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Abstract 1

In this paper we study the geometric structure induced by the canonical reciprocal cost 2

function and its natural n-dimensional extension. In logarithmic coordinates, the potential 3

depends only on the linear combination S = α · t, and the associated Hessian metric has 4

rank one at every point. The geometry is intrinsically degenerate and effectively one- 5

dimensional, with an (n − 1)-dimensional null distribution. On the other hand, when the 6

same function is expressed in the original x-coordinates, the corresponding Hessian is 7

generically nondegenerate and defines a pseudo-Riemannian metric away from explicit 8

singular hypersurfaces. We further analyze affine and Levi-Civita geodesics and compare 9

their behavior. In particular, affine geodesics in logarithmic coordinates are globally defined, 10

while in x-coordinates their behavior is restricted by the domain and the singular set. Finally, 11

we relate the construction to symmetrized Itakura-Saito and Bregman divergences, and 12

give a Fisher-Rao realization of the logarithmic Hessian metric. 13

Keywords: Hessian geometry, degenerate metric, affine structure, Levi-Civita connection, 14

geodesics, gradient paths, reciprocal cost. 15

1. Introduction and motivation 16

In this paper we study the geometric structures generated by the canonical reciprocal 17

cost function and its multidimensional extension. The canonical cost function in one- 18

dimension 19

J(x) =
1
2
(x + x−1)− 1 20

was introduced in [20]. Generic cost functions are ubiquitous in optimization techniques, 21

and different cost functions can have different motivations. In the paper [21], it is proved 22

that this particular function appears as an unique solution of the polynomial composition 23

law together with the curvature calibration. 24

In this paper, we construct the multidimensional extension of the reciprocal cost, 25

examine what kind of multidimensional geometry is induced by the Hessian of the function 26

J, and explore how this geometry depends on the choice of affine structure. Hessian 27

geometry appears on affine manifolds with a flat connection. A metric g is called Hessian 28

if it can be written locally as g = Ddφ for some potential φ [3,17]. Here D denotes a flat 29

affine connection, so in affine coordinates the metric takes the form gij = ∂i∂j φ. The pair 30

(D, g) is called a Hessian structure. Such structures are related to several geometric theories. 31

They are real analogues of Kähler geometry [17], since Kähler metrics are given by complex 32

Hessians. They also appear in affine differential geometry and in information geometry 33

[3,4]. In this way, Hessian geometry connects different areas. 34
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Specifically, we consider the function J in two coordinate systems used in previous 35

papers [20,21]: the original variables x and the logarithmic variables t = log x. Although 36

these are related by a smooth change of variables, the Hessian construction depends on 37

the choice of affine structure, and therefore the induced geometries are not equivalent. In 38

logarithmic coordinates the function J takes the form 39

J(t) = cosh

(
n

∑
i=1

αiti

)
− 1. 40

Hence J depends only on the scalar quantity S(t) = ∑n
i=1 αiti. It follows that the Hessian 41

with respect to the t-coordinates has rank one at every point. The induced geometry is de- 42

generate, with a distinguished direction given by α and an integrable (n − 1)-dimensional 43

null distribution. As a consequence, the associated Hessian structure in logarithmic coordi- 44

nates effectively reduces to a one-dimensional geometry, even though the ambient space 45

is n-dimensional. On the other hand, when J is expressed in the original x-coordinates, 46

the corresponding Hessian matrix is generically nondegenerate and defines a pseudo- 47

Riemannian metric away from a singular set. Thus the same function gives rise to two 48

qualitatively different geometric structures. 49

We further study the corresponding affine and Levi-Civita geodesics, with particular 50

attention to the distinguished direction and to the behavior near the degeneracy locus. The 51

Hessian manifold defined with logarithmic coordinates is geodesically complete for the 52

affine geodesics, but due to the non-invertibility of the metric an additional Levi-Civita 53

connection is not defined. Conversely, the Hessian manifold defined with the original 54

coordinates is geodesically incomplete for the affine geodesics (due to a coordinate domain 55

restriction) and for Levi-Civita geodesics (due to the presence of curvature singularities of 56

that connection). 57

The paper is organized as follows. In Section 2, we extend the cost function to multiple 58

variables. Next, we examine construction of Hessian metrics and their properties for an 59

arbitrary dimension in Section 3. We then examine the properties of the 2-dimensional 60

versions of these manifolds and the trajectories on them to further illustrate their behavior 61

in Section 4. In Section 5, we interpret our results from the perspective of information 62

