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Abstract

In this paper we study the geometric structure induced by the canonical reciprocal cost
function and its natural n-dimensional extension. In logarithmic coordinates, the potential
depends only on the linear combination S = « - t, and the associated Hessian metric has
rank one at every point. The geometry is intrinsically degenerate and effectively one-
dimensional, with an (n — 1)-dimensional null distribution. On the other hand, when the
same function is expressed in the original x-coordinates, the corresponding Hessian is
generically nondegenerate and defines a pseudo-Riemannian metric away from explicit
singular hypersurfaces. We further analyze affine and Levi-Civita geodesics and compare
their behavior. In particular, affine geodesics in logarithmic coordinates are globally defined,
while in x-coordinates their behavior is restricted by the domain and the singular set. Finally,
we relate the construction to symmetrized Itakura-Saito and Bregman divergences, and
give a Fisher-Rao realization of the logarithmic Hessian metric.

Keywords: Hessian geometry, degenerate metric, affine structure, Levi-Civita connection,
geodesics, gradient paths, reciprocal cost.

1. Introduction and motivation

In this paper we study the geometric structures generated by the canonical reciprocal
cost function and its multidimensional extension. The canonical cost function in one-
dimension

J(x) = %(er -1

was introduced in [20]. Generic cost functions are ubiquitous in optimization techniques,
and different cost functions can have different motivations. In the paper [21], it is proved
that this particular function appears as an unique solution of the polynomial composition
law together with the curvature calibration.

In this paper, we construct the multidimensional extension of the reciprocal cost,
examine what kind of multidimensional geometry is induced by the Hessian of the function
J, and explore how this geometry depends on the choice of affine structure. Hessian
geometry appears on affine manifolds with a flat connection. A metric g is called Hessian
if it can be written locally as g = Dd¢ for some potential ¢ [3,17]. Here D denotes a flat
affine connection, so in affine coordinates the metric takes the form g;; = 9;0;¢. The pair
(D, g) is called a Hessian structure. Such structures are related to several geometric theories.
They are real analogues of Kahler geometry [17], since Kdhler metrics are given by complex
Hessians. They also appear in affine differential geometry and in information geometry
[3,4]. In this way, Hessian geometry connects different areas.
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Specifically, we consider the function | in two coordinate systems used in previous
papers [20,21]: the original variables x and the logarithmic variables t = log x. Although
these are related by a smooth change of variables, the Hessian construction depends on
the choice of affine structure, and therefore the induced geometries are not equivalent. In
logarithmic coordinates the function | takes the form

J(t) = cosh(i aiti> -1

i=1

Hence | depends only on the scalar quantity S(t) = Y ; a;t;. It follows that the Hessian
with respect to the t-coordinates has rank one at every point. The induced geometry is de-
generate, with a distinguished direction given by « and an integrable (n — 1)-dimensional
null distribution. As a consequence, the associated Hessian structure in logarithmic coordi-
nates effectively reduces to a one-dimensional geometry, even though the ambient space
is n-dimensional. On the other hand, when | is expressed in the original x-coordinates,
the corresponding Hessian matrix is generically nondegenerate and defines a pseudo-
Riemannian metric away from a singular set. Thus the same function gives rise to two
qualitatively different geometric structures.

We further study the corresponding affine and Levi-Civita geodesics, with particular
attention to the distinguished direction and to the behavior near the degeneracy locus. The
Hessian manifold defined with logarithmic coordinates is geodesically complete for the
affine geodesics, but due to the non-invertibility of the metric an additional Levi-Civita
connection is not defined. Conversely, the Hessian manifold defined with the original
coordinates is geodesically incomplete for the affine geodesics (due to a coordinate domain
restriction) and for Levi-Civita geodesics (due to the presence of curvature singularities of
that connection).

The paper is organized as follows. In Section 2, we extend the cost function to multiple
variables. Next, we examine construction of Hessian metrics and their properties for an
arbitrary dimension in Section 3. We then examine the properties of the 2-dimensional
versions of these manifolds and the trajectories on them to further illustrate their behavior
in Section 4. In Section 5, we interpret our results from the perspective of information
geometry, relating the cost function to Bregman divergences and Fisher-Rao metrics. We
give our conclusions in Section 6.

2. Canonical reciprocal cost and its n-dimensional extension

We start with the one-dimensional canonical reciprocal cost function

J(x) == %(xﬂrl) ~1,  x>0. (1)

This function is our main model. It satisfies the basic properties

@ J1) =0,
i) J(x) =],
(iii) J(x) > Oforall x > 0.

In logarithmic coordinates f = log x, one has
J(e') = cosh(t) — 1. ()

The importance of this function comes from the following theorem. We denote by R* the
set of positive real numbers.
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Theorem 1. [20] Let F : R — R satisfy composition law

F(xy) +F(;> = 2F(x)E(y) + 2F(x) + 2E(y). 3
If the unit log-curvature
t
lim 2 (26 ) 1 @)
t—0 t

is satisfied, then
1
F(x) = E(x + xil) —1=](x).

This theorem shows that the canonical reciprocal cost (1) is unique under the com-
position law and the unit log-curvature normalization. The relation (3) may be viewed
as a multiplicative d’Alembert-type functional equation on the positive reals [21]. The
logarithmic reparametrization transforms it into an additive one-dimensional variable.

We stress that uniqueness in one dimension does not extend to higher dimensions.

Some additional assumptions are needed. Therefore, it is natural to ask for a suitable
multidimensional extension, and this question motivates the rest of the paper.

Let us consider the n-dimensional function on (R*)" given by

15 o % —a
](xl,...,xn):2<1‘[xf"+1‘[xi “z>—1, x; >0, (5)
i=1 i=1
where aq,...,a, € R. Let
n
R(x1, ..., xn) = [ [ (6)

Then (5) can be written in the form

1

J(x1,...,xn) = §(R+R_1) —1.

