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Abstract This paper studies a finite-window certification problem for positive con-
figurations under a canonical reciprocal cost. The main question is whether a configu-
ration is exactly neutral, or is provably close to neutrality, when only short aggregated
observations are available. We show that the underlying scalar cost is forced by the
Recognition Composition Law together with a local calibration at balance, and we use
this structure to build a canonical certification pipeline. The pipeline has three com-
ponents: a reconstruction step that is valid on a nondegenerate identifiability locus
for the window map, a projection step that removes scale ambiguity in logarithmic
coordinates, and a coercivity step that converts cost control into an explicit defect
bound. Two structural results delimit where such certification is possible at all. First,
block aggregation annihilates root-of-unity modes and renders the neutral parameter
fiber critical for the window map, so exact neutrality cannot be soundly certified from
window sums when the latent dynamics are jointly unknown; every sound procedure
must then return an inconclusive verdict on neutral data. Second, when the latent
dynamics are known, the window map becomes linear in the state and we prove an
exact certifiable/uncertifiable boundary: certification from K > d + 1 windows is
sound and complete precisely when no latent mode is a nontrivial W-th root of unity
and distinct modes remain separated after W-fold aliasing. On the certifiable locus
the resulting procedure is sound and locally maximal among sound rules: any sound
rule that resolves a datum must agree with the canonical output, and no sound rule
can resolve strictly more nearby cases. We also give an epsilon-tolerant version of the
construction for noisy window sums, with explicit stability constants given by the
conditioning of the linear reconstruction.
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1 Introduction

We introduce a finite-window certification problem in which observed aggregates are
tested for compatibility with a neutral zero-defect class. After fixing notation and
the ratio-induced cost framework, we summarize the main results and explain how
the later sections build the proof pipeline. For additional background on the broader
Recognition Science program and its geometric framing, see [8].

An audit reading of the problem. It helps to read the question operationally. Think
of the latent sequence as a ledger whose entries record exchanges, of the neutral
configuration as the state in which the ledger balances exactly, and of the window
sums as the only records an auditor retains. The certification question is then: can
exact balance be audited from the retained totals? Our two boundary results give
this reading a precise and perhaps unexpected answer. If the rules governing the
ledger are themselves unknown, exact balance can never be certified from totals alone
(Corollary 2.30): there always exist genuinely unbalanced ledgers whose totals agree
with a balanced one on every retained record. If the rules are known, the audit
becomes possible, and d + 1 totals suffice exactly when the reporting period does not
alias the ledger’s own cycles (Theorem 2.31). The remainder of the paper determines
what the audit must look like when it is possible: the cost, the projection, and the
decision layer are forced by the axioms, and the resulting auditor is the strongest
sound one (Theorem 3.20).

1.1 Related Work and the Research Gap

Three bodies of work border the problem treated here; none of them answers it.

Aziomatic cost characterization. The scalar cost J(z) = 3(z + 27') — 1 used
throughout is not a modeling choice of this paper. Its uniqueness under the compo-
sition law and a curvature calibration is established in [9]; the inevitability of the
composition law itself among low-degree symmetric combiners is proved in [10], and
the classification of admissible reciprocally symmetric costs in [11]. A complementary
axiomatization for ratio-matching decision problems appears in [7], and the discrete
ledger dynamics that motivate the conservation constraint and the block-cycle ob-
servation model are axiomatized in [12]. Those papers settle which cost governs the
comparison; they do not address what can be decided about a configuration from
finitely many aggregated observations. That decision problem is the subject of the
present paper.

Structured reconstruction from few samples. Recovering an exponential or rational
signal from few linear measurements is classical: Prony-type exponential fitting [4],
subspace methods such as ESPRIT [13], Hankel operator theory and Kronecker-type
finite-rank characterizations [5], finite-rate-of-innovation sampling [14], and super-
resolution under separation conditions [15]. These results are estimation theorems:
they recover generic parameters on a nondegenerate locus. The certification problem
is different in two ways. First, the target is a single exact point (the neutral configura-
tion), not a generic parameter, and we show below that in the jointly parameterized
model the neutral target sits precisely where the generic-identifiability machinery
fails: the neutral fiber is a critical set of the window map (Lemma 2.27), and block
aggregation annihilates root-of-unity modes outright (Theorem 2.28), a multirate-
aliasing phenomenon [16]. Second, the object of interest is the decision rule itself: we
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ask which certification rules are compatible with soundness, and prove rigidity and
local-maximality statements for the canonical rule, in the spirit of order-preserving
representation theory [1] rather than of estimation error bounds.

Projection and proximal tools. The convex-analytic shape of the pipeline echoes
Moreau’s proximity operator [3], Bregman projections [2], and Rockafellar’s proximal-
point framework [6]; Section 1.2 details the correspondence and the difference (the
classical theory offers a family of legitimate schemes, whereas here the scalar cost and
the decision layer are forced by the axioms).

The gap. What is missing in the literature is a soundness-first treatment of exact-
neutrality certification from block-aggregated data: an explicit statement of where
such certification is possible at all, an exact boundary between the certifiable and
uncertifiable regimes, and a canonicity analysis of the decision rule on the certifiable
side. Those are the contributions of this paper. Certification here is a deterministic
compatibility notion; we do not treat statistical hypothesis testing [17], and the zero-
defect terminology is used in the deterministic sense rather than the process-control
sense [18].

Relation to Hankel/Prony reconstruction. Although our setting is organized around
aggregated window data and a canonical convex-analytic decision core, the non-
degenerate identifiability locus is expressed via finite Hankel full-rank/invertibility
conditions, and the reconstruction stage on that locus is a Prony-type solve. The
identifiability results of Section 2.3 should therefore be read as a specialization of
that classical machinery to the block-sum measurement operator, with the new con-
tent concentrated in where the machinery must fail (Section 2.7) and in the exact
boundary of the known-dynamics regime (Section 2.8).

1.2 Connection to Classical Projection and Proximal Tools

The certification template is forced by our axioms, but its shape echoes classical
projection/proximal ideas from convex analysis. We refer to the main theorem as
the Coercive Projection Theorem (CPT), and we write its canonical finite-data cer-
tifier as @*. First, the CPT certifier ®* begins with a projection-like update built
from the canonical reciprocal cost together with a coercive regularization; at a struc-
tural level this plays the role of a proximity map that turns a penalty into a stable
“best-approximation” operator (cf. Moreau’s proximity operator and envelope [3]).
Second, because our state variables are inherently multiplicative (ratios/scales), the
natural geometry is non-Euclidean: Bregman divergences [2] describe projection in
coordinates adapted to log/ratio structure, matching the way our axioms select log
coordinates as the intrinsic “neutral” parameterization. Third, the coercive resolvent-
type step that converts defect bounds into uniqueness and perturbation stability is
in the spirit of Rockafellar’s proximal-point framework for monotone operators [6].

The difference is that the classical theory typically offers a family of legitimate prox-
imal /projection schemes (choice of divergence, step size, regularizer). In this paper we
separate two levels explicitly: Lemma 3.27 gives the per-state order-theoretic repre-
sentation, and Theorem 3.33 gives the global uniqueness/forcedness statement under
explicit cross-state rigidity hypotheses. The subsequent aggregation /reconstruction
stage A is a standard inverse-problem ingredient and is only invoked on a mnon-
degenerate (locally invertible) measurement locus; it is an additional hypothesis be-
yond the cost axioms. This separation is what makes the resulting certifier both
canonical (in its cost-driven components) and reproducible.
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1.3 The Problem

Given finite observational access to a configuration z € (R()", decide whether it has
zero-defect. In the present setting, “zero-defect” means membership in the structured
set

S:={z € (Rxsg)": Ju(z)=0}.
Here J,, : (R5¢)™ — [0, 00) denotes the separable extension of .J,
Jo(z) == J(x). (1)
i=1
More generally, ratio-induced recognition costs take the form

c(s,0) == J(LS(S>> , 2)

to(0)

where 1g, Lo are positive scale maps and J : (0,00) — [0, 00) is a penalty.

Under inversion symmetry, strict convexity/coercivity, normalization at 1, and a
multiplicative d’Alembert identity, one can classify admissible penalties and recover
(up to a scale parameter) the same canonical form J(z) = cosh(alogz) — 1; see [7].
In this paper we take the normalized choice (3) as given and focus on the finite-data
certification problem. Under the canonical cost, S collapses to the single configuration
x =1 (all components equal to 1). The question is therefore the most basic decision
task: determine from finite-data whether x is exactly the neutral configuration.

1.4 Main Goal and Results

Our goal is to characterize the locally optimal and structurally forced certification pro-
cedure for the basic decision question “is the configuration equal to the neutral state
x = 177 on the rational /finite-state class. Under three explicit hypotheses, namely (i)
the canonical reciprocal cost forced by the composition law, (ii) a conservation con-
straint, and (iii) finite local resolution with window length W > 1 (e.g. W = 8), we
show that the canonical procedure is locally maximal (in resolve-set domination) on
the identifiability locus, and that any sound procedure that resolves there must agree
with its output. Moreover, the operational pipeline uses three universal components:
an aggregation /reconstruction step A, a projection step P, and a coercivity step B,
applied to the data in that order, so that the certifier is the composition &* = BoPoA.
The structure of this decomposition and the sharp coercivity constant in B are con-
sequences of the canonical-cost axioms, while the reconstruction/aggregation step A
requires an additional nondegeneracy (local invertibility) hypothesis for the window
map (e.g. Hankel /Vandermonde nonsingularity as in Theorem 2.21). Our maximality
statements (e.g. Theorem 3.20) are correspondingly local to that locus and do not
claim global parameter recovery from window sums. Sections 2.7 and 2.8 make this
scoping exact: the former proves that certification of the neutral target is impossible
when the latent dynamics are jointly unknown, and the latter identifies the exact
boundary of the regime where it is possible.
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1.5 Rigidity and Local Optimality of the Canonical Pipeline

The term method suggests optional design choices. In our setting we prove a rigidity
statement: among all sound certification rules (Definition 3.12), the canonical pipeline
¢* = B o Po A is locally maximal on the identifiability locus (Theorem 3.20).

What is proved. Rather than packaging the contribution as a list of broad meta-
properties, we summarize the concrete statements established in this paper:

(i)

(i)

(iii)

(iv)

(vi)

Limits of certification from block sums. Lemma 2.27 shows that in the
jointly parameterized model the neutral fiber is a critical set of the window map
for every d > 1, and Theorem 2.28 exhibits, for every block length W > 2
nonzero admissible signals inside the rational class whose window data coincide
exactly with the neutral data. Consequently (Corollary 2.30) no sound procedure
over the joint class can ever certify neutrality: the mathematically forced output
on neutral data is inconclusive.

An exact certifiable/uncertifiable boundary. In the known-dynamics
model (fixed denominator, unknown state), Theorem 2.31 proves that certifica-
tion from K > d 4 1 window sums is sound and complete precisely when no
latent mode is a nontrivial W-th root of unity and the W-th power map is
injective on the modes. On that locus the reconstruction step is globally linear,
and Proposition 3.3 and Theorem 3.5 give explicit e-stability constants in terms
of the pseudoinverse of the window matrix.

Quantitative sound certification under noise. Theorems 3.5 and 3.38 give
explicit e-stability bounds for the realized costs and the associated meaning
sets, including the sharp two-sided tolerance (membership in Mean,, rather than
Mean, ).

Local domination among sound rules. Theorem 3.20 proves that on the
identifiability locus the canonical pipeline @* = B o P o A is locally maximal
among all sound certification rules (Definition 3.12), i.e. no sound rule can resolve
strictly more instances in a neighborhood; Corollary 2.34 exhibits a concrete
model class on which all hypotheses of the domination theorem are verified, so
the statement is not vacuous.

Rigidity /uniqueness consequences of the axioms. Theorem A.3 character-
izes the canonical reciprocal scalar cost from the Recognition Composition Law
together with the local calibration at balance, and Theorem 3.33 records the
induced factorization/uniqueness behavior for certificates under explicit rigidity
hypotheses.

Uniqueness among locally optimal rules. Corollary 3.21 shows that on the
identifiability neighborhood U,y the canonical rule is not only locally maximal
but also unique among procedures achieving local maximality: any sound rule
that is locally optimal on Uy must agree with @* wherever it resolves.

Lemma 3.27 shows the local ordinal representation, while Theorem 3.33 proves
uniqueness of the realized-cost reparametrization and of the state-free profile under
explicit rigidity assumptions; the aggregation/reconstruction step A is then pinned
down on any non-degenerate (locally invertible) measurement locus, but is not implied
by the cost axioms alone. For that reason we treat the procedure as a theorem, the
Coercive Projection Theorem (CPT), rather than as an algorithmic “recipe” one could
freely modify.
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We study a compatibility certificate for the neutral class: under the stated axioms,
we give sufficient conditions ensuring that the observed finite-window aggregates ad-
mit a model-consistent realization in the neutral zero-defect class. Criteria for ruling
out neutrality, or for statistical hypothesis testing, are not treated here.