geometry, relating the cost function to Bregman divergences and Fisher-Rao metrics. We 63

give our conclusions in Section 6. 64

2. Canonical reciprocal cost and its n-dimensional extension 65

We start with the one-dimensional canonical reciprocal cost function 66

J(x) :=
1
2

(
x + x−1

)
− 1, x > 0. (1) 67

This function is our main model. It satisfies the basic properties 68

(i) J(1) = 0, 69

(ii) J(x) = J(x−1), 70

(iii) J(x) ≥ 0 for all x > 0. 71

In logarithmic coordinates t = log x, one has 72

J(et) = cosh(t)− 1. (2) 73

The importance of this function comes from the following theorem. We denote by R+ the 74

set of positive real numbers. 75
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Theorem 1. [20] Let F : R+ → R satisfy composition law 76

F(xy) + F
(

x
y

)
= 2F(x)F(y) + 2F(x) + 2F(y). (3) 77

If the unit log-curvature 78

lim
t→0

2F(et)

t2 = 1 (4) 79

is satisfied, then 80

F(x) =
1
2

(
x + x−1

)
− 1 = J(x). 81

This theorem shows that the canonical reciprocal cost (1) is unique under the com- 82

position law and the unit log-curvature normalization. The relation (3) may be viewed 83

as a multiplicative d’Alembert-type functional equation on the positive reals [21]. The 84

logarithmic reparametrization transforms it into an additive one-dimensional variable. 85

We stress that uniqueness in one dimension does not extend to higher dimensions. 86

Some additional assumptions are needed. Therefore, it is natural to ask for a suitable 87

multidimensional extension, and this question motivates the rest of the paper. 88

Let us consider the n-dimensional function on (R+)n given by 89

J(x1, . . . , xn) =
1
2

(
n

∏
i=1

xαi
i +

n

∏
i=1

x−αi
i

)
− 1, xi > 0, (5) 90

where α1, . . . , αn ∈ R. Let 91

R(x1, . . . , xn) =
n

∏
i=1

xαi
i . (6) 92

Then (5) can be written in the form 93

J(x1, . . . , xn) =
1
2

(
R + R−1

)
− 1. 94

Thus all dependence on the coordinates xi is through the single scalar R(x), where x = 95

(x1, . . . , xn). Hence the geometry is essentially one-dimensional. 96

If we assume permutation symmetry, that is, 97

J(xσ(1), . . . , xσ(n)) = J(x1, . . . , xn) for all σ ∈ Sn, 98

then all variables are equally weighted. More precisely, 99

Lemma 1. If the function (5) is permutation symmetric, α = (α1, . . . , αn) ̸= 0, and n ≥ 3 then 100

α1 = α2 = · · · = αn. If n = 2, α1 = ±α2 allows for permutation symmetry. 101

Proof. Permutation symmetry assumption gives 102

n

∏
i=1

xαi
σ(i) +

n

∏
i=1

x−αi
σ(i) =

n

∏
i=1

xαi
i +

n

∏
i=1

x−αi
i 103

for every σ ∈ Sn and all xi > 0. Hence 104

n

∏
i=1

xαi
σ(i) =

n

∏
i=1

xαi
i or

n

∏
i=1

xαi
σ(i) =

n

∏
i=1

x−αi
i . 105
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Suppose n ≥ 3 and consider a permutation σ that only swaps two elements i ̸= j. Taking 106

xj = e and xi = 1, we obtain 107

eαj · 1αi ·
n

∏
k ̸=i,j

xαk
k = e±αi · 1±αj

n

∏
k ̸=i,j

x±αk
k (7) 108

Since the values of x are nonzero, we obtain 109

eαj∓αi =
n

∏
k ̸=i,j

x±αk−αk
k . (8) 110

The left-hand side is constant, while the right-hand side depends on the variables xk. Since 111

this identity holds for all xk > 0, all exponents must vanish. Thus 112

±αk − αk = 0 (k ̸= i, j), αj ∓ αi = 0. 113

The minus sign implies αk = 0 for all k ̸= i, j, impossible for n ≥ 3 and α ̸= 0. Hence the 114