Thus all dependence on the coordinates x; is through the single scalar R(x), where x =
(x1,...,x,). Hence the geometry is essentially one-dimensional.
If we assume permutation symmetry, that is,

](x(,(l),. ..,xa(n)) =J(x1,...,%n) foralloc € S,
then all variables are equally weighted. More precisely,

Lemma 1. If the function (5) is permutation symmetric, « = (aq,...,a,) # 0, and n > 3 then
0y =0y =--- =y If n =2, 01 = tay allows for permutation symmetry.

Proof. Permutation symmetry assumption gives
! K ! —0 . o; . —0
Hxal(i) +Hxa(i3 = Hxil +Hxi l
i=1 i=1 i=1 i=1
for every o € S, and all x; > 0. Hence

n n n
l_!xgi(i) = Hxi‘xi or Hx?(i) = Hxi_ai-
1= 1= 1=

i=1

https:/ /doi.org/10.3390/1010000

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105


https://doi.org/10.3390/1010000

Version May 12, 2026 submitted to Journal Not Specified 4 0of 25

Suppose n > 3 and consider a permutation ¢ that only swaps two elements i # j. Taking
xj = eand x; = 1, we obtain

n n
1 T = et 1 [ o %
k#i,j ki j
Since the values of x are nonzero, we obtain
L +oap—a
oo -
e/jFl:kak k, (8)
k#ij

The left-hand side is constant, while the right-hand side depends on the variables xj. Since
this identity holds for all x; > 0, all exponents must vanish. Thus

ta—a=0(k#4ij),  aFa=0.

The minus sign implies aj = 0 for all k # i, j, impossible for n > 3 and a # 0. Hence the
signis + and a; = a;. Since i, j are arbitrary, all exponents are equal.
If n = 2, the condition becomes

LS N :toq it)éz
X'yt =xy tag 9)
That is,
o Fay _ Fag—ap
X =x, . (10)

This is independent of x1, x7 if and only if &y = £ay. O

Therefore, permutation symmetry is determined by choosing a € R such that
w, =a, i=1,...,n

In this case the cost function (5) becomes

](xl,...,xn):% (ﬁxi> +<ﬁx,~> —1.
i=1 i=1

Suppose that the permutation symmetric multidimensional cost function reduces to the
one-dimensional case (1) when all variables are equal, i.e.:

Because J(x) = % (x +x~1) — 1, then from equality above we get
cosh(anlogx) —1 = cosh(logx) —1 forallx >0,

and we obtain an = +1, hence a = :t%. Since J(R) = J(R™1), both choices lead to the

same cost function. Without loss of generality, we take a = 1. Therefore, the natural choice

under the conditions of permutation symmetry and dimensional reduction is a = 1. This

1 " 1/n " —1/n
J(x1,...,x,) = > (Hx,-) + <Hxi> —1. (11)
i=1 i=1

gives
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In the rest of the paper we work with a general &, while a; = 1 is used as a special case.

—n
In particular, a; = % ensures the cost function depends only on the geometric mean of the
variables

G(x) = (x1---x,)".

2.1. Logarithmic representation
Let
t; = log x;, i=1,...,n.

Then

1=

1

R(xl,.. .,Xn) = exp( Déit,'>,
i=1

and the cost function takes the form

i=1

J(x1,...,xn) = cosh(i ociti> -1 (12)

Thus the n-dimensional function depends only on one linear combination of the logarith-
mic coordinates. This shows that the Hessian in logarithmic coordinates has rank one,
independently of the ambient dimension.

Recall that under the assumption ay = --- = &, = a, the dimensional reduction
condition

J(x,...,x) =J(x)

implies a = %, and hence «; = % In this sense, the choice a; = % is canonical. In this case,
we obtain

1 n
J(x1,...,xn) = cosh(n Ztl) -1
i=1

Analogously to the expression in x-coordinates (11), where the cost depends on the geo-
metric mean, in t-coordinates it depends on the arithmetic mean.

3. Geometry of general multidimensional cost
The logarithmic form of the multidimensional reciprocal cost is
n
J(t) = cosh(S(t)) — 1, S(t) = szit,', t; = log x;, (13)

i=1

wheret = (t1,...,t,) € R*anda = (ay,...,a,)T € R" is fixed. Since

a .
o sinh(S(t)) a;,
we obtain
732] = cosh(S(t)) a;a; i,j=1 n
atlat]_ 1%y /]_ JARRN AL

Hence, the Hessian matrix of | is
V2] (t) = cosh(S(t)) aa.
Since a # 0 and cosh(S(t)) > 0, we have

V2] (t)a = cosh(S(t))(aTa)a # 0,
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and therefore 168
rank(V2](t)) =1 169

Thus the Hessian is degenerate, and its image is the one-dimensional subspace generated 1o
by 0. 171
Remark 1. If J(t) = f(a-t) and f" # 0, then the Hessian V2] (t) has rank one. Indeed, 2
V2(t) = f"(a - t) aat, 173

which is a matrix of rank one. 174

In particular, the rank one property follows from the fact that | depends on a linear form s
S(t) = a - t. The reciprocal cost is a particular example with f(S(t)) = cosh(S(t)) — 1, which s
gives the factor cosh(S(t)) in the Hessian. w

3.1. Interpreting the Hessian as a metric in logarithmic coordinates 178

We consider the n-dimensional reciprocal cost in logarithmic coordinates (13). Assume 17

a = (a1,...,a,) # 0. The Hessian of | defines a symmetric metric tensor 180
(0= ) = ey cosn(s(0) 1

gl] - Tat] — lxll’(] COos . ( ) 181

The metric tensor (14) is degenerate and 182

rank(g;;(t)) =1 forall t € R". 183

Hence the metric is not invertible and its kernel has dimension n — 1. The quadratic form 1

associated with g;; is 185

¢(v,v) = cosh(S(t))(a - v)2. (15) 186

The metric measures variations only in the direction of a, while vectors orthogonal to a lie 17

in the kernel of g. So, the radical distribution 188

Ry = {UER”Z(X'UZO} (16) 180

is this kernel. It is integrable, and its leaves are the affine hyperplanes 190

« -t = const. 101

Indeed, along any curve t(s) = t(0) + sv for a curve parameter s with v € R,, we have 102

o - t(S) =u- t(O), 193

so the flow remains in the same leaf. 194

Thus the geometry in logarithmic coordinates consists of one distinguished direction 19
given by a while the remaining (n — 1) directions form a null foliation transverse to it. 196