Remark 1.1 For convenience we record a short dictionary between the objects defined
in this paper and standard cost-based selection terminology. (We avoid the word
“kernel” here, since in other contexts it denotes a nullspace or vanishing set.) The base
cost is our ratio-induced map ¢ : S x O — [0,00) given by c(s,0) := J(ts(s)/to(0)).
The associated meaning set (argmin selector) is Mean(s) := arg min,eo ¢(s,0). The
corresponding defect (or gap) is
. /
A(s,0) = c(s,0) 01/21; c(s,0),

so that A(s,0) = 0iff o € Mean(s). Finally, the CPT certificate C is a scalar test statis-
tic built from the W-block window measurements; in Section 4 it is used to separate
the null (neutral) configuration from the nonzero class under the stated coercivity
and identifiability hypotheses. This remark is purely notational and introduces no
additional assumptions.

2 Model, Axioms, and Finite-Window Measurements

This section sets up the mathematical model. We define the state and observation
spaces, scale maps, the canonical reciprocal cost and induced defect, and the mean-
ing/selection map. We then define the finite-window aggregation operator and list
the axioms used in all subsequent theorems.

Big-picture guide. Section 2 fixes the canonical cost and the neutral/defect geom-
etry in log-coordinates (the forced steps P and B). It then defines the finite-window
measurement operator W and records the identifiability locus needed for the recon-
struction step A. Section 3 uses these ingredients to define the finite-data procedure
and prove soundness and domination (maximality) on the stated non-degenerate lo-
cus.

We state the axioms and fix notation for later use. Proofs are provided where the
results are stated.

Definition 2.1 A recognition cost system is a quadruple (R, J, o, W) where:

(C1) Recognition Composition Law (primitive axiom for J). We assume a
scalar cost J : (0,00) — R is non-constant, twice differentiable in a neighborhood
of 1, and satisfies the Recognition Composition Law (RCL)

J(zy) + J(z/y) =2J(x) +2J(y) + 2J ()] (y), x>0, y>0,

together with the curvature normalization J”(1) = 1. This J is the penalty
appearing in the ratio-induced recognition cost ¢(s,0) in (2), and we write J,
for its separable extension (1). We use the corresponding canonical reciprocal
cost,

J(z) = ;(x te) -1 >0 (3)

(C2) Conservation. For z € (R+)", define o(z) := Y1 ; log x;. Admissible configu-
rations satisfy o(z) = 0.
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(C3) Finite resolution. The observation window has fixed integer length W > 1
(in examples we take W = 8): only W consecutive evaluations per cycle of the
underlying finite-state representation are available.

For later use we write J,,(x) := >0, J(z;) for x € (Rxo)".

Remark 2.2 (i) The Recognition Composition Law together with non-constancy forces
the balance normalization J(1) = 0 and reciprocity J(z) = J(1/z). Under the stated
C? regularity near 1 and the local quadratic calibration recorded in Item 1 of the
Appendix (equivalently J”(1) = 1), the cost is uniquely determined; equivalently, it
is given by (3).

(ii) Section 3.4 will make precise the “rational/finite-state class” and the window
data model used by the aggregation step.

2.1 Roadmap of the Proof

We will (i) identify the canonical cost and its log-coordinate form, (ii) define the
three operations P, B, A, and (iii) prove the local representation lemma (Lemma 3.27)
together with the strengthened global uniqueness theorem (Theorem 3.33) for the
forced-factorization layer under explicit rigidity hypotheses. Complete proofs of the
window-data identifiability and domination steps are included in Sections 2.3 and 3.4.

2.2 Canonical Cost and Defect Geometry

This subsection collects basic properties of the canonical reciprocal cost J and the
associated defect in log-coordinates, which later control the aggregation and certifi-
cation steps.

2.2.1 The Canonical Reciprocal Cost

We recall that J is fixed by (3). The following logarithmic-coordinate reformulation
is used repeatedly.

Lemma 2.3 Let p : R — Rsq be defined by p(t) := cosh(t) — 1. Then for allt € R,
J(e') = ¢(t) = cosh(t) — 1.
In particular, J(x) = 0 if and only if v = 1.

Proof Using cosh(t) = i(e" 4+ ') we compute J(e') = (e + e7") — 1 = cosh(t) — 1.
Since cosh(t) > 1 with equality only at ¢t = 0, we have J(e') =0 < t =0 <
el =1.

2.2.2 Neutrality and Projection in Log-Coordinates

We work in log-coordinates y = logz € R" for = € (Rx)".

Definition 2.4 For n € N let 1 € R" denote the all-ones vector. For y € R™ define

its mean . |
Yy = — 1) =— 9
yi= 1) n;y
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and the mean-zero projection P : R" — R" by
Ply):==y—yl. (4)
Equivalently, P is the orthogonal projection onto the subspace {z € R" : (z,1) = 0}.

Lemma 2.5 For y € R" with mean § := +(y,1), the projection P(y) = y — y1
vanishes if and only if y is a constant vector, i.e. y = y 1. In particular, if additionally
(y,1) =0, then P(y) =0 implies y = 0.

Proof By definition, P(y) = 0 is equivalent to y = y 1, which is exactly the condition
that all coordinates of y are equal to the constant y. If moreover (y,1) = 0, then
0=(y,1) =(y1,1) = ny, so y = 0 and hence y = 0.

Definition 2.6 For x € (R.()" let y = logx and define the defect of = by
Def(z) := [|P(y)]l, -
We say that = has zero-defect if Def(z) = 0.

Remark 2.7 Under the conservation constraint o(x) = > ;logz; = 0, Lemma 2.5
implies that Def(z) = 0 forces logx = 0 and hence = = 1.

2.2.83 Coercivity: Energy Gap Controls Defect

The coercivity step converts cost information into a quantitative defect bound. It
rests on the elementary inequality cosh(t) — 1 > ¢2/2.

Lemma 2.8 For allt € R,

with equality if and only if t = 0.
Proof Define f(t) := cosh(t) — 1 — ¢2. Then f(0) = 0, f'(t) = sinh(t) — ¢ and

2
f"(t) = cosh(t) —1 > 0. Thus f’ is increasing with f'(0) = 0, hence f’(t) > 0 for
t>0and f'(t) <0 fort <0,s0t=0is a global minimum of f. Therefore f(t) >0

for all ¢, with equality only at ¢t = 0.
Theorem 2.9 Let x € (Rog)" and y = logx. Then

P( )1 - 2 _ 4 5
;J(e ’ ) = 9 1Pz = 2Def(x) )

In particular, if Y1 4 J(eP(y)i) =0 then Def(x) = 0.

Proof By Lemma 2.3, J(e’®7) = cosh(P(y);) — 1. Apply Lemma 2.8 termwise and
sum over t:

S U0 = Yleosh(P)) — 1) = 3P Lypg e,

7 i

If the left-hand side equals 0, then each term equals 0, hence each P(y); = 0 and
Def(z) = 0.
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Remark 2.10 (The coercivity constant is the calibration constant) The constant % in
Theorem 2.9 is sharp, and it is not a separate estimate: since J(e') = cosht — 1 =
5t24+0(t*), one has 5 = £J//,(0), exactly half the curvature imposed by the calibration
axiom (Axiom 2 of Appendix Item 1). The local calibration at balance and the global
coercive bound are therefore the same constant seen at two scales: the axiom that
fixes the units of the cost is precisely what fixes the strength of the defect certificate.

A different calibration would rescale both sides of the inequality identically.

2.3 Finite-Data Aggregation: W-Block Window Measurements

Remark 2.11 All arguments in Sections 2.2.3-3.4 apply verbatim for any fixed integer
W > 1 once the corresponding measurement operator is specified. In the examples
we keep the concrete choice W = 8.

2.4 Window Operator at Resolution W

Fix an integer W > 1 (e.g. W = 8). For a real sequence y = (yo,y1,...) define its
W -block window sums

w-1
Wy = Z Y(Wk+j) s k=0,1,2,.... (5)
j=0

For brevity we write S, := W(y); for the window sums; the letter W is reserved for
the fixed window length. Equivalently, W(y) is obtained by partitioning the time axis
into consecutive blocks of length W and summing within each block (e.g. W = 8).

Remark 2.12 The choice of fixed W is treated as part of the finite-resolution model
(C3); W = 8 is used only as a concrete running example. The analysis requires only
that the block length is a fixed positive integer.

2.5 The Rational (Finite-State) Class and the Degree Parameter

Let y = (yn)n>0 be a real sequence with generating function
0(z) :=> yn2".
n>0
We say that y is rational of degree at most d if 6(z) = p(2)/q(z) where degp < d,
degq < d, and ¢(0) # 0; we then normalise scale so that ¢(0) = 1. Write
9(2) = 1+ @1z + 2% + - + g2,

allowing ¢; = 0 when degq < d (padding to length d). In this setting, d counts
the number of free recurrence coefficients (equivalently, the McMillan degree / state
dimension of a minimal linear realisation).

Lemma 2.13 If 6(z) = p(z)/q(z) with q(0) # 0 (so a Taylor expansion at 0 exists)
and after normalisation q(0) = 1 and q(z) = 1 +q 2+ - - -+ qqa2?, then the coefficients
Yn satisfy the linear recurrence

Yn+ QYn—1+ @Yn—2+ -+ da¥n-a=0, n=>d+1 (6)

Conversely, any sequence satisfying (6) for some (qu,...,qq) is determined by the
parameters (qi, .. .,qq) and the initial values (yo, . . . ,yaq), hence by 2d+1 real numbers.
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Proof Since 6(z) = p(z)/q(z) and ¢(0) = 1, we have the identity
q(2) 0(2) = p(2).

Write ¢(z) = 1+ @1z + -+ gaz® and 0(z) = 3,50 Y»2". Comparing coefficients of 2"
forn > d+ 1 gives

Yn + @1Yn—1 + -+ dayn-a = 0,
because deg p < d implies the 2" coefficient of p is 0 for n > d + 1.
Conversely, if (6) holds for fixed (qq,...,qq), then each y, with n > d + 1 is
determined recursively from (yo,...,yq). Hence the full sequence is determined by
(415,94, Yo, - - -, Ya), i.e. by 2d + 1 real parameters.

2.6 Unique Determination from K > 2d + 1 Window Sums

We now fill in the self-contained “unique determination from window data” argument
in a form that does not rely on external machine-verification tooling. Throughout
this subsection we fix integers

d>1, W=>1, K>2d+1.

Let 6(2) = X2,50Yn2™ be a rational signal of degree < d with representation 6(z) =
p(z)/q(z) where degp < d, degq < d, and we normalise ¢(0) = 1. Write

q(2) =1+ qz+ -+ qu2’.
By Lemma 2.13, once the parameter vector

7= (Yo, Yd> 1y - - qd) c R2d+1

is fixed, the recurrence (6) determines y,, for all n > d + 1.
Recall the W-block window sums W(y ) from (5), and define the truncated window
map (using the first 2d + 1 windows)

Faw : R RQdH, Fd,W(ﬂ') = (W(y)O, . 7W<y)2d>a

where y is generated from 7 by (6). Here DF,;w(m) denotes the Jacobian matrix of
F, dwW at .

Lemma 2.14 The map Fyw is polynomial in m. Indeed, each y, is obtained from
(Yo -+ Yd, q1, - - -,qa) by iterating the recurrence (6), so y, is a polynomial function
of ™ for every fixed n; each window sum is a finite linear combination of such y,, hence
Faw is polynomial. If there exists one parameter point my with det DFyw (my) # 0,
then

Qqw = {m € R**! : det DF, () # 0}

is a nonempty Zariski-open (hence open dense) subset of R* ™ and on Qqw the first
2d + 1 window sums determine m locally uniquely (i.e. Fyw is locally one-to-one).

Proof Each coefficient y, is obtained by iterating the linear recurrence (6) whose
update rule is polynomial in (¢i, ..., qq) and linear in (yo, . . ., y4). Hence each W(y)x
is polynomial in 7, so Fy is polynomial and det DF,y is a polynomial function.
If det DE;w(mo) # 0 for some mp, then the polynomial det DF,y is not identically
zero, so its nonvanishing locus (2w is Zariski-open and nonempty. For m € {2,y , the
inverse function theorem gives local invertibility, hence local uniqueness of 7 from
the first 2d + 1 windows.
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Theorem 2.15 Fix integers d > 1 and W > 1. Assume there exists a parameter
point my such that det DE 4w (mo) # 0. Then the nonvanishing locus

Qqw = {m :det DFyw(m) # 0}

is nonempty and Zariski-open (hence open dense) in R and for every m € Qqw
the window map Fyw is locally invertible at w. Moreover, to certify the hypoth-

esis it suffices to exhibit an integer point my € Z*¥*' and a prime p for which
det DFyw(mp) # 0 (mod p).

Proof By Lemma 2.14, det DF,; is a polynomial in the coordinates of . If
det DFyw(my) # 0, then this polynomial is not identically zero, so (2w is Zariski-
open and nonempty; the inverse function theorem yields local invertibility at each
m € Qqw. For the finite-field certificate: if my € Z**! and det DFyw(m) # 0
(mod p), then the integer det DFy (7o) is not divisible by p, hence is nonzero over
Z, and therefore nonzero as a real number.

Remark 2.16 Theorem 2.15 reduces generic full-rank (and hence local identifiability)
for a given (d, W) to finding one explicit witness point. In practice, such witnesses can
often be found by a brief randomized integer search, and then certified by a modular
determinant computation as above.