sign is + and αi = αj. Since i, j are arbitrary, all exponents are equal. 115

If n = 2, the condition becomes 116

xα1
1 xα2

2 = x±α1
2 x±α2

1 . (9) 117

That is, 118

xα1∓α2
1 = x±α1−α2

2 . (10) 119

This is independent of x1, x2 if and only if α1 = ±α2. 120

Therefore, permutation symmetry is determined by choosing a ∈ R such that 121

αi = a, i = 1, . . . , n. 122

In this case the cost function (5) becomes 123

J(x1, . . . , xn) =
1
2

( n

∏
i=1

xi

)a

+

(
n

∏
i=1

xi

)−a
− 1. 124

Suppose that the permutation symmetric multidimensional cost function reduces to the 125

one-dimensional case (1) when all variables are equal, i.e.: 126

J(x) = J(x, . . . , x). 127

Because J(x) = 1
2 (x + x−1)− 1, then from equality above we get 128

cosh(an log x)− 1 = cosh(log x)− 1 for all x > 0, 129

and we obtain an = ±1, hence a = ± 1
n . Since J(R) = J(R−1), both choices lead to the 130

same cost function. Without loss of generality, we take a = 1
n . Therefore, the natural choice 131

under the conditions of permutation symmetry and dimensional reduction is a = 1
n . This 132

gives 133

J(x1, . . . , xn) =
1
2

( n

∏
i=1

xi

)1/n

+

(
n

∏
i=1

xi

)−1/n
− 1. (11) 134
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In the rest of the paper we work with a general α, while αi =
1
n is used as a special case. 135

In particular, αi =
1
n ensures the cost function depends only on the geometric mean of the 136

variables 137

G(x) = (x1 · · · xn)
1/n. 138

2.1. Logarithmic representation 139

Let 140

ti = log xi, i = 1, . . . , n. 141

Then 142

R(x1, . . . , xn) = exp

(
n

∑
i=1

αiti

)
, 143

and the cost function takes the form 144

J(x1, . . . , xn) = cosh

(
n

∑
i=1

αiti

)
− 1. (12) 145

Thus the n-dimensional function depends only on one linear combination of the logarith- 146

mic coordinates. This shows that the Hessian in logarithmic coordinates has rank one, 147

independently of the ambient dimension. 148

Recall that under the assumption α1 = · · · = αn = a, the dimensional reduction 149

condition 150

J(x, . . . , x) = J(x) 151

implies a = 1
n , and hence αi =

1
n . In this sense, the choice αi =

1
n is canonical. In this case, 152

we obtain 153

J(x1, . . . , xn) = cosh

(
1
n

n

∑
i=1

ti

)
− 1. 154

Analogously to the expression in x-coordinates (11), where the cost depends on the geo- 155

metric mean, in t-coordinates it depends on the arithmetic mean. 156

3. Geometry of general multidimensional cost 157

The logarithmic form of the multidimensional reciprocal cost is 158

J(t) = cosh(S(t))− 1, S(t) =
n

∑
i=1

αiti, ti = log xi, (13) 159

where t = (t1, . . . , tn) ∈ Rn and α = (α1, . . . , αn)T ∈ Rn is fixed. Since 160

∂J
∂ti

= sinh(S(t)) αi, 161

we obtain 162

∂2 J
∂ti∂tj

= cosh(S(t)) αiαj, i, j = 1, . . . , n. 163

Hence, the Hessian matrix of J is 164

∇2 J(t) = cosh(S(t)) ααT . 165

Since α ̸= 0 and cosh(S(t)) > 0, we have 166

∇2 J(t)α = cosh(S(t))(αTα)α ̸= 0, 167
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and therefore 168

rank(∇2 J(t)) = 1. 169

Thus the Hessian is degenerate, and its image is the one-dimensional subspace generated 170

by α. 171

Remark 1. If J(t) = f (α · t) and f ′′ ̸= 0, then the Hessian ∇2 J(t) has rank one. Indeed, 172

∇2 J(t) = f ′′(α · t) ααT , 173

which is a matrix of rank one. 174

In particular, the rank one property follows from the fact that J depends on a linear form 175

S(t) = α · t. The reciprocal cost is a particular example with f (S(t)) = cosh(S(t))− 1, which 176

gives the factor cosh(S(t)) in the Hessian. 177

3.1. Interpreting the Hessian as a metric in logarithmic coordinates 178

We consider the n-dimensional reciprocal cost in logarithmic coordinates (13). Assume 179