Degenerate metric structures appear in several areas of mathematical physics. In 1
particular, non-invertible metrics are studied in Carrollian geometry [6] and in the intrinsic 10
geometry of null hypersurfaces in general relativity (see, e.g. [5] and chapter 3 of [14]). 19
In Carrollian geometry the metric typically has co-rank one and is accompanied by a 20
distinguished vector field generating its kernel. Likewise, null hypersurfaces in GR typically 20
are described using an intrinsic metric of signature (0, 4+, +). 202

https:/ /doi.org/10.3390/1010000
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In the present case the situation is different. The metric (14) has rank one and therefore
co-rank 1 — 1. Hence for n > 2 it does not define a Carrollian structure. Only in dimension
n = 2 our Hessian metric has the correct algebraic type for the Carrollian framework [6].
Another area worth mentioning, where a strictly rank 1 metric is used, is the Newton-Cartan
theory (see, e.g. [8]). Here, a 4 dimensional manifold is endowed with a rank 1 temporal
metric of t,, = T, Ty induced by a one form T, together with a spatial co-metric h*" of rank
3 such that h*"1, = 0, and a connection defined such that both V7, = 0 and V,h*" = 0.
These examples show that degenerate metrics of low rank naturally arise in mathematical
physics. However, the structure considered here is different, since the degeneracy is of
co-rank n — 1, in contrast to the co-rank one structures appearing in Carrollian and related
geometries, and is induced by a cost potential. This suggests a possible interpretation in
terms of effectively one-dimensional dynamics embedded in a higher-dimensional space.

In logarithmic coordinates, the function | depends only on the linear form S = « - t.
The Hessian has rank one and measures variations only in the direction of «, while the
(n — 1)-dimensional distribution defined by « - v = 0 lies in its kernel.

In the original x-coordinates, the transformation ¢ = log x is not affine. Therefore,
the Hessian construction involves additional terms, and the metric becomes generically
nondegenerate outside of singular hypersurfaces.

3.2. Curves in the kernel of §

The following is a consequence of the definition of the radical distribution (16) and
describes curves along which the cost function remains constant.
Let y(7) be a curve with velocity 7 = Z—Z such that

§(1,7) = cosh(S(7(1))) (- 7)* =0. (17)

Since cosh(S(7y(7))) > 0, it follows that « - 7 = 0.
Let ¥ be a set of vectors g5 = (B¥),k = 1,...,n — 1, spanning the radical distribution
(16) such that

n
Y ;g =0. (18)
i=1
If tp = (0), then any such curve can be written as
n—1 " n—1 ‘
Y@ =to+ ), (DB, (T =) w() g (19)
k=1 k=1

Thus v lies in the affine hyperplane
a-t=uw-ty,

and the components 7, (7) in (19) are arbitrary, since (18) ensures that (17) is satisfied.

Moreover,
as

=

s0 S(y(7)) is constant and the cost function J(y(7)) remains constant. Thus the curves

a-7=0,

satisfying (17) are integral curves of R, and lie in hypersurfaces | = const.
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3.3. Interpreting the Hessian as a metric in x-coordinates

Now we compute the Hessian with respect to the original coordinates x;. Using
R(x) =TT, ka from (6), the reciprocal cost is written as

1
J(x) = 5(R+ R7Y) —1.
Since
R _ &
axi - X !
we obtain o 1
«
—~ = (R—RH=,
axi 2( )xi
Differentiating the last equation gives, for i # j,
9%] 1 aje; 1
= R+R
axiaxj 2 xix]'< + ),
while on the diagonal one has
?] 11 1

Equivalently, by using u; = a;/x; and D = diag(a;/x?), we obtain

Vi = % (R+R Yuu' — % (R—RYHD.

This representation shows that the Hessian is the sum of a rank one matrix uu ' and a
diagonal matrix D. It is therefore invertible in general, but fails to be invertible under
certain conditions. For instance, on the hypersurface R = 1 (equivalently | = 0), the
diagonal term vanishes and therefore

2 _ T
ViJjr=1 = uu -,

which is a matrix of rank one (provided « # 0). In particular, at equilibrium x; = 1 we
obtain
V2j(,...,1) =aa'.

Assume that R # 1 and «; # 0 for all i. Then the diagonal matrix

o
D = diag| —
g( )
is invertible, and invertible A is given by

A= f%(R —~RYHD.

In this case, the Hessian is written as

&

1
V2] =A+puu’, p:= E(R+R’l), up= .
1

In particular, A is invertible when R # 1 and all ; # 0, and from the determinant rule

det(A + Buu') = det(A) (1 +Bu' A~ 'u),
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we obtain
det(V2]) = det(A)(1+Bu’ A~ lu).

Hence, under the restrictions R # 1 and &; # 0 for all i, the Hessian V2] is singular if and
only if
1+Bu' A lu=0.

This shows that the degeneracy occurs on a hypersurface in (R*)"”. We summarize the
above consideration in the next Proposition.

Proposition 1. Let R(x) = [T{_; x;*, and assume R # 1 and w; # 0 for all i. Then the Hessian
V2] is invertible except on the locus

1+Bu'Alu=0,
where A= —2(R—R™Y)D,B=%3(R+RY), u; = a;/x;, and D = diag(a;/x?).
A direct computation gives

R_~_R71 n

n
1 +‘BMTA71M =1- W Zﬂéi =1- COth(S(t)) Eai,
i=1 i=1

where S(t) is defined by (13). Hence the singular locus is determined by

coth(S(t)) = % or tanh(S(t)) = éai,

i=1%i
which has solutions if and only if

<1

n
)
i=1

Thus the singular locus defines a proper hypersurface (whenever nonempty), and therefore

the Hessian is generically nondegenerate.