Lemma 2.17 For d = 3 and W = 8, the set {235 from Lemma 2.14 is nonempty.
In particular, this verifies the hypothesis of Theorem 2.15 for (d,W) = (3,8). In
particular, for the parameter point

o = (?/07917927?/3@1,927{73) = (]-7 17 5a L 2727 _2)

one has det DF5g(my) # 0. Consequently (255 is Zariski-open (hence open dense) in
RY, and the first 2d + 1 = 7 window sums determine m locally uniquely throughout
03,8'

Proof We certify det DF3g(mo) # 0 by a finite check in a prime field. Let p := 109 + 7
and work in F, throughout. Using the recurrence (6) at @ = m, compute y, up to
n = 55 and hence the first K = 7 window sums
(So,...,5) = (—16,—5160, —975168, —169890432,
— 27959752704, —4399334572032, —665805326548992).

Next propagate parameter derivatives through the same recurrence: for each param-
eter o € {Yo, Y1, Yo, Y3, @1, G2, gz} set ul® = Oy, /0 and differentiate y, + q1y,_1 +
G2Yn—2 + @3Yn—3 = 0 (n > 4) to obtain

USLQ) + Q1U7(10:)1 + Q2U£la_)2 + Q3U£La_)3 = —(0aq1)Yn-1 — (0aq2)Yn—2 — (0aq3)Yn—s.

These recurrences determine all uff‘) needed for the window derivatives 0,S; =

2]7-:0 ué%)ﬂ». Assemble the 7x 7 Jacobian D Fjg(m) with entries 0,S). (The full integer
Jacobian matrix is recorded in the Appendix, Item 2 below; here we retain only the
determinant residue modulo p.)

Compute the determinant in IF, by Gaussian elimination. The result is

det(DFy5(m)) = 972226939 (mod p),

which is nonzero in F,. Hence det DF3g(my) # 0 over the integers.
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Table 1 Example full-rank witness points. Further rows can be added by exhibiting any mg with det DFy yy (o) # 0.

(d,W)  witness mo certificate of full rank
(3,8) (1,1,5,1,2,2,-2) Lemma 2.17

Remark 2.18 For any fixed pair (d, W), the determinant det D F; y (7) is a polynomial
function of the parameter vector 7 (with coefficients depending only on (d, W)). Hence
the full-rank locus

Qaw = {m :det DFyw () # 0}

is either empty or Zariski open (and therefore Euclidean open and dense) in the
ambient parameter space. To certify nonemptiness in the present paper (working
entirely within the present manuscript), it suffices to exhibit a single explicit witness
7o with det DFyw(mp) # 0. Lemma 2.17 provides such a witness for the operating
example (d, W) = (3,8). Additional witnesses for other (d, W) pairs can be recorded
in the same way.

Theorem 2.19 Assume (24w is nonempty (equivalently, det DFyyw is not the zero
polynomial). Then for every m € 24w, the first K window sums determine 7 locally
uniquely within the degree-< d rational class. Consequently, the degree-< d signal 0
and the full coefficient sequence (yn)n>0 are locally uniquely determined on 24w from
any K > 2d + 1 windows.

Proof Fix m € {23 w. By Lemma 2.14 the map
Faw : R* S R Fyy(m) = (W(©)o, -, W(Y)2a)

has nonsingular Jacobian at m, hence is locally injective near 7 (Inverse Function
Theorem). Now let K > 2d + 1 and define

Gr(r) == (W®)o,..., W(y)x-1) € R¥.

Let pr : RX — R24*+! be the coordinate projection onto the first 2d + 1 components.
Then pr o G = Fyw. Therefore, if Gg(n') = G (m) for some 7/, then Fyw(7') =
Fyw(m). Taking 7’ sufficiently close to 7, local injectivity of Fy forces 7’ = . Hence
the first K windows determine 7 locally uniquely on (2, for every K > 2d + 1.

Remark 2.20 Theorem 2.19 is the strongest statement that follows from a Jacobian
(non-singularity) argument alone: it guarantees local identifiability on an open dense
set. A global uniqueness theorem (one-to-one on a parameter locus) requires additional
structure or additional observables beyond window sums to rule out distinct far-apart
preimages with the same window data.

Theorem 2.21 Let Sy := W(y)r be the window-sum sequence for a degree-< d ra-
tional signal. Assume that Sy admits an exponential-sum representation

d
i=1
(H-prony) Assume the exponents i, . .., pq are distinct and nonzero, the amplitudes

A; are nonzero, and the d x d Hankel matriz H := (Siﬂ-)f’;io is invertible. (This is a
standard nondegeneracy / local invertibility condition for Prony-type reconstruction.)
Then the data (So, ..., Saq_1) determine uniquely:
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1. the monic degree-d characteristic polynomial x(t) = [1%,(t — p;) of the order-d

recurrence satisfied by (Sk), hence the multiset {u; };
2. the amplitudes (A;)%_,, hence the entire sequence (Sy,)p>0-

Equivalently, the collection of parameter pairs (u;, A;)L, is determined up to a com-
mon permutation of indices. If one fixes any deterministic ordering convention on
the distinct exponents (for example, ordering by |u;| when these moduli are pairwise
distinct), then the ordered tuple (u1, ..., fia, A1, ..., Aq) is uniquely determined.

Consequently, for K > 2d the first K window sums determine the induced window-
sum process uniquely on this non-degenerate locus.

Proof The coefficients of P(t) =t + a;t¥! + - - - + aq solve the Hankel linear system

d
Zamsk—‘rd—m:_sk-‘rd (k:O7177d_]-))

m=1

whose matrix is precisely H = (SiJrj)g,;‘io- By hypothesis H is invertible, hence
(a1,...,aq) (and thus P) are uniquely determined from (Sp,...,S24-1). Since the
w; are distinct, the roots of x are exactly {u;}&,. With p; known, the amplitudes
(A;) are obtained uniquely from the Vandermonde system

(507 ) Sd—l)T - V(M) (Ah s 7Ad)T7 V(M)k,z = :uikv
whose determinant is [];;(¢; — ;) # 0. This determines (S) for all k.

Remark 2.22 In concrete Prony/Hankel implementations, failure of the hypotheses
in Theorem 2.21 (distinct exponents, nonzero amplitudes, and invertible Han-
kel /Vandermonde matrices) occurs on a proper algebraic subset of parameter space
(e.g. discriminant and determinant vanishing conditions). Hence the stated nonde-
generacy conditions are generic (open dense) within standard finite-dimensional
parametrizations of degree-< d rational signals.

Lemma 2.23 (Confluent Vandermonde nonsingularity) Let p,. .., g be dis-
tinct real numbers and let Cy,...,Cy be nonzero real numbers. Consider the sample
map

d
(Cip) — (Tm e ,T2d71), Ty = ZCz‘ ﬂik-
i=1

Its 2d x 2d Jacobian, with entries OT},/0C; = pf and 9Ty /Ou; = k C; plit is non-
singular.

Proof Factoring the nonzero constants C; out of the u;-columns, it suffices to show
that the matrix with columns (uf)k and (k’uf‘l)k, k=0,...,2d — 1, is nonsingular.

A vector (co,...,Caq_1) in its left kernel encodes a polynomial p(t) = 2% ¢t® of
degree at most 2d — 1 with p(u;) = p'(u;) = 0 for every i. Then p has at least 2d roots
counted with multiplicity, hence p = 0 and ¢ = 0. This is the uniqueness of Hermite
interpolation at d distinct doubled nodes.

Theorem 2.24 (General rank certification) For every pair of integers d > 1
and W > 1, the identifiability locus (24w is nonempty. In particular, the generic local
uniqueness conclusion of Theorem 2.19 and the global Prony recovery of Theorem 2.21
apply for every (d, W) under the corresponding nondegeneracy hypotheses.
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Proof Choose distinct aq,...,aq € (0,1) (e.g. a; :=1/(i+1)) and set A; := 1, ¢o := 0.
We work in adapted coordinates and transport nonsingularity back to the parameter
s

Step 1 (adapted parameterization). On the open set U of triples (¢, A, ) € R x
R? x R? with the a; distinct and nonzero, define the signal

d
yn(007 A) O{) = C 1{71:0} + Z AZ aina
i=1
with generating function ¢y + >; 4;/(1 — «;2) = p(2)/q(2), q(2) = TL(1 — @;2),
degp < d, q(0) = 1. The induced map ¥ : (co, A,a) = T = (Yo, Yd> s - -, qd)
is polynomial. Its Jacobian is block triangular: the g-coordinates depend only on «,
with Jacobian determinant 4[], ;(c; — ;) # 0 (elementary symmetric functions at

distinct arguments), while (yo,...,yq) is linear in (cy, A) with matrix determinant
det (ain)1gngd = (Hi ai) [li<j(a; — a;) # 0. Hence ¥ is a local diffeomorphism at the
witness; write my := ¥(0,1, ).

Step 2 (window sums in adapted coordinates). For all k > 0,

: k w 1—al
Sk = o 1{k:0} +ZBHL¢ ) pi=a;,  Bii=A; :

%
i=1

1—041'.

The change of coordinates (co, A, @) — (¢, B, i) is block triangular with du;/0a; =
WaV ' #£0and 0B;/0A; = (1—a;}")/(1—0a;) # 0 on (0, 1), hence a local diffeomor-
phism at the witness, where the u; € (0,1) are distinct (the map t — t" is injective
on (0,1)) and B; > 0.

Step 3 (nonsingularity of the sample map). Consider (co, B, p) + (So, ..., S2q)-
The co-column of its Jacobian is the first standard basis vector, so expanding along it
reduces nonsingularity to the 2d x 2d Jacobian of (B, u) — (S, ..., Seq). Substituting
C; := B;u; (an invertible triangular change of variables, since p; # 0) and writing
Teo1 == S = X, Oy, this Jacobian is, up to that invertible factor, exactly the
confluent matrix of Lemma 2.23 with distinct nodes p; and nonzero amplitudes C;,
hence nonsingular.

Conclusion. The composition of the three maps computes the first 2d + 1 window
sums of the signal, i.e. equals Fy o¥ on U. By the chain rule and Steps 1-3,
det DFyw(my) # 0, so mgp € Q4w and 24w # (0. Finally, at the same witness the
Hankel matrix H = (Si4+j)o<ij<d—1 (built from the windows with £ > 1, i.e. from

Sy := Sky1) factors as H = VT diag(C') V with V the Vandermonde matrix on (i),
so det H = (det V)2[[; C; # 0 and the Prony/Hankel nondegeneracy hypotheses of
Theorem 2.21 hold there as well.

Remark 2.25 Step 3 is where the naive argument fails: invertibility of the Hankel
matrix of the induced window-sum process concerns the 2d parameters (B, u) of
that process, while {2, concerns the full (2d + 1)-dimensional Jacobian in the 7-
coordinates. The extra dimension is carried by the d-component c¢q (the degp =
deg g part of the transfer function), which is visible only in Sp; the block-triangular
factorization above accounts for it explicitly.

Corollary 2.26 In the specialized regime used in this paper we take d = 3 and W = 8§,
hence Ky = 2d 4+ 1 = 7. We emphasize the two different thresholds: K > 2d + 1
is the dimensional requirement for local recovery of the full parameter m € R24+!
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from the truncated window map Fyw, while K > 2d is sufficient for global recovery
of the induced window-sum process via Prony/Hankel methods under the nondegen-
eracy hypotheses of Theorem 2.21. For this choice, Theorem 2.24 yields 255 # 0,
so the generic local uniqueness conclusion of Theorem 2.19 holds. Moreover, under
the nondegeneracy hypotheses of Theorem 2.21, the first 2d window sums (hence any
K > 2d) determine the window-sum sequence (equivalently, the exponential parame-
ters (u;, A;)) globally uniquely.

Proof The specialization d = 3, W = 8 fixes K, = 2d + 1 = 7 and the local
threshold statement is the instance of Theorem 2.19 on the nonempty full-rank lo-
cus §23g certified in Lemma 2.17. The global K > 2d threshold for recovery of the
induced window-sum process (equivalently, the exponential parameters) follows from
Theorem 2.21 under its stated Prony/Hankel nondegeneracy hypotheses.

2.7 The Neutral Target: Limits of Joint Identifiability

The identifiability results above are generic: they hold on the open dense locus {24y .
The certification problem, however, targets a single exceptional point, the neutral
signal, and the two results of this subsection show that the neutral target sits exactly
where generic identifiability fails. This is why all certification statements in Section 3
are scoped to explicit loci, and why the known-dynamics regime of Section 2.8 is the
natural home of the certification pipeline.

Lemma 2.27 (The neutral fiber is critical) Fiz d > 1 and W > 1, and write
7= (a,q) with a = (yo,...,ya) € R and q = (q1,...,q4) € R%. Then:
(a) for fized q, the truncated window map is linear in the initial data: Fyw(a,q) =
L(q) a for a matriz L(q) € R4V depending polynomially on q;
(b) the entire neutral fiber {0} x RY maps to the single datum 0 € R2¢+!;
(c) at every neutral parameter point (0,q) the Jacobian satisfies rank DFyw (0, q) <
d+1<2d+1.

In particular, every neutral parameter point is a critical point of Fyw, and the iden-
tifiability locus 2qw is disjoint from the neutral fiber.

