 1403

This (in)completeness is a property of the Hessian path-energy EHess and its underlying 1404

metric g, not of the kinetic action A, which uses the log-affine (e-)connection rather than 1405

the Riemannian connection of g. Our free-sector theorems of Section 4 do not depend on 1406

completeness of g. A geodesically complete continuation of (R>0, g) at ∞ is left to future 1407

work. 1408

Appendix A.3 Structural comparison of A and EHess 1409

Remark A3 (A and EHess are distinct functionals). The kinetic Euler–Lagrange equation 1410

(Theorem 5.3) selects uniform-log-velocity paths γ(t) = xa eξ̇0(t−a). The Hessian-metric 1411

geodesic equation (11) selects the power-law family γ(t) = (at + b)−2 together with the 1412

limiting positive constant geodesics. As parameterized curves t 7→ γ(t) these are different 1413

families on (0, ∞), though both include every positive constant path as a trivial solution. We 1414

stress that the distinction is one of parameterization, not of trajectory: on the 1-manifold R>0 1415

any two fixed-endpoint geodesics share the same image – the arc between the endpoints – 1416

since a 1-dimensional manifold admits no choice of route, and a connection on it carries 1417

no curvature and only fixes which time-law t 7→ γ(t) is affine/constant-speed. Thus the 1418
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exponential and power-law solutions above are reparameterizations of one another as 1419

curves; what differs is the time-law each connection selects as its geodesic parameterization. 1420

The additional static cost-rate condition for J selects only γ ≡ 1, so all three critical 1421

conditions agree precisely at the normalized ground state. Accordingly A and EHess are 1422

genuinely different functionals – they score parameterizations differently and pick out 1423

different extremal time-laws – rather than geometrically distinct trajectories in R>0. 1424

The kinetic action A is the d’Alembert-calibrated object – J applied to the infinitesimal 1425

step – and the free-sector convexity theorems of Section 4 apply to it. The Hessian path- 1426

energy EHess is a separate Riemannian path-energy whose natural notion of convexity is 1427

geodesic convexity along the geodesics of the underlying metric g(x) = x−3 – a different 1428

notion from the geometric-interpolation (log-affine) convexity of A. The two pictures 1429

are complementary rather than equivalent: A formalizes the action principle from the 1430

d’Alembert side, while EHess formalizes the Riemannian geometry of the choice manifold 1431

from the Hessian side. We use neither EHess nor its geodesic structure in our main theorems; 1432

a fuller development of EHess’s geodesic and Otto-Wasserstein structure is left to future 1433

work. 1434
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