Finally, the Hessian metric is given by

1 aj; -1 C

( ) zxixj (R+R )’ l#]/
hij X)= (20)

11 N

Eg(“i(lxi—l)R‘i‘ai(D{i—f—l)R ), 1=7.

Thus hj; defines a Hessian metric which is generically nondegenerate, and hence pseudo-
Riemannian.
For instance, in the case n = 2, the signature is determined by the sign of det(h;;).
Starting from
R(x1,x2) = x{'x52,

we obtain
det(hj) = hiihy — hiy,
where 1 ma
hip = = ——2(R+R!
250 xz( + ),

1 -
]’ln = 7(0(1(061 —1)R+0€1(0¢1+1)R 1),
1

N| =

https://doi.org/10.3390/1010000
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1
h = —
27> x%

Substituting into the determinant and simplifying, we obtain

1 LS.

det(h;) = —
et(fij) 4 R2x2x3

= (lxz(ﬂéz — DR+ az(az + 1)R_1>-

(Rz—l)((ﬂcl +0(2—1)R2+061 +D(2+1>.

In particular, up to the positive factor x3x3 in the denominator, det(h;;) depends on (x, x2)

only through R.
In the canonical case a1 = ap = %, we have R = /x7x3, and
det(h~)*—i(x xp—1), x>0, x>0
1) = 8x:13xg 142 7 1 7 2 .

Therefore,

det(hi]‘) <0 forxjxy >1, det(h,']‘) >0 forxx <1.

Thus the metric is Lorentzian (signature (1,1)) on the region x1x, > 1, positive definite on

x1xp < 1, and degenerate on the hypersurface x1x; = 1.

The degeneracy is not intrinsic to J, but depends on the chosen affine structure. We

summarize the above results in the following theorem omitting the proof.

Theorem 2. Let | be reciprocal cost (5) and assume & = (aq, ..., &

(i) In logarithmic coordinates, the Hessian satisfies
rank (V2] (t)) =1

at every point.

(ii)  In the original x-coordinates, the Hessian V%] (x) is generically nondegenerate. More precisely,

n) # 0. Then:

for fixed parameters a; # 0, it is invertible on the open set where R # 1 and

1+pulA~lu £o0.
The singular locus determined by the condition
1+putA lu=0,

which is equivalent to

tanh(S(x)) = ) w;, S(x) =) ajlogx;
i=1 i=1

exists if and only if

<L

n
)4
i=1

3.4. Projective equivalence

In the subsection, we analyze the projective relation between the affine connections of

M; and M,. We consider the Hessian manifold M = (R™)".

The manifold M; corresponds to the flat affine connection for which the logarithmic

coordinates f; are affine, and the metric g in these coordinates is given by (14).
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The manifold M, corresponds to the flat affine connection for which the original s
coordinates x; are affine, and the metric & is given by (20). Geodesic mapping and its s
generalizations were investigated by many authors, for example J. Mikes in [11], N. S. 33
Sinyukov in [18], L.S. Velimirovi¢ and M.S. Stankovi¢ in [19] and many others [23]. 336

Proposition 2. Let M = (R™)" be the manifold, and let My and My denote the affine structures — sx

corresponding to the coordinates t; = log x; and x;, respectively. 338
For n > 2, the affine connections of My and My are not projectively equivalent. 330
Proof. In the x-coordinates, the affine connection of M, is trivial: 340
xr;k == 0. 341

On the other hand, the affine connection of M;, expressed in the x-coordinates, has the s

nonzero components 343
; 1 .
tréi:—*, 121,...,71, 344
Xi
while all other components vanish. 345
Recall that two torsion-free connections are projectively equivalent if and only if there s
exists a 1-form ¢ = ¢y dx* such that 247
tr;k — xr}k = (5]111L7k + 5;(1/)] 348
Since xl"j»k = 0, this becomes 349
tl“}k = 5]11111( + §]l<lP] 350
Taking i = j = k, we obtain 351
1 ‘
—; = tl’;-i = lel’, 352
1
hence 1 353
wi:_Txi forall i=1,...,n. 354
Fix an index i € {1,...,n} and choose | # i. Since the mixed components of ;I vanish, s
taking j = i and k = [ we obtain 356
0= trél = 5;1,[71 + (5;1’01 = 1. 357
Thus 358
P =0, 350
which contradicts 1 360
l/}l - — Txl 361
Therefore, for n > 2, the two affine connections are not projectively equivalent. [J 362
4. Comparative analysis between the two-dimensional M, and M; 363
manifolds 300

In this section we consider the case n = 2, use notation (s, t) = (t1,t2), (x,y) = (x1,x2), s
and (a,b) = (a7, a2). The purpose is to make the general structure explicit in dimension s
n = 2, where singular sets, curvature, and geodesics can be written explicitly. 367
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4.1. The two-dimensional M,

According to the notation aforementioned above, we have

1
Jeoy) = 5 (" +x7y ") -1, (21)

and the Hessian of | with respect to the x, y coordinates is

u((a+1)x’”y’b+(a71)x”yb) ab(x’“y’b+x”yb)
_ 2x2 2xy
H = ﬂb(x’”y’b—&-x”yb) b((b—&-l)x’”y’b—l—(b—l)x”yb) (22)
2xy 2y2
in general. The zero-cost condition for nonzero a, b can be written y = x~ %Y 5o on the

zero-cost hypersurface, we get

a? 41
B & abxb
"= ( ab;%_l P2x T ) *

At the point x = y = 1 we get
a* ab
H = . 24
( ab b2 ) @)

The determinant of (23) is zero, so the matrix is not invertible on the zero-cost hyper-
surface. Since the point x = y = 1 belongs to the zero-cost hypersurface, the matrix (24) is
also not invertible.