Proof (a) Each y,, is produced from a by iterating the linear recurrence (6), whose
coefficients depend on ¢ only; hence y,,, and therefore each window sum, is linear in
a with polynomial coefficients in ¢. (b) is immediate from (a). (¢) At a = 0 the signal
vanishes identically. The a-sensitivity recurrences with respect to the g-parameters
(as in the proof of Lemma 2.17) are driven by the values y,,_1, ..., yn_q, all zero, with

zero initial conditions; hence dF,w/0q = 0 at (0,q) and DF;w(0,q) = [L(q) ‘ 0],
of rank at most d + 1.

Theorem 2.28 (Window annihilation inside the rational class) Fiz a block
length W > 2.
(a) If W is even, the signal y,, := (—1)" is rational of degree 1 (generating function
1/(1+ 2)), is not identically zero, and satisfies W(y)r = 0 for every k > 0.
(b) For every W > 2, the signal y, = 2cos(2mn/W) is real, rational of degree
2 (generating function (2 — cz)/(1 — cz + 2%) with ¢ := 2cos(2w/W)), is not
identically zero, and satisfies W(y)r = 0 for every k > 0.
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Consequently, for every d > 2 (and already for d > 1 when W is even), the window
data of these signals coincide, for every window count K, with the window data of
the neutral signal y = 0, although their defect is strictly positive.

Proof Let ¢ be a primitive W-th root of unity. For every k£ > 0,

& Wkt wi ¢V —1

since (W =1 and ¢ # 1. For (a) take ( = —1 (primitive when W is even); for (b)
take the real part of twice the geometric signal, y, = ¢" + (", whose block sums
vanish termwise by the same identity. The generating functions are 1/(1 4 z) and
1/(1=¢2) +1/(1 =C2) = (2—c2)/(1 — cz + 2?), rational of the stated degrees with
q(0) = 1.

Remark 2.29 (Admissibility, and collisions arbitrarily close to neutrality) The wit-
nesses are admissible at the configuration level: for any ¢ > 0 the configuration
x = e € (R.g)" is positive, and the conservation constraint o(z) = &> ,;y; = 0
holds whenever the horizon n is a multiple of W (each full block of the witness sums
to zero). Since ¢ is arbitrary, the scaled witnesses ey produce window data identical
to the neutral data while lying arbitrarily close to the neutral signal; in parameter
space they converge to a neutral point (0, ¢") whose denominator ¢' carries the anni-
hilated mode. The phenomenon is a multirate (decimation) aliasing effect [16]: block
summation is a filter-and-downsample operation whose frequency response vanishes
at the nonzero W-th roots of unity.

Corollary 2.30 (No sound certification of neutrality over the joint class)
Fix W >2,d>2 (ord>1 with W even), and any K > 1. Then every procedure
¥ : RX — {zero, nonzero, inconclusive} that is sound on the full class Mgy (Defi-
nition 3.138) must return inconclusive on the all-zero datum w = 0. In particular no
sound procedure over the joint class ever certifies the neutral configuration, and no
analogue of Theorem 3.20 can hold with Ugw = Maw: the localization to an identi-
fiability neighborhood avoiding the annihilated modes is necessary, not an artifact of
the proof. Equivalently, on the joint class soundness and totality are incompatible: ev-
ery sound procedure must abstain on the neutral datum, so any procedure that decides
every realizable datum is unsound somewhere.

Proof The neutral signal and the witness of Theorem 2.28 both realize w = 0. If
¥ (0) = zero, soundness fails on the witness (which is non-neutral); if ¥(0) = nonzero,
soundness fails on the neutral signal. Hence ¥(0) = inconclusive.

2.8 A Certifiable Regime: Known Dynamics

The obstructions of Section 2.7 concern the jointly unknown pair (initial data, re-
currence). In many aggregation scenarios the dynamics are known in advance, from
physical calibration or from the design of the reporting system, and only the state is
unknown: the decay constants of a gated fluorescence channel, or the fixed retention
kernel of an aggregated reporting funnel (Section 4). Fixing the denominator turns
the window map into a globally linear map of the state and makes the certification
question exactly solvable, including its boundary.
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For a fixed monic-normalized denominator ¢ (with ¢(0) = 1 and degq = d), let
Maw ={y: 0(z) =p(2)/q(z), degp < d}

be the known-dynamics class, parameterized linearly by a = (yo, .. .,v4) € R4, and
let L, € REX(@D denote the matrix of the linear map a — Wy k(y) (Lemma 2.27(a),
truncated to K windows).

Theorem 2.31 (Exact certification boundary for known dynamics) Let
q(2) = TIL (1 — \i2) with distinct nonzero \; € C (closed under conjugation, so that
q is real), and let K > d+ 1. The following are equivalent.

(i) L, is injective, i.e. the first K window sums identify the state on Mg w .

(ii) No \; is a nontrivial W-th root of unity, and A}V # )\]W for all i # 7.

(ili) Zero-certification is sound and complete on My w: Ww.k(y) = 0 if and only if

y=0.

Moreover, when these hold, they hold already for K = d + 1 windows.

Proof Decompose signals in M,y by partial fractions: y, = colin—o)+>; Ai A}, where
(co, A) <> a is a linear isomorphism (Step 1 of the proof of Theorem 2.24). As in Step
2 there, the window sums are

I

d k w ) Az 7é 17
Sy = 001{k=0}+§ By pi =N B; = A; gs, gi ‘= 11—\
i=1 W, A= 1.

(ii)=-(i),(iii). Under (ii) every visibility factor is nonzero: g; = 0 would force A}V = 1
with \; # 1, excluded. Suppose Sy = -+ = S35 = 0. The equations for £k = 1,...,d
read Y, C; unF~' = 0 with C; := B;p;; since the p; are distinet (by (ii)) and nonzero
(the \; are nonzero), the d X d Vandermonde system forces C' = 0, hence B = 0, hence
A =0 (g; #0), and then Sy = ¢g = 0. So a = 0, giving (i), and (iii) is the same
statement combined with the trivial direction (y =0 = w = 0).

=(ii)= —(i). If some \Y = 1 with \; # 1, then g; = 0 and the mode y, = A\ (or,
if \; ¢ R, the real and imaginary parts of that mode, which lie in the class since it is
conjugation-stable) is a nonzero element of ker L,: all of its window sums vanish. If
instead p; = p; for some ¢ # j with g¢;, g; # 0, the combination A; := g;, A; := —g;
(other coordinates zero) has B; + B; = 0, so again every window sum vanishes while
y # 0; a real kernel element is obtained by adding the conjugate combination. Hence
L, is not injective.

Finally, the argument for (ii)=-(i) used only the windows k = 0,...,d,so K = d+1
suffices, and injectivity for K windows implies injectivity for any K’ > K.

Remark 2.32 (i) The boundary in Theorem 2.31(ii) is exactly the aliasing set of Re-
mark 2.29: a mode is invisible precisely when block summation annihilates it (AW = 1,
A # 1), and two modes are confounded precisely when they alias to the same dec-
imated node (\Y = )\jW). For real decaying dynamics (0 < X; < 1, the case of

Section 4) the condition holds automatically, since ¢ — t" is injective on (0, 1) and
no such A is a root of unity. (ii) Only d + 1 windows are needed, versus 2d + 1 in
the joint model: knowing the dynamics halves the data requirement. (iii) For de-
nominators with multiple roots the same argument runs with polynomial-in-n mode
amplitudes and confluent Vandermonde systems (Lemma 2.23); we do not pursue
the general statement here. (iv) Theorem 2.31 is exactly the observability criterion
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for the decimated dynamics. Write M := diag(u1, ..., iq) and let 1 be the all-ones
output functional; then the window sums for & > 1 are the samples 1T M*B of
the linear system with state matrix M and initial state B = (By,...,By)", so the
map B ~ (S1,...,5,) is the observability matrix of the pair (M,1"7), up to right-
multiplication by the invertible matrix M. The two clauses of condition (ii) are the two
ways observability can fail after aggregation: the Popov—Belevitch—-Hautus condition
for the diagonal pair (M,1") requires the y; distinct (no aliasing under decimation),
and the change of variables A — B is invertible exactly when every visibility factor
g; is nonzero (no mode annihilated by the boxcar filter’s zeros at the W-th roots of
unity). The certifiable regime of this paper is thus precisely the observable regime of
the aggregated system, in the classical sense of [19].

Proposition 2.33 (Linear reconstruction and its conditioning) Under
the equivalent conditions of Theorem 2.31, the Moore—Penrose pseudoinverse
Rec, = L7 : RE  — R 4s a globally defined linear reconstruction with
Rec, Ww .k (y)) = a for every y € Mg w, it maps the zero datum to the neutral state,
and it is globally Lipschitz with the explicit constant

L=|2g],, = un(Za)
where owin(Lg) is the smallest singular value of L,.

Proof Injectivity of L, makes L;Lq = ] on R™! which gives exact reconstruction
on realizable data and Rec,(0) = 0. The operator norm of the pseudoinverse of an
injective matrix is the reciprocal of its smallest singular value, and a linear map is
globally Lipschitz with its operator norm.

Statistical shadow of the stability constant. The constant L = amm(Lq)’1 has a sta-
tistical reading as well. If the window sums are corrupted by independent noise of
variance ¢2 per coordinate, the Gauss—Markov estimate of the state has covariance
¢*(L, Ly)~", whose worst direction has standard deviation ¢/omin(Lg) = L. The de-
terministic amplification factor of Proposition 2.33 is therefore exactly the worst-case
standard-deviation amplification of the corresponding statistical estimation problem:
one and the same conditioning number governs our worst-case tolerance bounds and
the variance of best unbiased estimation. We do not develop the statistical theory
here; it is the content of future direction (i) in the Conclusions.

Corollary 2.34 (Global domination on a known-dynamics class) Let q satisfy
the equivalent conditions of Theorem 2.31, so that the window map is injective on the
linear class My w and neutrality is certifiable. Then the canonical procedure ®* of
Section 3, applied on Mg w, is total (never returns inconclusive on realizable data)
and dominates every sound procedure on all of My w: Res(¥) C Res(®*) and the two
agree on Res(¥), for every sound V.

Proof By Theorem 2.31, L, is injective, so the reconstruction Rec, = L; of Proposi-
tion 2.33 recovers the state exactly from any realizable datum and, in particular, de-
cides neutrality (y = 0) without ambiguity; hence @* resolves every realizable datum.
Global injectivity is hypothesis (a) of Corollary 3.22, and the exact-reconstruction
property supplies (b)—(c) with Mg w := M, w, so global domination follows.
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3 Certification and Optimality from Finite-Window Data

This section develops the finite-data certification pipeline built on the window oper-
ator: we pass from raw window measurements to a canonical defect score, then to
a decision rule. We isolate the status of the window length W, give e-robust certifi-
cation bounds, and define soundness and domination among finite-data procedures,
culminating in e-optimal certification statements.

Theorem 3.1 (Master Theorem (architectural summary)) Fiz integers d > 0,
W >1, and K > 2d+ 1. Consider the window map Fyw and the finite-data pipeline

P*=BoPoA: ww Alw)==x
— u = P(logx)
— B(u) € {zero, nonzero, inconclusive},

as defined in Section 3. Assume the standing hypotheses needed for the cited results
below (in particular, the cost azioms and the identifiability assumptions for the window
model). Then:

(i) Soundness. The decision rule &* is sound in the sense of Definition 3.12.

(ii) e-robust certification. Under perturbations of size €, the certified conclusion
degrades in the sharp two-sided way, yielding membership in Means. as in The-
orems 3.5 and 3.38.

(ili) Local domination (optimality). On the identifiability neighborhood Uy w , O*
dominates every sound procedure (Theorem 3.20).

(iv) Uniqueness among locally optimal rules. Any sound procedure that is
locally optimal on Ugw agrees with @* on all resolved data in Ugw (Corol-
lary 3.21).

(v) Forced decision-layer dependence. Any sound defect-based decision rule

factors through the scale-invariant invariant u = P(logx), hence through the
(P, B)-core in the sense of Theorem 3.15.

(vi) Non-vacuity via generic full rank. For any (d, W) the full-rank locus 24w
is a nonempty Zariski-open (hence dense) subset (Theorem 2.24); for (d,W) =
(3,8) an explicit witness is certified in Lemma 2.17.

(vil) Exzact scope. Over the jointly unknown class, no sound procedure can certify
neutrality at all (Corollary 2.30), so the localization in (iii) is necessary; over a
known-dynamics class satisfying Theorem 2.31(ii), the window map is globally
injective, ®* is total, and domination holds globally (Corollary 2.34).

If, in addition, the window map is globally injective on the parameter locus Mgw,
then the domination statement upgrades from Ugw to Myw (Corollary 3.22).

Proof Items (i)—(ii) follow from Definition 3.12 together with Theorems 3.5
and 3.38. Item (iii) is Theorem 3.20. Item (iv) is Corollary 3.21. Item (v) is
the factorization/forced-dependence principle recorded in Theorem 3.15. Item (vi)
is Theorem 2.24, with the explicit (3,8) witness in Lemma 2.17. Item (vii) collects
Corollary 2.30 and Corollary 2.34. The final global upgrade is Corollary 3.22.
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Table 2 Selected constants in the certification layer and where they are forced.