α = (α1, . . . , αn) ̸= 0. The Hessian of J defines a symmetric metric tensor 180

gij(t) :=
∂2 J

∂ti∂tj
= αiαj cosh(S(t)). (14) 181

The metric tensor (14) is degenerate and 182

rank(gij(t)) = 1 for all t ∈ Rn. 183

Hence the metric is not invertible and its kernel has dimension n − 1. The quadratic form 184

associated with gij is 185

g(v, v) = cosh(S(t))(α · v)2. (15) 186

The metric measures variations only in the direction of α, while vectors orthogonal to α lie 187

in the kernel of g. So, the radical distribution 188

Rα := {v ∈ Rn : α · v = 0} (16) 189

is this kernel. It is integrable, and its leaves are the affine hyperplanes 190

α · t = const. 191

Indeed, along any curve t(s) = t(0) + sv for a curve parameter s with v ∈ Rα, we have 192

α · t(s) = α · t(0), 193

so the flow remains in the same leaf. 194

Thus the geometry in logarithmic coordinates consists of one distinguished direction 195

given by α while the remaining (n − 1) directions form a null foliation transverse to it. 196

Degenerate metric structures appear in several areas of mathematical physics. In 197

particular, non-invertible metrics are studied in Carrollian geometry [6] and in the intrinsic 198

geometry of null hypersurfaces in general relativity (see, e.g. [5] and chapter 3 of [14]). 199

In Carrollian geometry the metric typically has co-rank one and is accompanied by a 200

distinguished vector field generating its kernel. Likewise, null hypersurfaces in GR typically 201

are described using an intrinsic metric of signature (0,+,+). 202
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In the present case the situation is different. The metric (14) has rank one and therefore 203

co-rank n − 1. Hence for n > 2 it does not define a Carrollian structure. Only in dimension 204

n = 2 our Hessian metric has the correct algebraic type for the Carrollian framework [6]. 205

Another area worth mentioning, where a strictly rank 1 metric is used, is the Newton-Cartan 206

theory (see, e.g. [8]). Here, a 4 dimensional manifold is endowed with a rank 1 temporal 207

metric of tµν = τµτν induced by a one form τµ, together with a spatial co-metric hµν of rank 208

3 such that hµντµ = 0, and a connection defined such that both ∇µτν = 0 and ∇µhµν = 0. 209

These examples show that degenerate metrics of low rank naturally arise in mathematical 210

physics. However, the structure considered here is different, since the degeneracy is of 211

co-rank n − 1, in contrast to the co-rank one structures appearing in Carrollian and related 212

geometries, and is induced by a cost potential. This suggests a possible interpretation in 213

terms of effectively one-dimensional dynamics embedded in a higher-dimensional space. 214

In logarithmic coordinates, the function J depends only on the linear form S = α · t. 215

The Hessian has rank one and measures variations only in the direction of α, while the 216

(n − 1)-dimensional distribution defined by α · v = 0 lies in its kernel. 217

In the original x-coordinates, the transformation t = log x is not affine. Therefore, 218

the Hessian construction involves additional terms, and the metric becomes generically 219

nondegenerate outside of singular hypersurfaces. 220

3.2. Curves in the kernel of g 221

The following is a consequence of the definition of the radical distribution (16) and 222

describes curves along which the cost function remains constant. 223

Let γ(τ) be a curve with velocity γ̇ = dγ
dτ such that 224

g(γ̇, γ̇) = cosh(S(γ(τ))) (α · γ̇)2 = 0. (17) 225

Since cosh(S(γ(τ))) > 0, it follows that α · γ̇ = 0. 226

Let βk be a set of vectors βk = (βk
i ), k = 1, . . . , n − 1, spanning the radical distribution 227

(16) such that 228

n

∑
i=1

αiβ
k
i = 0. (18) 229

If t0 = γ(0), then any such curve can be written as 230

γ(τ) = t0 +
n−1

∑
k=1

γk(τ) βk, γ̇(τ) =
n−1

∑
k=1

γ̇k(τ) βk. (19) 231

Thus γ lies in the affine hyperplane 232

α · t = α · t0, 233

and the components γk(τ) in (19) are arbitrary, since (18) ensures that (17) is satisfied. 234

Moreover, 235

dS
dτ

= α · γ̇ = 0, 236

so S(γ(τ)) is constant and the cost function J(γ(τ)) remains constant. Thus the curves 237

satisfying (17) are integral curves of Rα and lie in hypersurfaces J = const. 238
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3.3. Interpreting the Hessian as a metric in x-coordinates 239

Now we compute the Hessian with respect to the original coordinates xi. Using 240

R(x) = ∏n
k=1 xαk

k from (6), the reciprocal cost is written as 241

J(x) =
1
2
(R + R−1)− 1. 242

Since 243

∂R
∂xi

=
αi
xi

R, 244

we obtain 245

∂J
∂xi

=
1
2
(R − R−1)