On the other hand, the determinant of (22) is

_}Labxfz(a+l)y,2(h+1) (x2ay2b _ 1) (axZayZb b2 a2 g g 1),

which is not identically zero. Therefore, away from the zero-cost hypersurface and the
additional singular locus, H is invertible and defines a metric.

4.2. The two-dimensional M;

For comparison, let s = log x, t = logy. Then
J(s,t) = cosh(as + bt) — 1. (25)

Hence

a® cosh(as + bt) abcosh(as + bt

ab cosh(as + bt)  b?cosh(as + bt)

Matching the general n-dimensional case in logarithmic coordinates, the Hessian matrix of
J with respect to (s, t) coordinates (26) has rank one:

gij = cosh(as + bt) (Z) (a b).

Hence its kernel is one-dimensional and generated by the vector (b, —a). Thus in dimension
two the Hessian has rank one, and its kernel is one-dimensional.
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4.3. Two affine structures

Let X = (x,y) and T = (s,t). We use hatted indices for (x,y) coordinates. Let us
denote by M; the Hessian manifold given by the affine coordinates (s, t), with metric g;;
from (26), and by M, as the Hessian manifold given by the affine coordinates (x, y), with
metric h;j from (22).

Although the variables are related by x = ¢°, y = e’, the Hessian construction depends
on the chosen affine structure. Therefore g and / are not the same Hessian tensor written in
different coordinates, but arise from two different flat connections. The Jacobian factors are

ox ox dy ay

How Too Yoo Yoy 27)
os 1 ot 0s ot 1

wr m Y Y Ty 28)

Transforming g to (x,y), we get

. . a?(x— 0y b4 xryb ab(x =%yl 4x2yb
T o Cy ) bty )

2x
8= i awiSi = ab(x~Ty~bpxtyt) B2 x—ayngrxayb . (29)
X 9xJ Ty oty) A - )
This is not equal to h;]o. Similarly,
_axtaxi,
Y 9T oTi
. (30)
[ a(acosh(as + bt) — sinh(as + bt)) ab cosh(as + bt)
N ab cosh(as + bt) b(b cosh(as + bt) — sinh(as + bt)) )’

which is not equal to (26).

4.4. Transformation of the connections

The difference g;; # h;; arises because the two Hessians use different affine connec-
tions.

The formula g;; = 9;9;] is not invariant under nonlinear coordinate change. The
invariant form is

8ij = ViVj],
where V is the flat affine connection of the chosen coordinates. For M;, we have
Ty =0 in(s,t),

and for M, )
XF;.Mk =0 in(x,y).

Transforming connections, we obtain for M; in (x, y):
1 1
_ L
fr;x -y tryy = _]7/ (31)

all other components zero.
For My in (s, t) coordinates:

I8 =1, Ih =1, (32)

https:/ /doi.org/10.3390/1010000

395

396

397

398

399

400

402

403

404

405

406

407

408

409

410

412

413

415

416

417

418

419

420

422

423

424


https://doi.org/10.3390/1010000

Version May 12, 2026 submitted to Journal Not Specified 14 of 25

and all other components are zero. Using the transformed connection coefficients and
covariant derivatives, we obtain

tVirVil =85 2VixVj] = hij.

This shows that the geometric behavior induced by | depends on the chosen affine structure.

4.5. Levi-Civita connection and geodesics in x-coordinates

Following the notation of (22), let x; = x, xo =y, &1 = a, ap = b, and define
R(x,y) = x"?, Z = R? = x21y?,

The metric h;; = 8;8;] is given by (22), where the hatted indices refer to the original
(x,y)-coordinates, and

(R+R71) -1

N =

J(xy) =
Introduce the denominator factor
A=(Z-1)((a+b—-1)Z+ (a+b+1)).
Note that A = 0 on the hypersurface R = 1 (i.e. Z = 1), and also on the additional locus
(a+b-1)Z+(a+b+1)=0,
where the metric is not invertible. Thus, the formulas below are valid on the set
D= {(x,y) €(0,00): A #0, a,b #0}.
Since Z > 0, the equation (1 +b —1)Z + (a + b+ 1) = 0 has a positive solution if

__a—l—b—l—l -0
T oa+b-1 :
It follows that
(a+b+1D)@a+b-1) <0,

that is, when |a + b| < 1.
The non-zero Christoffel symbols of the Levi-Civita connection Fi.‘j = F;?i are given by

7202 4+ 27%qb —37%a — 2720+ 272 —274%> + 47Zab —AZ +a%> + 2ab+3a +2b+ 2

Tl =

. 2x A

oo b2+ 224 4Za—2Zb b 1)

S 2y A ’

T bx(Z%b— Z* +6Zb+b+1)

vy 2]/2A 4

v __ay(Zza—Z2+6Za+a+1)

XX — zsz 7

T _a(Z*a— 27> +2Za—4Zb+a+1)

Xy — yx — 2xA 7

Y, - 272ab —27%a + Z2b* — 37%b + 272 + 4Zab — 2Zb* — 47 + 2ab +2a + b* + 3b + 2
2y A ’
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a+b
o

L

0 5 10 15 20

z

Figure 1. Ricci scalar divergences on the orange curves and vanishes on the blue curves. The dashed
linesa + b =2 and a + b = 1 represent asymptotes.

These coefficients' show that the Levi-Civita connection is singular on the hypersurface
A = 0, which includes the zero-cost hypersurface R = 1.

We now compute the curvature of this connection. Since the manifold is two-
dimensional, there is only one independent curvature invariant. ~The Ricci scalar of
the Levi-Civita connection of & (see, e.g., [7], Chapter 4) is defined by Ric = Wil Ri]-, where
Ri]- denotes the Ricci tensor. In our coordinates, it takes the form

o 4(a+b)Z3*((a+b—2)Z+a+b+2)
(Z-12((a+b—1)Z4a+b+1)*

This expression shows that the curvature vanishes when a 4 b = 0, and diverges on the loci
where the denominator vanishes, in particular, it is at Z = 1, that is on the hypersurface
R = 1. See Figure 1.