Constant / threshold Forced by

Factor 2¢ in Meang, Perturbation triangle inequality in Theorem 3.38
Normalization J(1) =0 Proposition A.1 (Appendix, RCL)

Calibration Jl’c’)g(()) =1 Appendix, Item 1, Axiom 2 fixes quadratic scale
Coercivity constant % The calibration curvature (Remark 2.10)

Window count K > 2d + 1 Identifiability from 2d 4+ 1 windows (Theorems 2.19, 2.21)

Window count K > d+ 1, known dynamics Exact boundary, Theorem 2.31

3.1 Status of the Window Length W

Throughout, W € N denotes the fixed block length used to form window sums (5).
The theory is stated for general W; the value W = 8 is a modeling choice, used below
only as an illustrative operating point.

A simple (self-contained) motivation for the number 8 comes from a three-bit
latent state b € {0,1}3. A Gray-code cycle on the 3-cube visits all 23 = 8 states
exactly once before returning to the start, for example

000 — 001 — 011 — 010 — 110 — 111 — 101 — 100 — 000,

where successive states differ in exactly one bit. If a measurement/aggregation step
is designed to cover one full cycle of such a three-bit state evolution, then the natural
“cycle window” length is W = 8. This is only a heuristic design rationale: none of the
main theorems depends on it, and the identifiability threshold remains K > 2d + 1
for any fixed W > 1.

Two remarks sharpen the status of the example. First, the cycle displayed above
is not an arbitrary illustration: a Gray cycle on the 3-cube is precisely a Hamilto-
nian cycle on its graph, and all such cycles are equivalent under the symmetries of
the cube. In the motivating recognition framework the eight-state period is derived
from this cycle structure rather than chosen [20]; the present paper’s results, being
parametric in W, apply to that derived value as a special case. Second, keeping W
parametric is what lets the framework evaluate a window length rather than assume
it: Theorem 2.31(ii) and Remark 2.32(i) quantify exactly what a proposed W costs
for given latent dynamics, so the framework can certify a reporting period, such as
the W = 8 of the running example, instead of merely presupposing it.

3.2 e-Tolerant Certification from Noisy Window Sums

In practice, window sums are observed with finite precision. Instead of exact con-
straints W(y), = 0, we assume a uniform tolerance model

Wil <e, k=01, K-1

The next result shows that small window-sum errors yield a small certification cost
for the reconstructed signal. The bound is quadratic in e, with constants controlled
by the conditioning of the reconstruction map.

Lemma 3.2 For everyt € R,
1
cosh(t) —1 < 5 eltl 12,

In particular, if |t| < 7 then cosh(t) — 1 < 1e7t?.
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Proof Using the power series cosh(t) —1=13",5; % and (2m)! > 2 (2m — 2)!,
t2 t 2m—2 t2 t2
cosh(t) =1 < = > L = — cosh([t]) < =l
2 2 2m—2) 2 2

Proposition 3.3 Fizr W € N, d > 0, and n € N, and set K := [n/W]. Let q
be a fired denominator satisfying the equivalent conditions of Theorem 2.31, and
work in the known-dynamics class Mgyw of Section 2.8 (so K > d+ 1 suffices for
identifiability). Then the reconstruction map

Recqw : R — R", w — the first n coefficients of the unique y € My w with Ww k(y) = w

is globally defined and linear, maps w = 0 to the neutral signal y =0, and is globally
Lipschitz with constant equal to its operator norm.:

||IRecaw (w) — Recaw (0)||2 < L ||w]|2 for allw € RE, L :=||Recqw|2-2-

Writing Recqw = E, o L;, where L; is the pseudoinverse of Proposition 2.33 and
E, : R R™ s the linear map extending an initial state to the first n coefficients
through the recurrence, one has omin(Ly)™' < L < ||Epll2m2 0min(Ly) ™', with L =

Omin(Lqg) ™" ezactly when n =d+ 1.

Proof By Theorem 2.31 the window matrix L, is injective, so each w in its range
has a unique preimage, and Proposition 2.33 gives the global linear reconstruction
a = L;w of the state; on data outside the range, L;r is still defined and returns the
least-squares state, so Recyw is globally defined. The recurrence (6) is linear in the
initial state, so the extension F, and hence Rec,w = E), o L; are linear. Linearity
gives Recgw (0) = 0, the neutral signal, and a linear map is globally Lipschitz with
constant its operator norm. For the bounds on L: ||E,v|2 > ||v||2 because the first
d + 1 coordinates of E,v are v itself (when n > d + 1), which gives the lower bound,
and the upper bound is the submultiplicativity of the operator norm; when n = d+1,
E, is the identity and both bounds coincide with o (L,)~" by Proposition 2.33.

Remark 3.4 (Why the known-dynamics hypothesis here) An earlier formulation of this
reconstruction step assumed local invertibility of the joint window map at the neutral
realization. That hypothesis is empty for every d > 1: the neutral fiber is a critical
set of the joint window map (Lemma 2.27), so no inverse exists on any neighbor-
hood of the neutral datum. The neutral-datum reconstruction used for certification
therefore lives exactly in the known-dynamics model, where the window map is lin-
ear and invertibility at w = 0 is the spectral condition of Theorem 2.31(ii). Away
from the neutral datum, local reconstruction in the joint model remains valid on the
nondegenerate locus 25w (Theorem 2.24).

Theorem 3.5 Fizx W € N, d > 0, and n € N, and set K := [n/W]. Assume the
hypotheses of Proposition 3.3 (the known-dynamics model with the spectral condition
of Theorem 2.31), and let L be the Lipschitz constant given there. Given window

data w € RE with |wy| < ¢, let § := Recgw(w); the noiseless reconstruction §\°) =
Recaw (0) = 0 is automatically neutral. Then the certification objective

2(5) = Y- I(eP0) = 3 (cosh(P(@)) - 1)

i=1
satisfies the explicit quadratic bound

1
P()) < 5eL\/mL?Kg?. (7)
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Proof By Proposition 3.3, §®) = 0 and
19— < Llwll: < LVKe.

Since P is an orthogonal projection, || P(u)—P(v)||2 < ||u—v||2, hence using P(§®) =
0,
1P@1: = 1P@) = PG < 19 -5 < LVKe.

Also |P()]lee < IP(9)|]2 < LVK €. Applying Lemma 3.2 componentwise gives

" 1 1

(i) = >_(cosh(P(§);) = 1) < el "I~ | P(g)J; <

< —elVEe 202
i=1 2

which is (7).

Remark 3.6 In the special case (d,W) = (3,8) one may take K = 7 windows, and
Theorem 3.5 yields the explicit estimate

B(g) < IL%MVTee?

For example, on a known-dynamics class whose window matrix satisfies L =
Omin(Ly) ™ <10 (with n = d+1, so L is exactly the pseudoinverse norm), data with

lwi| < e <1072 give Lv/Te < 0.265, hence e£V7¢ < 1.31 and &(§) < 460 £2.

Remark 3.7 The Lipschitz constant L in Proposition 3.3 is controlled by the smallest
singular value of the window matrix L, (equivalently, by a condition number « for
the Vandermonde/Hankel system used by the reconstruction), with L = opyin(Lg) ™"
exactly when n = d + 1. Poor conditioning increases L, but the dependence on ¢
remains quadratic.

3.3 The Certification Objective

Definition 3.8 Given a cost function ¢ : S x O — Rsq, the meaning map (argmin
correspondence) is
Mean(s) := argmin c(s,0) := {0 € O : ¢(s,0) = inf ¢(s,0')}.
0€0 o’'eO

Remark 3.9 The meaning map Mean(s) is defined via an infimum over O and may
be empty in full generality. In the intended finite-data setting one works with a finite
candidate list O, in which case every function O — R attains its minimum and
Mean(s) # 0 for all s. Whenever we speak of “the” optimizer or of certificates that
“attain their minimum exactly on Mean(s)”, we implicitly restrict to such settings
(or more generally assume that (s, -) attains its minimum on O).

Proposition 3.10 (Attainment on compact candidate classes) Fiz s € S. As-
sume O is compact and the map o — ¢(s,0) is continuous. Then Mean(s) is nonempty.

Proof By continuity on a compact set, c(s,-) attains its minimum at some o, € O
(extreme value theorem). Hence

c(s,0,) = ;Ielg c(s,0),

so 0, € Mean(s) by Definition 3.8.
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In many applications O is not finite but is a closed subset of a Euclidean space; in
that case one can ensure attainment by a standard coercivity hypothesis.

Proposition 3.11 (Attainment under coercivity) Fiz s € S and assume O C
R™ is nonempty and closed for some m > 1. Assume o+ c(s,0) is lower semicon-
tinuous on O and coercive on O in the sense that

c(s,0) = oo whenever |jo|]| = oo with o € O.
Then Mean(s) is nonempty.

Proof Let « := inf,cpc(s,0) and choose a minimizing sequence (o) C O with
c(s,or) | a. By coercivity, the sequence (o) is bounded; thus it lies in O N By
for some R. By compactness of Bp, there is a convergent subsequence Op; — 0x. Since
O is closed, o, € O. Lower semicontinuity gives c(s,0,) < liminf;_ c(s,0r,) = a,
hence ¢(s,0,) = a and o, € Mean(s).

Definition 3.12 Fix s € S and write ¢s(0) := ¢(s,0) and Cs(0) := C(s,0). Assume

throughout that the minimizer sets are nonempty (e.g. O finite, or by Proposition 3.10
or Proposition 3.11). A certificate C is

(i) minimizer-sound if arg min,eco Cs(0) = arg min,eo ¢s(0) for every s;
(i) ordinally sound if for every s and all 01,09 € O,
Cs(01) < Cs(09) <= c¢5(01) < cs(02).

Ordinal soundness is strictly stronger than minimizer-soundness; it asserts that C,
induces exactly the same preorder on candidates as the true cost c,.

3.4 Sound Procedures and Domination

We formulate the finite-data decision task as a three-valued procedure based on win-
dow aggregates. Fix integers W > 1 and K > 1. For a signal y = (yn)n>0 define the
W-block window-sum vector

W-1
Wk (y) = (W(iy)m e aW(y)K—l) € R¥, W(y)k = Z YWk+j)-

j=0
We write the corresponding set of realizable window vectors as
Wik (Maw) == Wk (y) : y € Maw} C R
A finite-data procedure is a map
¥ : R® — {zero, nonzero, inconclusive}.

Definition 3.13 Fix a model class My of signals (e.g. rational/finite-state of
degree < d) together with the nondegeneracy hypotheses from Theorem 2.21. Let
Ynew € Mg w denote the distinguished neutral signal (one may take yne, = 0). We
compare procedures only on realizable window vectors w € Wy x(Maw); outside
this set a procedure may return inconclusive arbitrarily. A procedure ¥ is sound on
Maw if for every y € Myw,

(Wi (y)) = 7010 —> 5 = e
(Wi (y)) = nonzero — y # g
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Its resolves set is
Res(¥) :={y € Maw : YWw.k(y)) # inconclusive}.

Given two sound procedures ¥;,¥, on Myw, we say that ¥, dominates ¥, if
Res(¥,) C Res(¥) and

U (Wwk(y)) = PaOWw.k(y)) for all y € Res(¥,).

Definition 3.14 (Pipeline components) Fix integers W > 1 and K > 1 and
consider realizable window data w € Wy x(Mgw). We use the following (possibly
partial) operations.

(a) Aggregation / reconstruction (A). On the identifiability locus from Theo-
rem 2.21, define a partial map A : Wy g (Maw) --» Mgw by letting A(w) be
the (locally) unique signal y (or parameter 7) with Wy k(y) = w, when such a
unique realization exists; otherwise A(w) is undefined.

(b) Projection (P). For a positive vector/configuration x € (R-o)" with y = log z,
set P(y) as in (4). In the pipeline we apply this projection in log-coordinates to
the reconstructed object.

(c) Coercive decision layer (B). For a projected log-vector u € R™ (typically
u = P(y)), define the certificate value

and define B(u) € {zero,nonzero} by B(u) = zero if B(u) = 0 and B(u) =

nonzero otherwise.

The associated finite-data decision map is evaluated as follows: given window data w,
if A(w) is defined then set x := A(w), form the projected log-vector u := P(logx),
and output B(u); if A(w) is undefined we return inconclusive.

Theorem 3.15 (Forced (P, B)-dependence in the decision layer) Let S be any
set and let D : R™ — S be a map that is invariant under global shifts along 1, i.e.

D(y+1t1) = D(y) forally e R", t € R.
Then there exists a unique map D : 1+ — S such that
D=DoP,

where P is the orthogonal projection onto 1+ defined in (4). In particular, any defect-
based decision rule whose conclusions depend only on scale-invariant information in

log-coordinates can, without loss, be written as a map of the projected log-vector u =
P(log ).

Proof For any y € R™ we have the orthogonal decomposition y = P(y) + 7 1, hence

by shift-invariance,
D(y) = D(P(y) +7y1) = D(P(y)).

Define D on 1+ by D(u) := D(u). Then D(y) = D(P(y)) for all y, i.e. D = Do P.
Uniqueness follows because P is surjective onto 1+. The final sentence follows since
scaling x — cx corresponds to shifting y = logx by log(c)1 and thus leaves P(y)
unchanged (cf. Lemma 2.5 and Definition 2.6).
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Theorem 3.16 (Structural non-redundancy on the identifiability locus) Fiz
d>0, W >1, and K > 2d+ 1 and let Ugw be an identifiability neighborhood as in
Theorem 3.20.

(a) (Need for P at the decision layer.) Any decision map D(logx) that is sound with
respect to the scale-invariant defect predicate (Definition 2.6) must be invariant
under shifts along 1, hence factors through P as in Theorem 3.15.

(b) (Need for a coercive certificate.) Any sound rule that certifies neutrality via a com-
putable scalar statistic and is stable under two-sided perturbations must use (ex-
plicitly or implicitly) a coercive lower bound linking that statistic to Def(z); in
our framework this role is played by the canonical certificate B(u) together with
Theorem 2.9 and the tolerance theorems (Theorems 3.5-3.58).

(¢) (Need for inversion from windows.) On Uy w, any sound finite-data rule ¥ applied
to realizable window data w can depend only on the unique realization y = A(w)
(when it exists); equivalently, W factors through the reconstruction map A on

Wik Ua,w ).

Proof (a) If soundness is defined relative to the scale-invariant predicate “neutral vs.
non-neutral” (Definition 2.6), then any sound decision rule must give the same output
on r and cx whenever both are admissible, since they have the same defect value. In
log-coordinates this is invariance under y — y + t1, hence factorization through P
follows from Theorem 3.15.

(b) The tolerance conclusions in Theorems 3.5-3.38 are derived from two-sided
perturbation bounds together with a coercive inequality that forces Def(x) = 0 when
the certificate vanishes. Any procedure claiming the same quantitative stability must
therefore invoke a comparable coercive implication (possibly with a different com-
putable statistic). In the present framework, B(u) is the canonical computable statis-
tic and Theorem 2.9 supplies the required implication.

(c) Let w € Wy k(Uaw) and write y for the unique realization in Uy with
Wk (y) = w. If ¥(w) is conclusive, soundness forces that conclusion to match the
truth-value of the predicate on y. Thus on the image Wy x(Usw) the rule ¥ is
determined by the realization y, i.e. it factors through the inverse map A whenever

A is defined.

For brevity we continue to denote this overall procedure by &* = Bo Po A, applied
to a window datum w as B(P(A(w))): the reconstruction stage A acts first (returning
inconclusive when reconstruction is not defined), the projection P removes scale in
log-coordinates, and the coercive decision B is applied last.

Proposition 3.17 Fiz d > 0, a window length W > 1, and K > 2d + 1. Let Mgw
denote the degree-< d rational (finite-state) model class and let Wy i : Mgw — RE
send a signal to its first K W -block window sums. On the non-degenerate identifiabil-
ity locus singled out in Theorem 2.21 (in particular, where the reconstruction step A
is well-defined by local invertibility / Hankel nondegeneracy), the canonical procedure

¢ = BoPoA
is well-defined from w = Ww k(y) and is sound in the sense of Definition 3.13.

Proof The projection step P is the mean-zero projection in log-coordinates (Defini-
tion 2.4). By Definition 2.6, Def(z) = ||P(logx)||2, hence Def(z) = 0 if and only
if P(logxz) = 0. Since P is a projection, P(P(logz)) = P(logz). The coercive
bound (Theorem 2.9) implies that vanishing projected cost forces P(logz) = 0, hence
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Def(z) = 0, giving soundness of the B step. Finally, on the identifiability locus, the
aggregation step A (reconstruction from W-block window sums) does not introduce
spurious neutral realizations: if the reconstructed projected cost is 0, then the unique
signal compatible with the observed w is neutral. Hence @* is a sound finite-data
procedure.

Remark 3.18 Soundness prevents false positives/negatives; domination compares how
often a sound procedure can decide. A dominating procedure is therefore “best pos-
sible” among sound procedures for the same finite-data.

Lemma 3.19 Let Uyw C Magw be a neighborhood of ynew such that the re-
striction Wi kv, 15 injective (equivalently: for each realizable window wvector
w € Wwi(Uaw) there is at most one y € Ugw with Wiwk(y) = w). Let
v . RX — {zero,nonzero,inconclusive} be sound on Mgw. Then whenever w
is realized by some y € Uqw, the value ¥(w) is forced solely by the truth-value of the
underlying predicate on that unique realization (neutral vs. non-neutral), and cannot
disagree with any other sound procedure on the same model class when restricted to
Uag,w -

Proof If w =Wy k(y) and ¥(w) = zero, soundness forces y to be neutral; if ¥(w) =
nonzero, soundness forces y to be non-neutral. Uniqueness of the realization for w
makes these implications well-defined on the image of Wy x and prevents contradic-
tory sound outputs.

We now state the local optimality (domination) property of the canonical finite-
data decision rule. Write Res(¥) for the set of realizable instances on which a rule ¥
returns a conclusive value in {zero, nonzero}. We say that @ dominates ¥ on a locus
V if Res(¥) NV C Res(®) NV and the two rules agree on Res(¥) N'V. Informally,
the rule first projects to the mean-zero subspace, then performs a window-based test,
and finally outputs a ternary decision. The conclusion below is local: domination is
asserted only on the identifiability neighborhood Uy .

Theorem 3.20 Fix integers d > 0, W > 1, and K > 2d + 1. Let Mgw be a non-
degenerate (open dense) parameter locus, and let Uz C Maw be a neighborhood of
Yneu ON Which the restricted window map WW,K|ud,W is injective. Assume:
(a) for every y € Ugw the window-sum sequence Sy := W(y)i satisfies the hy-

potheses of Theorem 2.21, so the data (So,...,S2-1) determine the induced

window-sum process uniquely on Uy w; and

(b) the realizable datum w = Wy k(y) determines the neutral/non-neutral truth
value on Ugw, i.e.

WVV,K(Z/) = WW,K(yneu) = Y = Yneu-

Let &* : Wy (Maw) — {zero, nonzero, inconclusive} denote the canonical proce-
dure B o P o A defined in this section.

Then for every sound procedure W : RX — {zero, nonzero, inconclusive} one has
Res(¥) NUgw C Res(P*) NUqw, and for every y € Res(¥) NUyw the outputs agree
on the realized datum w = Wy k(y):

W(WW,K(Q)) = GZi’*(WW,K(?J))-

Proof Let ¥ be any sound procedure on Mgy and let y € Res(¥) N Uy w. Write
w = Wwk(y).
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By assumption (a) and Theorem 2.21, the realized datum w determines the induced
window-sum process (and hence its Prony parameters) uniquely on Uy y. Assumption
(b) guarantees that this information determines whether or not y = yye, (equivalently:
a neutral realization is compatible with w if and only if ¥ = ypey)-

By construction, @* evaluates exactly this truth value: it outputs zero exactly when
the unique reconstruction compatible with w lies in the neutral zero-defect class, and
outputs nonzero exactly when no neutral realization is compatible with w; otherwise
it outputs inconclusive. Hence * is sound.

Now assume y € Res(¥) N Ugw. If ¥(w) = zero, then soundness forces y =
Uneu, SO the unique reconstruction from w is neutral and therefore @*(w) = zero. If
VU(w) = nonzero, then y # yueu, S0 the unique reconstruction from w is non-neutral
and @*(w) = nonzero. Thus whenever ¥ resolves (in the sense of Definition 3.13), *
resolves with the same answer, i.e. ®* dominates V.

Corollary 3.21 (Uniqueness among locally optimal rules) Under the hypothe-
ses of Theorem 3.20, call a sound procedure ¥ locally optimal on Uy w if no sound
procedure strictly dominates it there, i.e. if Res(¥) NUqgw is mazimal among sound
rules. Then every locally optimal ¥ agrees with @* on all data it resolves in Uy :

YWwik(y)) =P Wwik(y)) for ally € Res(¥) NUgw,

and Res(¥) NUygw = Res(P*) NUgw. In this sense &* is the unique locally mawi-
mal sound rule on Uy, up to its behavior on unresolved data. Since Theorem 3.20
dominates every sound rule, not merely the maximal ones, the sharper statement is
that @* is the greatest element of the poset of sound procedures on Uqgw ordered by
domination; the present corollary is the uniqueness of that greatest element.

Proof By Theorem 3.20, @* is sound and dominates every sound rule on U ; in
particular it dominates ¥, so Res(¥) N Uyw < Res(®*) N Uyw and the outputs
agree wherever ¥ resolves. If the inclusion were strict, @* would strictly dominate ¥,
contradicting local optimality of ¥; hence the resolved sets coincide.

Corollary 3.22 (Global domination under global injectivity) Fiz integers d >
0, W>1, and K > 2d + 1. Assume:
(a) the window map Ww k 1is injective on the parameter locus Mg ;

(b) for every y € Maw, the induced window-sum sequence satisfies the hypotheses
of Theorem 2.21;

(c) the realizable datum determines global neutrality on Mgw, i.e.
Wik () = Wik (Yneu) = Y = Yneu Jfor ally € Mgw.
Then for every sound procedure W : RX — {zero, nonzero, inconclusive},
Res(¥) C Res(9"),
and for all y € Res(¥) one has

W(WW,K(CU)) = ¢*(WW,K<?J))-

Proposition 3.23 (Sharpness outside an identifiable class) Let C be any class
of signals and let Wy i be the window map. If there exist yo,y1 € C with Wk (Yo) =
Wi (y1) but with opposite truth-values for the target predicate (e.g. yo neutral and
y1 non-neutral), then no procedure ¥ : RE — {zero, nonzero, inconclusive} that is
sound on C can return a conclusive decision on the common datum w := Wy k (yo) =

Wi,k (Y1)
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Proof 1f ¥(w) = zero, soundness would force the realization to be neutral, contra-
dicting soundness on y; similarly if ¥(w) = nonzero it contradicts soundness on .
Hence ¥ (w) must be inconclusive.

Remark 3.2 (When the whole-class upgrade is available, and when it is not) The
global upgrade of Corollary 3.22 requires the window map to be injective on the
entire parameter locus. For the jointly unknown rational class this hypothesis fails
identically: the neutral fiber is a critical set (Lemma 2.27) and block aggregation ad-
mits nonzero-signal collisions with the neutral datum (Theorem 2.28), so by Proposi-
tion 3.23 no sound rule can even resolve the neutral datum, let alone dominate on all
of Mgw. The upgrade is therefore available only on a class where global injectivity is
proved; the known-dynamics class M,y of Section 2.8, under the spectral condition
of Theorem 2.31(ii), is exactly such a class, and Corollary 2.34 records the resulting
whole-class domination there.

3.5 Sharpness Boundary Outside the Rational Class

The collision principle of Proposition 3.23 becomes an explicit sharpness boundary
once we exhibit distinct latent configurations that produce the same finite-window
data. Here we do this directly for the window operator (5) by enlarging the model
class from the rational (finite-state) family of Subsection 2.5 to the ambient class of
all non-negative real sequences.

Ambient class. Let C>q be the set of all sequences y = (y,)n>0 With y, > 0 for all n.
For fixed W > 1 and K > 0, write

Wink(v) = (W, ... Wly)x) € R

for the truncated window data. Let Cpat(d) C Cso denote the subclass of sequences
that are rational of degree at most d in the sense of Subsection 2.5.

Theorem 3.25 (Non-identifiability of rational-class membership from finite
windows) Fix integers d > 1, W > 1, and K > 0. Then the finite-data map Wy, k
is not identifying for rational-class membership: for every yi, € Cra(d) there exists
Yout € C>0 \ Crat(d) such that

WW,K (yout) = WVV,K(yin)'
Proof Let yin € Crat(d) and set N := W (K +1) —1, so that the data Wy, x(y) depend

only on the coordinates ¥y, . .., yn. Define a non-negative “tail” sequence r = (r,,)n>0
by
0, 0<n<N,
rn:=141, n=N+m?for some integer m > 1,
0, otherwise.

Set Yout = Yin + 7, 50 Your € C>0 and Yout,n = Yinn for all 0 < n < N. Hence r con-
tributes nothing to the first K + 1 windows, and therefore Wi k (Yout) = Ww.k (Yin)-

It remains to show you & Crat(d). Suppose toward a contradiction that ye. €
Crat(d). Since also yi, € Crai(d), their difference r = you — yin has a rational gen-
erating function as well (difference of two rational functions), hence r satisfies a
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linear recurrence of some finite order D for all sufficiently large indices: there exist
bi,...,bp € R and ng such that

Tw=b1Tp_1+ - +bpru_p for all n > ny. (8)
Choose m so large that n := N 4+ m? > ng and the gap
n—(N+(m-1)%*=2m—1>D.

Then r, = 1 while r,_y = -+ = r,_p = 0 (because there is no other square index
within distance D), so (8) forces 1 = 0, a contradiction. Therefore 7 is not rational,
hence y,,¢ cannot be rational of degree < d.

Corollary 3.26 (Unconditional sharpness boundary outside the rational
class) Fir d > 1, W > 1, and K > 0. Let T(y) := lyyec,(a)y be the predicate “y
is rational of degree < d”. Then there exist finite-window data w € RETY for which
no procedure that is sound for T (on the ambient class Csq) can return a conclusive
decision: every sound procedure must output INC on input w.