Both manifolds M; and My, equipped with their natural flat affine connections, have
identically zero Riemann curvature. However, when the Levi-Civita connection is intro-
duced on My, curvature appears.

This reflects the fact that the Hessian construction depends on the chosen affine
structure.

4.6. Geodesics

We distinguish three types of curves associated with the two affine structures intro-
duced above: affine geodesics on M;, affine geodesics on My, and Levi-Civita geodesics
associated with the metric induced on M.

1" The Christoffel symbols and Ricci scalar here and in 4.6.2 are verified using Wolfram Mathematica.
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4.6.1. Affine geodesics on M;

On the manifold My, the affine connection is trivial in the affine coordinates (s, t), so

tl"j-k = 0. Hence the affine geodesics are straight lines,

s(A) = 5o+ 514,

HA) = to + 1A

Passing to x-coordinates via x = ¢°, y = ¢!, these become

x(A) = erSM, y(A) = yoetl)‘.

These curves are defined for all A € R and are the images of affine geodesics on M; under

the transformation x = €%, y = e'. Higher dimensional versions of M; will also have straight

line geodesics in logarithmic coordinates with respect to the intrinsic affine connection.

4.6.2. Levi-Civita geodesics on My

On the manifold M,, we consider the Levi-Civita connection of the metric h;j induced

by the Hessian structure. The geodesics satisfy

The Levi-Civita connection is defined only on the open set where the metric is nonde-

d?xi
axz ok

i

Ty (%)

dr dA

generate, i.e. where A # 0. The corresponding geodesic equations become singular on the

degeneracy set A = 0.

Explicitly, the equations are

dA?

2A x
b(2Z(b—2a) + (b—1)Z>+ b+1) dx dy

Ay

dA dA

d2x (a+1)(a+2b+2)—27Z(a® —2ab+2) + (a —1)Z2(a +2b — 2) (dx>2

dr

bx((b—1)Z*+6bZ+b+1) (dy 2

dr) ’
(33)

2A 2

a2~

2y (b+1)(2a+b+2) —2Z(—2ab+ b +2) + (b —1)Z%(2a + b — 2) (dy)z

Ax

where A and Z are defined as above.

2Ay
a(2Z(a—2b) + (a—1)Z2+a+1) dxdy ay((a—1)Z%2+6aZ+a+1) (dx\?

dA dA

dA

2A x2 ar )’
(34)

Note the symmetry under simultaneously swapping a and b, and x and y. A point on

the zero-cost hypersurface can be written as

_1/a
X—ZO

7

y

_ —1/b
=z,

7

(35)

for some zp > 0 and nonzero a,b. The geodesic equations are singular on the | = 0

hypersurface, since A = 0 there (equivalently, Z = 1).

We consider a formal expansion near A = 0 and extract only leading-order constraints.

Suppose a formal solution is of the form

x(A)

_1/a

n i (A — k)",

n=1

y(A)

_ —1/b
=z,

+ ) yn(A=K)", (36)

n=1
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and exists near A = k, so that the curve extends away from the | = 0 hypersurface and the

partial derivatives
dx

A, Y dA !

A=k

are finite.
After moving all terms in (33) and (34) to the left-hand side and multiplying by A, the
first equation takes the form

d?x dx \? dy\? _dxdy
sieta() +8(5) repy=o

with an analogous expression for the y-equation. Substituting (36), and expanding near
A = k give the constraints

141 141
4bzal/” <x1 - ylz(‘j+b> (bylngrb + ax1> =0 (37)

from (33), and
-2} 141 141
daz, ° <ylzg — x1> (bylzg + ax1> =0 (38)
from (34), respectively, for a,b # 0. Both equations give the same two possibilities:

_ it _ b i
X1 =Y1z9 xl*_aylzo ’

since zg > 0. These give the possible tangent directions near the zero-cost hypersurface
compatible with obeying (36). Since the geodesics are singular on the hypersurface A =0,
these conditions provide only necessary constraints on the tangent directions. In general,
they do not guarantee the existence of a regular solution extending across the singular set.
Therefore, no matching conditions arise for Levi-Civita geodesics.

We also consider the Levi-Civita structure on M, in (s, t)-coordinates, using (30). In
these coordinates, the connection coefficients are

a (Zb coth?(as + bt) — coth(as + bt) + a)

s
Iss = 2(a + b) coth(as + bt) — 2 ’ 39
b ((b — a) coth?(as + bt) — coth(as + bt) + a)
S _ TS __

Lo =14 = 2(a 1 b) coth(as + b} —2 / 49
s b csch?(as + bt) (3b — sinh(2(as + bt)) + b cosh(2(as + bt))) 1)
= 4(a+ b) coth(as + bt) — 4 ’

a csch?(as + bt) (3a — sinh(2(as + bt)) + a cosh(2(as + bt

It =— (42)

s 4(a+b) coth(as + bt) — 4 ’
a ((a — b) coth?(as + bt) — coth(as + bt) + b)

T =Ty = (43)

s 2(a+b) coth(as + bt) —2 ’
b (Za coth?(as + bt) — coth(as + bt) + b)

It = ) (44)

f 2(a+b) coth(as + bt) —2
The coefficients depend only on the combination
S=as+bt =y, (45)
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which is analogous to Z = x2*y? in the (x,y)-coordinates. Define
r = —bs + at. (46)

Then g is the linear combination controlling the logarithmic Hessian, while  parametrizes
the transverse direction. The Ricci scalar of the Levi-Civita connection of % in the (s, t)-
coordinates is given by

3
Ric(q) (a+b)((a+b)cothg — 2)2csch q @)
2((a+b)cothg —1)

The previous equation shows that the Ricci scalar depends only on g = as + bt, and is
independent of r. Using the relations

S_aq—br _ bg+ar
a2+ b S oa? b

the geodesic equations can be written in the (g, r)-coordinates as

2(a® + bz)zq"((a +b) — tanh(q)) — ab(2(a2 —b)g' 7 + (a+b)?(r)?)