Proof Pick any yi, € Crat(d) and set w := Wiy (yin). By Theorem 3.25 there exists
Yout & Crat(d) with Wiy g (Yout) = w. Thus T(yin) # T (Your) while the finite-data
coincide, so Proposition 3.23 forces any sound procedure to be inconclusive on w.

Fix a costed space (5,0, ¢) with meaning map Mean(s) = argmin,eo ¢(s,0). In
applications one typically does not compute Mean(s) by scanning all o € O. Instead,
one seeks a certificate functional C that:

— can be evaluated efficiently from (s,0) (often through a low-dimensional proxy or
windowed measurements), and
— is sound: C(s,0) attains its minimum (or maximum) exactly when o € Mean(s).

The simplest sound certificates are separable in the sense that they depend on
(s,0) only through a canonical ratio (or a monotone transform thereof), so that the
certificate is equivalent to comparing values of J.

3.6 Canonical Rescalings

We make precise what is meant by a “canonical rescaling” of a signal in the present
model. Assume that the multiplicative group (0, 00) acts on S (written A-s) and that
the scale map tg : S — (0,00) is equivariant for this action:

ts(A-s) = Aig(s) (A>0,s€e9).

We call s' € S a canonical rescaling of s € S if s = \-s for some A > 0. This captures
the idea that s and s’ represent the same “configuration” up to overall magnitude.

In several arguments below we also use that the penalty J is strictly monotone on
one branch. Accordingly, for a fixed s € S we say that the candidate class O lies on
a single J-branch for s if either tg(s)/to(0) > 1 for all o € O or t5(s)/to(0) < 1 for
all o € O. On such a branch, J is strictly monotone and hence invertible.

3.7 Forced Separability for Canonical Reciprocal Costs

We now state the main rigidity claim in the simplest form that is directly used later.
The proof is a short functional argument: the coercivity estimate together with the
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reciprocity structure induced by the cost assumptions pin down the allowable com-
parisons between candidates o € O. Such order-preserving representation arguments
are classical in the theory of functional equations; see [1].

This is a standard order-theoretic fact; we include it for completeness.

Lemma 3.27 Let ¢ : S x O — [0,00) be the ratio-induced cost c(s,0) =
J(ts(s)/to(0)). Fiz a certificate C : S x O — R. Assume that C is ordinally
sound relative to ¢ in the sense of Definition 3.12(ii). Then for each s € S there
exists a strictly increasing function ¢s : im(cs) — R (where ¢5(0) := ¢(s,0)) such that

C(s,0) = ¢s(c(s,0)) for all o € O.
In particular, on each fized s, C(s,-) is a strictly monotone reparametrization of c(s, -).

Proof Fix s € S. Ordinal soundness means C, and ¢, induce the same preorder on O.
Define ¢, on im(c;) by ¢s(r) := Cs(0) for any o with ¢s(0) = r; this is well-defined
and strictly increasing, and yields C, = ¢4 o c,.

Proposition 3.28 Assume the hypotheses of Lemma 3.27. Fix s € S and assume O
lies on a single J-branch for s and for every canonical rescaling 8 = X - s (in the
sense of Section 3.6). Then for each such s' = X\ - s there exists a strictly monotone
function ¢s ¢ : R — R such that

C(s',0) = 1s5(C(s,0)) for all o € O.

In particular, canonical rescalings preserve the certificate ordering up to a strictly
monotone reparametrization on any single J-branch.

Proof Let s’ = X+ s with A > 0. Write r(0) := ts(s)/to(0) and r'(0) := 1s5(s")/to(0) =
Ar(o). By Lemma 3.27 there exist strictly monotone functions ¢g, ¢y such that
C(s,0) = ¢s(J(r(0))) and C(s',0) = ¢ps(J(1"(0))) for all 0 € O.

By the single-branch hypothesis, the restriction of J to the relevant range of ratios
is strictly monotone and hence invertible. Let J~! denote this branch inverse. Define
a function F) : [0,00) — [0, 00) by

Fy(t) = J(AJ7H(1)).

Since J and J~! are strictly monotone on the branch, F) is strictly monotone. More-
over, for every o € O we have J(r'(0)) = J(Ar(o)) = FA(J(r(0))).

Since ¢ : im(c;) — im(Cy) is strictly monotone, it is a bijection onto its image,
so the inverse ¢! is well-defined on im(C,) = {C(s,0) : o € O}. In particular,

s

6s(J(r(0))) = C(s,0) lies in this domain for every o € O. Therefore
C(s',0) = 64(J(r'(0))) (9)
_ d)s,(FA(J(r(o)))) (10)
= (600 Froot)(6.(76(0)) (1)
= Y,y
= 1h,4(C(s,0)). (12)

The composition b, ¢ = ¢y 0 F) o ¢! is strictly monotone, as required.
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Proposition 3.29 (Primitive ratio hypotheses imply the uniqueness bundle)

Let ¢(s,0) :== J(ts(s)/to(0)) and C : S x O — R. Assume:

(P1) Ratio dependence: if 1s(s1)/to(01) = ts(s2)/to(02), then C(s1,01) = C(s2,02).

(P2) Cost-to-ratio determinacy on the realized set: if c(s1,01) = c(s2,02), then
ts(s1)/vo(01) = ts(s2)/to(02).

(P3) State-ratio collapse at fixzed observation: for all si,s2 € S and o € O,

ts(s1) _ Ls(s2)
to(o)  tofo)
Then the hypotheses (H1) and (H2) of Theorem 3.33 hold.

Proof (H1) follows from (P2) then (P1): equal costs imply equal ratios, hence equal
certificate values. For (H2), fix s, s9, 0. By (P3), the ratios for (s1,0) and (s, 0) are
equal; applying (P1) yields C(sy,0) = C(s3,0).

Remark 3.30 (On the strength of (P3)) Since tp(0) > 0, hypothesis (P3) implies
ts(s1) = ts(sqe) for all s1,s9 € 9, i.e. tg is constant. In this regime the ratio r(o) =
ts(s)/to(o) and hence the cost ¢(s,0) = J(r(o)) are independent of s. Accordingly,
(H2) is automatic and the “cross-state” content of Theorem 3.33 becomes immedi-
ate. If a nontrivial bridge from primitives to (H1)—(H2) is intended, (P3) should be
weakened.

Proposition 3.31 (Reducing (H1) to ordinal soundness plus cross-state cal-
ibration) Assume that for each s € S the candidate class O lies on a single J-
branch for s (as in Section 3.6), so that o — c(s,0) is strictly monotone in the ratio
ts(8)/to(0). If C is ordinally sound (Definition 3.12), then for every s € S there exists
a strictly increasing map fs: c¢s(O) — R such that

C(s,0) = fs (c(s, 0)) (0o € O),

where c5(0O) := {c(s,0) : 0 € O}. Moreover, hypothesis (H1) of Theorem 3.33 holds if
and only if the family { fs}ses is state-independent on overlaps in the sense that for

all s1,89 € S,
fs (1) = fo, (1) for allr € ¢, (O) N, (O).

In particular, a sufficient condition for (H1) is that ¢s(O) contains a common interval
I C R for all s and fs|; is independent of s.

Proof Fix s. Ordinal soundness says that Cs and ¢, induce the same preorder on O.
Since ¢, is a real-valued function, this is equivalent to the existence of a strictly in-
creasing reparameterization fs on the range ¢,(O) with Cs = fs0c¢,. (The construction
is canonical: define fs(r) := C(s,0) for any o with c(s, 0) = r; this is well-defined be-
cause c(s,01) = ¢(s,09) implies C(s,01) = C(s, 02) by the “<” in ordinal soundness.)
For the characterization of (H1), note that if ¢(s1,01) = ¢(s2,02) = r then

C(Sla 01) = fs (T)v C<S27 OZ) = fs2<7“),
so C(s1,01) = C(s2,09) for all such pairs if and only if fs, (r) = fs,(r) on every overlap
value 7 € ¢, (0) N ¢, (O). The final sufficient condition is immediate.

Remark 3.32 (On (H2) and rescaling) Hypothesis (H2) of Theorem 3.33 is a genuine
state-rigidity condition: it asserts that the certificate is constant across S at each
fixed observation o. In applications this typically follows from an explicit invariance
or normalization principle for the certificate, rather than from ordinal soundness
alone.
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Theorem 3.33 (Global forced factorization with uniqueness) Letc: Sx O —
[0,00) be the ratio-induced cost and let C : S x O — R be a certificate. Assume:

(H1) Cross-state cost dependence: (A convenient sufficient route to verify (H1)

from ordinal soundness plus a single-branch calibration is given in Proposi-
tion 3.31.) for all s1,s9 € S and 01,04 € O,

c(s1,01) = c(s2,00) = C(s1,01) = C(S2,09).
(H2) State rigidity: for all s1,s2 € S and o € O,
C(s1,0) = C(s2,0).
Fiz s, € S and define
Z.:={reR:3s€ 5, 30€ O, r=c(s,0)}.
Then:
(a) there exists a unique map ¢ : I, — R such that
C(s,0) = ¢(c(s,0)) forall s €S, o€ O;
(b) there exists a unique map ¥ : O — R such that
C(s,0) = (o) foralls €S, o€ O.

Proof For (a), define ¢ on Z. by choosing, for each r € Z., any pair (s,,0,) with
c(sr,0,) = r and setting ¢(r) := C(s,,0,). Assumption (H1) makes this well-defined.
If r = c(s,0), then (H1) gives C(s,0) = C(sy,0,) = ¢(r), so the representation holds.
If ¢ is another map with the same representation property, then for any r» € Z. and
any witness (s, 0) with ¢(s,0) = r,
o(r) = C(s,0) = ¢(r),

hence ¢ = ¢.

For (b), define 1(0) := C(s«,0). By (H2), for every s € S one has C(s,0) =
C(sx,0) = 1(0). If ¥ also satisfies C(s, 0) = (o) for all 5,0, then evaluating at s = s,

gives ¥(0) = C(s,, 0) = (o) for every o, s0 1) = 1.

Corollary 3.34 (Forced-factorization uniqueness from primitive hypothe-
ses) Under the assumptions of Proposition 3.29, the uniqueness conclusions (a) and

(b) of Theorem 3.33 hold.

Proof By Proposition 3.29, assumptions (H1)—(H2) in Theorem 3.33 are satisfied, so
the result follows directly.

Remark 3.85 (Standalone status of the uniqueness theorem) Theorem 3.33 and Corol-
lary 3.34 are proved entirely by the arguments in this section.

3.8 e-Optimal Certification from Windowed Measurements

We record an e-robust variant that is useful when only approximate ratios are avail-
able (e.g., from windowed measurements) and the optimizer may not be unique.

Definition 3.36 For € > 0 define the e-meaning set by

Mean,(s) := {o €0: ¢(s,0) < 1/16% (s, o) + 5}.
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Lemma 3.37 Let 0 < a < b < 0o and let J(z) = S(x+2) =1 on (0,00). Then J
is Lipschitz on [a,b] with constant

L(a) := ;(1 + a_2>, i.e. |J(x) — J(y)| < L(a) |z —y| forall x,y € [a,b].
In particular, if |F/r — 1| < § and both r,7 € [a,b], then
|J(7) — J(r)| < L(a)db.
Proof For z > 0 we have J'(z) = (1 — 272), hence for z € [a, D],
[J'()] < 3(1+a7) = L(a).

By the mean value theorem, |J(z) — J(y)| < suppy [J'| |z — y| < L(a)|lz — y|. If
|7/r — 1] < § and 7,7 € [a,b], then the segment between r and 7 lies in [a,b] and
|7 —r| < dr < db, giving the final bound. (If only r € [a,b] is assumed, the same
argument with the enlarged interval [a(1—§), b(1+ )] yields the constant L(a(1—J))
in place of L(a).)

Theorem 3.38 Assume the hypotheses of Lemma 3.27. Fiz s € S and suppose that
the relevant ratios
r(0) = ts(s)/to(0)

and their estimates 7(0) below lie in a known band [a,b] C (0,00) for all candidates o
under consideration. Suppose we observe K windowed measurements that allow us to
estimate r(0) by 7(o0) with relative error at most &, uniformly in o, i.e. |7(0)/r(0)—1] <
d. Then the proxzy ranking obtained by replacing r(o) with (o), i.e. by minimizing the
perturbed costs ¢(0) := J(7(0)), can only localize candidates within Meana.(s), where
one may take the explicit bound

e = L(a)db, L(a) == (1 +a7?),

2

so in particular €(6) — 0 as § — 0 (for fized a,b).

Proof Let 7(0) be the estimated ratio for candidate o, so that |F(o)/r(o) — 1| < 0
where 7(0) = ts(s)/to(0). Since r(0),7(0) € [a,b] by hypothesis, Lemma 3.37 gives
the uniform bound

|J(7(0)) — J(r(0)]| <€ with e=L(a)db.

Thus ranking candidates using the perturbed costs J(7(0)) may change the true
costs by at most € in each direction. If 6 minimizes the perturbed cost ¢(0) := J(7(0)),
then for any o € O,

c(s,0) < €(0) + ¢ < ¢(0) + e < c(s,0) + 2.

Hence any sound selection based on these measurements can only certify candidates
within Means.(s) (Definition 3.36).

Remark 3.39 (Standalone status of the e-noise bound) Theorem 3.38 follows directly
from Lemma 3.37 and the perturbation estimate proved above.
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4 Applications: Synthetic Windowed Examples

The theoretical results above apply most naturally in settings where only short ag-
gregated windows are stored or transmitted. We record two synthetic examples that
illustrate the intended workflow, and then discuss the practical behavior and limita-
tions that the impossibility and boundary results of Section 2.3 impose on any such
workflow. We make no claim of empirical validation; the examples are chosen to show
both where the method succeeds and where it must, correctly, refuse to decide.

4.1 Multi-Exponential Decay Under Gated Integration

A standard model for gated spectroscopy or fluorescence decay is
d
Yo = Y wjal, w; >0, 0<a; <1,
j=1

which has a rational generating function and therefore fits the finite-state framework
used here. Take d = 3, W = 8, decay constants (ai,as,a3) = (0.9,0.6,0.3) and
weights (wy,wq, w3) = (1,1,1). Because each a; € (0,1), the spectral condition of
Theorem 2.31(ii) holds automatically: no a; is a root of unity and ¢ + t® separates
the three decays (0.9% ~ 0.430, 0.6% =~ 0.0168, 0.3% ~ 6.6 x 107°). If the dynamics
(ay,a9,a3) are treated as known (fixed by calibration of the gate), then by Corol-
lary 2.34 the linear reconstruction Rec, = L} recovers the state from K =d+1 =4
window sums and certifies neutrality without ambiguity. This example also shows
why the framework reports the conditioning constant rather than hiding it. In the
initial-state parameterization one computes oy (L,) ~ 1.2 x 1079, so Proposition 2.33
gives Lipschitz constant L = o}, =~ 8.6 x 10°: window noise of size ¢ can move the
reconstructed state by of order 10%, and Theorem 3.5 converts that into the cor-
respondingly weak (but honest) defect tolerance. The mechanism is visible in the
separation numbers above: the fast modes 0.6 and 0.3 contribute essentially nothing
beyond the first window, so the four windows see an effectively lower-rank signal. The
certificate remains sound; what degrades is the tolerance it can advertise. The same
computation quantifies the remedies: shortening the window to W = 2 for the same
dynamics gives opin(L,) ~ 6.3 x 1072 (L ~ 16), and slower dynamics (0.95,0.9,0.85)
at W = 8 give omin(L,) ~ 5.5 x 1072 (L ~ 18). Crowding the poles (ay — a1) drives
omin(Lg) — 0 as well, by approaching the boundary of Theorem 2.31(ii).

If instead the dynamics are treated as unknown, one must recover 2d + 1 = 7
parameters from 7 windows, and the reconstruction is only locally valid, on the non-
degenerate locus certified for (3,8) in Lemma 2.17. Near the neutral configuration
this locus is empty: Lemma 2.27 shows the neutral fiber is critical for the joint win-
dow map, so a jointly-unknown analyst cannot certify exact neutrality at all. This is
not a defect of the algorithm but a property of the measurement, and the method
reports it as an inconclusive verdict rather than a false certificate.

4.2 Segmented Response Decay in an Aggregated Funnel

A second example arises in coarse activity logs, where only hourly or daily totals are
retained. A two-segment decay model is

Yp = W1a] + waal, wi,wy >0, 0<ap,a < 1.
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The decision structure is the practical content: fix the reporting window length W,
test whether the observed windows lie in an identifiable neighborhood, then apply the
canonical rule with the appropriate noise tolerance. Two limitations deserve emphasis
because they are structural, not incidental. First, aliasing collisions: if a latent oscilla-
tory component completes an integer number of cycles per window, block summation
annihilates it (Theorem 2.28), and a nonzero signal becomes indistinguishable from
the neutral one. Concretely, at W = 8 a mode cos(27n/8) contributes exactly zero
to every window sum; an analyst who only sees window totals cannot detect it, and
the sound response is inconclusive. Second, denominator knowledge: whether certifica-
tion is possible at all depends on whether the latent dynamics are known. The same
data support a sound zero-certificate when the dynamics are fixed (Corollary 2.34)
and support no zero-certificate when they are jointly unknown (Corollary 2.30). The
framework makes this dependence explicit, so a practitioner knows in advance which
observational regime they are in.

4.3 Practical behavior and limitations

Three practical points summarize how the method behaves in use.

— The verdict is three-valued by design. An inconclusive output is informative:
it certifies that the available window data are compatible with both neutral and
non-neutral latent signals, so no sound procedure could do better on that datum
(Proposition 3.23). The method never trades this honesty for a forced binary an-
swer.

— Conditioning is reported, not hidden. On the certifiable regime the stabil-
ity constant is the reciprocal smallest singular value of an explicit reconstruction
matrix (Proposition 2.33). Dynamics that decay fast relative to the window, poles
that crowd, or a window length that aliases the dynamics all show up directly as
a large or infinite constant, giving an a-priori check before any data are trusted
(see the quantitative example in Section 4.1).

— Window length is a design variable. Choosing W coprime to the natural
periods of the latent dynamics avoids the annihilation set of Theorem 2.28; the
eight-tick window used in our running example is one such choice, and the frame-
work quantifies the cost of a poor choice as loss of identifiability rather than as
silent error.

5 Conclusions

We developed a finite-data framework for deciding neutrality of positive configura-
tions from short aggregated observations. The central point is structural: the certifi-
cation rule is not an arbitrary algorithmic choice, but is determined by the canonical
reciprocal cost together with projection, coercivity, and local reconstruction on an
identifiable window-measurement locus. On that locus, the procedure is sound and
locally maximal among sound rules, and the noisy version yields explicit tolerance
bounds for finite-window data.

Equally important is the paper’s delineation of what cannot be concluded from
aggregated data alone. We proved an exact boundary between two regimes. When the
latent dynamics are jointly unknown, exact neutrality is uncertifiable from window
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sums: the neutral fiber is a critical set of the window map and block aggregation an-
nihilates root-of-unity modes, so every sound procedure must return an inconclusive
verdict on neutral data (Corollary 2.30). When the dynamics are known, the win-
dow map is linear and certification is sound and complete precisely when no mode
aliases to a root of unity and distinct modes stay separated after W-fold decimation
(Theorem 2.31); on that regime the canonical rule is total and dominates globally
(Corollary 2.34).

Practical implications. For a practitioner the framework converts a design question,
“can I certify neutrality from the totals I store?”, into a checkable spectral condition
on the reporting window length and the latent dynamics. The three-valued verdict
is a feature: an inconclusive output is a proof that the stored data are genuinely
insufficient, not a failure of the algorithm, and the reconstruction conditioning is
reported as an explicit constant that flags fragile configurations before any decision
is trusted.

Limitations. The certifiable guarantees require either a known denominator (fixed la-
tent dynamics) or restriction to a nondegenerate locus bounded away from neutrality;
the sharpest positive statement, global domination, is available only under global in-
jectivity, which fails for the jointly-unknown rational class. The tolerance bounds are
deterministic worst-case statements tied to the conditioning of the reconstruction, not
statistical confidence statements, and the noise model is a bounded perturbation of
the window sums rather than a probabilistic one. The worked examples are synthetic
and illustrative; we make no empirical claim.

Future directions. Four directions follow concretely from the results above. (i) A sta-
tistical counterpart: replace the bounded-noise tolerance with a probabilistic model
and derive confidence-calibrated certificates, using the singular-value conditioning
of L, as the natural variance proxy. (ii) Confluent dynamics: extend Theorem 2.31
to denominators with repeated roots via the confluent Vandermonde structure of
Lemma 2.23, giving the boundary for polynomially-modulated modes. (iii) Window-
length design: turn the annihilation set of Theorem 2.28 into an optimization over
W that maximizes opin(L,) for a given family of latent dynamics, yielding provably
best reporting granularities. (iv) Multi-channel aggregation: extend the scalar cost
and the window operator to vector-valued configurations, where the projection step
acts on a product of scale groups and the coercivity certificate becomes a sum over
channels.
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Appendix

This appendix collects two supporting components used in the paper. Item 1 records
the Recognition Composition Law assumptions and the resulting uniqueness state-
ment for the canonical reciprocal cost. [tem 2 records the full integer Jacobian matrix
used in the finite-field determinant check for (d, W) = (3,8).
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Item 1. The Recognition Composition Law: Axioms and Uniqueness

In this appendix item we record the self-contained consequences of the Recognition
Composition Law used in the paper. Under the stated axioms and regularity assump-
tions, we derive normalization and reciprocity, and then prove the corresponding
uniqueness statement for the reciprocal cost function.

Standing Azioms and Assumptions Standing notation. Throughout, J : (0,00) — R
denotes the scalar cost function (assumed non-constant and continuous unless stated
otherwise); in this appendix item we record the axioms imposed on J.

Aziom 1 (Recognition Composition Law). For all z,y > 0,
J(zy) + J(x/y) =2J(x) + 2J(y) + 2J (z)J (y). (13)

Aziom 2 (Calibration in Log-Coordinates). Define Jiog(t) := J(e). We assume Jyoq is

twice differentiable at ¢ = 0 and satisfies Jj7,(0) = 1.

Derived Normalization and Reciprocity

Proposition A.1 (Normalization Is Forced) If J : (0,00) — R is non-constant
and satisfies the RCL (13), then J(1) = 0.

Proof Setting x =y =1 in (13) gives
2J(1) = 2J(1)* +4J(1),

so J(1)*>+ J(1) = 0 and therefore J(1) € {0,—1}. If J(1) = —1, substituting y
)

=1
into (13) yields J(z) = —1 for all # > 0, contradicting non-constancy. Hence J(1) = 0.

Corollary A.2 (Reciprocity Is Forced) Under the same hypotheses, J(x) =
J(1/x) for all x > 0.

Proof Set « = 1 in (13) and use Proposition A.1.

Main Uniqueness Theorem

Theorem A.3 Assume that J : (0,00) — R is continuous, non-constant, and satis-
fies Axzioms 1-2 stated in Item 1 of the Appendix. Then the cost is forced to be the
canonical reciprocal form
(z —1)°

2r

In particular, the closed form is not an additional modeling choice: it is determined
by the composition identity together with the local quadratic calibration at balance.

J(x) = %(x—i—x_l) —-1=

Proof Define g(x) := 1+ J(z) and pass to log-coordinates by setting h(t) := g(e*). A
direct substitution of (13) shows that h satisfies the classical d’Alembert functional
equation

h(s+1t) + h(s —t) = 2h(s)h(t) (s,t € R).

By Proposition A.1 we have J(1) = 0, hence h(0) = g(1) = 1. The classification
of continuous solutions to d’Alembert’s equation with h(0) = 1 is standard (see, for
example, [1]): there exists A > 0 such that either h(t) = cos(At) or h(t) = cosh(At).
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The calibration Axiom 2 says that Jie(t) = J(e') has second derivative 1 at
t = 0. Since J102g( ) = h(t) — 1, this gives h”(0) = 1. For the cosine branch one
has h"(0) = < 0, which is incompatible with 2”(0) = 1. Hence we are in the
hyperbolic branch and h(t) = cosh(At). Imposing h”(0) = A* = 1 yields A = 1, so
h(t) = cosh(t).

Finally, returning to multiplicative coordinates, g(x) = h(lnz) = cosh(lnz) =
t(z+ 27') and therefore J(z) = g(z) —1=1(z+a27') - 1= ( )2

Derived Properties

Lemma A.4 (Calibration at 1 vs. 0 in Log-Coordinates) Assume J is differ-
entiable at 1 and satisfies reciprocity J(x) = J(1/x). Then J'(1) = 0. If moreover
J is twice differentiable at 1, then for Jiog(t) := J(e') one has J,(0) = J"(1). In

log
particular, the condition Jlog(O) =1 is equivalent to J"(1) = 1.

ence J'(1) = 0.

Proof Differentiating J(x) = J(l/x) at x = 1 gives J'(1) = =J'(1), h
Het. Evaluating at

By the chain rule, .Jj,,(t) = J'(¢")e’ and J,(t) = J"(e")e* + J'(e
t = 0 and using J'(1) = 0 yields Ji,(0) = J"(1).

Once the closed form is established, standard structural properties become im-
mediate: the cost is reciprocal (J(x) = J(1/z)), non-negative with equality only at
x = 1, strictly convex in log-coordinates near balance, and it diverges as x — 07 or
x — 400. The main paper uses only the explicit formula and the fact that it is forced
by Axiom 1, non-constancy, and the local calibration in Axiom 2.

Item 2. Finite-Field Jacobian Matrix for (d, W) = (3, 8)

For completeness, we record the integer matrix DF;g(my) used in the finite-field
determinant check in Lemma 2.17.

1 7 -3 9 69 54 3
0 1008 956 1388 25920 20844 5568
0 175456 ~190016 200544 5088848 4927712 1787216
DFys(m) = |0 28857344 34167296 —927911296 755009920 959230336 430318144
0 4538167296 —5754321920 —3726310400 82750894080 —165775961088 89416058880
0 686488772608 —922559823872 —473024225280 3615042621440 —26067531849728  16866417889280
0 100127404457984 —141965037535232 —56107543330816 —1341867460689920 —3737714520064000 2956546669428736
Declarations

Data Awvailability. Data sharing is not applicable to this article because no real
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