+(q)? ((a +b)(a® + b*)?tanh(q) — (a* — a®b + 4a?b? — ab® + b4)) =0, )
and
2(a? + %) ((a +b) — tanh(q)) +2(a + b)g' ' ((® + b*)% coth(q) — (a* + %) )
—(a—b) (q’)Zm ((a2 +b%)?(cosh(2q) +3) — (a® +b?) sinh(Zq)) (49)

+ ab(a® — b?) (r')* = 0.

All coefficients depend only on g, but the equations are coupled. In general, the condition
' = 0 is not preserved, except in the symmetric case a2 = b.

We now look for a formal solution near the zero-cost hypersurface, i.e. near g = 0, in
the form

g(A) = iqn()\ — k)", r(A) = i}rn(/\ — k)" (50)

The lowest order constraint necessary for such a solution to exist is

a—>b

rp = mql- (51)

4.6.3. Affine geodesics on M

On My manifold, the intrinsic affine connection is trivial in the (x, y)-coordinates, i.e.
xF;k = 0. Hence the affine geodesics are straight lines:

X(/\) = XA + X, y(/\) =YiA+Y).
Passing to logarithmic coordinates:

s =logx, t =logy,
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these curves satisfy 555
s | (ds\? Pt (dt)?

d/\2+<d/\) =0 mz*(m) =0

The solutions are given by 557

s(A) =log(A +S1) + S0, t(A) =log(A+Th) + To, 558

for suitable constants Sy, S1, Ty, T1, related to Xy, X1, Yy, Y1 by 550

So =log X3, S = %, Tp =log Y3, T, = %. 560

Since x(A) > 0 and y(A) > 0, the parameter A is restricted to an interval where s61

A+851 >0, A+T; > 0. 562

This restriction comes from the domain (0, c0)?. The affine connection is regular, and the s
geodesics reach the boundary x = 0 or y = 0. For higher dimensional versions of My, se
geodesics with respect to the intrinsic affine connection are straight lines in positive ratio  ses

coordinates, with a corresponding restriction on the affine parameter. 566

Thus, the same function | induces three distinct families of curves: the affine geodesics  ser

of My, the affine geodesics of My, and the Levi-Civita geodesics on M. 568

4.7. Gradient paths 569

We consider the Euclidean gradient flow of the cost function in the affine logarithmic s

coordinates 571
dt ) Z

FE V] = asinh l; wit; . (52) sn

Notice that these paths are defined independently of the Hessian metric or the choice of s
affine connection, although here the gradient is expressed in f-coordinates. We record both sz

ascent and descent flows: along ascent | is increasing, while along descent | — 0. 575
In the 2-dimensional case, writing (t1,t2) = (s, t) and « = (a,b), we obtain 576
ds . dt .
il sinh(as + bt), pri bsinh(as + bt). 577
Using the combinations g and r from equations (45), (46), we get 578
dg  ds at 5 o . 2
el +de = (a” + b°) sinh(q) = |«|" sinh(g), (53) 510
dr ds dt .
Fr _bE + a = (—ba + ab) sinh(g) = 0. (54) s
From the last two equations, we obtain 581
tanh @ = Celo’T, r(t) =Cy, (55) ==
for constants C, C1, on the interval where |Ce“"‘2T| < 1. Therefore, the solution for g is 583

(56) 584

+ Celalr
- ‘IJL|2T - 1 e
q(t) = 2artanh(Ce ) = ln(1 T )

https:/ /doi.org/10.3390/1010000
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This behavior extends to the n-dimensional case. Using S(¢) = Y.I' ; a;t; from (13), we
obtain dS/dt; = «;. Recall the vectors /3" = (/3’1‘), k=1,...,n—1, spanning the radical
distribution (16), as in (18) i.e. Y/ ; txiﬁ’l-‘ = 0, and denote perpendicular directions to S(t)
as r* such that 9r¥/9t; = p. Then, abbreviating S(¢(7)) along the gradient paths obeying
(52) as S, we have

dS n n

= Z Z w;a; sinh(S) = |a|?sinh(S), (57)
v 5 =1
and
drk orkde;, & .
Z T =Y Bfa;sinh(S) =0, (58)
1

i=1

by the orthogonality (18). Notice that the equation (57) coincides with (53) after replacing g
by S. Hence, the solution for S(7) follows from (56).
The cost function | = cosh(S) — 1 evolves as

df  djds 2 .12
A AR >
IT = dSdr |a|* sinh=(S) > 0, (59)

so the flow i = V] corresponds to a monotone increase of the cost.

If instead one considers the gradient descent flow

dt .
Pl —V] = —asinh(S),
then
s ) .
= —|a|* sinh(S),

tanh ? — CelvPr,

Tk = Ck,

for constants C, Cy. (on the interval where |Ce"“‘2r| < 1)and

dj _

o= —|a|?sinh?(S) < 0. (60)

Thus, along the negative gradient flow, the cost | does not increase strictly with 7, and
decreases strictly whenever S # 0.

4.7.1. lllustrated trajectories on My

The following figures illustrate several features on M. The dark curve represents the
zero-cost, while the light blue curve, when present, indicates the secondary locus where
the Ricci scalar diverges. Levi-Civita geodesics are shown in rainbow colors, where the
hue depends on the fractional part of the curve parameter A (in particular, the curve is red
when A is an integer). Gray arrows indicate the gradient of ], relevant for the gradient
flow. The same sets of items are shown in both xy and gr coordinates, (see Figures 2 and
3). Notice that these are by no means an exhaustive set for all possible behavior of the
Levi-Civita geodesics. Geodesics can be defined with different initial conditions (position
and velocity), and different parameter values «;, so they can approach the singular surfaces
or travel off to infinity in different ways. Geodesics may approach the singular locus, and in
some numerical examples they can appear to "intersect" it for certain initial conditions (for
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examplea =1/3,b=1/3,x) =7, yo = 5, xj = y;, = —1). However, this is not a regular
intersection. It reflects the breakdown of the geodesic equations near the singular set,
where the Christoffel symbols become large. Therefore, the trajectories cannot be extended
smoothly across the singular locus.
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L
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—

Figure 2. System plots for a = 1/3, b = 1/2 showing the zero-cost hypersurface (dark), singular
locus (blue), gradient of | (gray), and a Levi-Civita geodesic with initial data x(0) = 4, y(0) = 2,
x'(0) = —1,4'(0) = 1, in xy and gr coordinates.

The numerically computed geodesics (obtained in xy coordinates) are substituted into
the geodesic equations in gr coordinates, i.e. into the left-hand sides (LHS) of (48) and (49).
We define the residual by

residual = |LHS of (48)| + |LHS of (49)|. (61)
For an exact solution the residual is zero. In the numerical case it remains small (typically
of order 10719), except near singularities where the coefficients become large and errors are
amplified. A larger value may also appear near A = 0 due to the numerical construction
of the solution. The residual error for the configurations in Figures 2 and 3 are shown in
Figure 4.

5. Application

In this section we discuss the information-geometric interpretation of the cost function.

First, we relate the cost function to the Itakura-Saito divergence. For positive scalars [9], we
have

_r (p)
D ==—logl =) -1
is(pllg) = —log{
A direct computation gives
1 1 1
5 (Dis(1]lx) + Dis(x[|1)) = 2 x+ = =2 ) = J(x).

Thus the multidimensional cost is the symmetrized Itakura-Saito divergence applied
to R(x) (6), with R(x) = x in the one-dimensional case. This representation carries the
Hessian-geometric structure induced by J.

The Bregman divergence associated with a convex potential ¢ satisfies

Dy (x,x +8) = 3(3,(V?¢) (x)6) + O(|5]),
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Figure 3. System plots for a = —2, b = 1 showing the zero-cost hypersurface (dark), the gradient of |
(gray arrows), and a Levi-Civita geodesic with initial data x(0) = 1, y(0) =2, x'(0) = —1,'(0) = 3,
in both xy and qr coordinates. The color modulation tightens along one segment of the geodesic,

indicating a decrease in the magnitude of the velocity |y(A)].

Log(residual)

Log(residual)

Figure 4. Residual error (61) along representative Levi-Civita geodesics. Left: example from Figure

2, where the error increases near singularities (due to large Christoffel symbols) and shows a local

increase at A = 0 due to the numerical construction. Right: example from Figure 3, where for positive

A the geodesic is sufficiently far from the singularities that the error remains small.
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such as in [10]. In logarithmic coordinates, J(t) = cosh(a - t) — 1is convex, and the Hessian
metric (14) is the second-order term of the Bregman divergence associated with | in arbitrary
dimension.

The Bregman interpretation does not extend to the Hessian in x-coordinates, since the
metric is not positive definite on (0, 00)".

The Hessian metric of the cost function | in logarithmic coordinates
g,']‘(t) = cosh(a - t) 0o

can be realized as a Fisher-Rao metric of a statistical model [4].
Let S = a - t. A (not necessarily unique) statistical model which works is the family of
normal distributions

eXp(_(z—m(S))2>, m(S) = /OS Vcoshu du.

(1) = —
Pz - \/2? 2

Then
Ij(t) = (m'(S))? wa;.
Since m’'(S) = v/cosh S, we obtain

I;(t) = cosh(a - t) niKj = gzj(t)

Therefore, the logarithmic Hessian geometry associated to the cost function admits
an interpretation as a Fisher information geometry of a one-dimensional statistical model
embedded in R".

6. Conclusion

The first contribution of this paper was the extension of the canonical reciprocal
cost to multiple dimensions. While the one-dimensional cost is uniquely determined,
the multidimensional extension is not unique in general. Starting from a one-variable
cost function, we introduced a multidimensional extension parametrized by weights «,
and showed that permutation symmetry (equal weights), together with the dimensional
reduction condition J(x,...,x) = J(x), leads to the choice a; = 1, which is canonical in
this sense.

After the multidimensional extension was defined, we analyzed the geometric struc-
tures it induces. The main observation is that the same function generates qualitatively
different geometries depending on the chosen affine structure. In logarithmic coordinates,
the Hessian metric has constant rank one, which leads to a degenerate geometry with an
integrable (n — 1)-dimensional radical distribution and a direction given by «. In contrast,
in the original x-coordinates the corresponding Hessian is generically nondegenerate and
defines a pseudo-Riemannian metric away from a singular locus.

We further showed that these differences are reflected at the level of geodesics. The
affine geodesics on both M, and M; are straight lines, and in M; are globally defined,
while in M, the domain restriction x; > 0 restricts their extendibility. The Levi-Civita
geodesics introduce additional structure, with coefficients depending only on S = « - t,
which confirms that the geometry is controlled by a single direction. Therefore, the function
J induces three distinct families of curves: affine geodesics of M;, affine geodesics of My,
and Levi-Civita geodesics on My, depending on the chosen affine or metric structure.

Independently of the Hessian structure or geodesics, it is natural to examine gradient
paths of the cost function. Here, the gradient paths are integral curves of the vector field
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sinh(a - f) &, hence the velocities lie in the one-dimensional distribution generated by «.
Gradient paths therefore evolve only in the direction «.

The degeneracy of the Hessian metric has a geometric meaning. In logarithmic coordi-
nates, the metric has rank one and depends only on the scalar variable S = }!' ; a;log x;,
so that directions orthogonal to « lie in the kernel of the metric. Thus, the geometry is
effectively one-dimensional, determined by the variable S, while the remaining directions
do not contribute to the metric.

Our further work will include multidimensional uniqueness and analysis near the
degeneracy set. Other possible extensions could be examining different coordinate systems
beyond ratio type x and logarithmic type ¢ to see if a Hessian cost manifold can be con-
structed with a globally defined inverse metric, or if they have a particularly interesting
interpretation as statistical manifolds.
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