αi
xi

. 246

Differentiating the last equation gives, for i ̸= j, 247

∂2 J
∂xi∂xj

=
1
2

αiαj

xixj
(R + R−1), 248

while on the diagonal one has 249

∂2 J
∂x2

i
=

1
2

1
x2

i

(
αi(αi − 1)R + αi(αi + 1)R−1

)
. 250

Equivalently, by using ui = αi/xi and D = diag(αi/x2
i ), we obtain 251

∇2
x J =

1
2
(R + R−1) uu⊤ − 1

2
(R − R−1) D. 252

This representation shows that the Hessian is the sum of a rank one matrix uu⊤ and a 253

diagonal matrix D. It is therefore invertible in general, but fails to be invertible under 254

certain conditions. For instance, on the hypersurface R = 1 (equivalently J = 0), the 255

diagonal term vanishes and therefore 256

∇2
x J|R=1 = uu⊤, 257

which is a matrix of rank one (provided α ̸= 0). In particular, at equilibrium xi = 1 we 258

obtain 259

∇2
x J(1, . . . , 1) = αα⊤. 260

Assume that R ̸= 1 and αi ̸= 0 for all i. Then the diagonal matrix 261

D = diag

(
αi

x2
i

)
262

is invertible, and invertible A is given by 263

A := −1
2
(R − R−1)D. 264

In this case, the Hessian is written as 265

∇2
x J = A + βuu⊤, β :=

1
2
(R + R−1), ui =

αi
xi

. 266

In particular, A is invertible when R ̸= 1 and all αi ̸= 0, and from the determinant rule 267

det(A + βuu⊤) = det(A)
(
1 + β u⊤A−1u

)
, 268

https://doi.org/10.3390/1010000
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we obtain 269

det(∇2
x J) = det(A)

(
1 + β u⊤A−1u

)
. 270

Hence, under the restrictions R ̸= 1 and αi ̸= 0 for all i, the Hessian ∇2
x J is singular if and 271

only if 272

1 + β u⊤A−1u = 0. 273

This shows that the degeneracy occurs on a hypersurface in (R+)n. We summarize the 274

above consideration in the next Proposition. 275

Proposition 1. Let R(x) = ∏n
k=1 xαk

k , and assume R ̸= 1 and αi ̸= 0 for all i. Then the Hessian 276

∇2
x J is invertible except on the locus 277

1 + β u⊤A−1u = 0, 278

where A = − 1
2 (R − R−1)D, β = 1

2 (R + R−1), ui = αi/xi, and D = diag(αi/x2
i ). 279

A direct computation gives 280

1 + β u⊤A−1u = 1 − R + R−1

R − R−1

n

∑
i=1

αi = 1 − coth(S(t))
n

∑
i=1

αi, 281

where S(t) is defined by (13). Hence the singular locus is determined by 282

coth(S(t)) =
1

∑n
i=1 αi

or tanh(S(t)) =
n

∑
i=1

αi, 283

which has solutions if and only if 284∣∣∣∣∣ n

∑
i=1

αi

∣∣∣∣∣ < 1. 285

Thus the singular locus defines a proper hypersurface (whenever nonempty), and therefore 286

the Hessian is generically nondegenerate. 287

Finally, the Hessian metric is given by 288

hij(x) =


1
2

αiαj

xixj
(R + R−1), i ̸= j,

1
2

1
x2

i

(
αi(αi − 1)R + αi(αi + 1)R−1

)
, i = j.

(20) 289

Thus hij defines a Hessian metric which is generically nondegenerate, and hence pseudo- 290

Riemannian. 291

For instance, in the case n = 2, the signature is determined by the sign of det(hij). 292

Starting from 293

R(x1, x2) = xα1
1 xα2

2 , 294

we obtain 295

det(hij) = h11h22 − h2
12, 296

where 297

h12 =
1
2

α1α2

x1x2
(R + R−1), 298

299

h11 =
1
2

1
x2

1

(
α1(α1 − 1)R + α1(α1 + 1)R−1

)
, 300

https://doi.org/10.3390/1010000
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301

h22 =
1
2

1
x2

2

(
α2(α2 − 1)R + α2(α2 + 1)R−1

)
. 302

Substituting into the determinant and simplifying, we obtain 303

det(hij) = −1
4

α1α2

R2x2
1x2

2
(R2 − 1)

(
(α1 + α2 − 1)R2 + α1 + α2 + 1

)
. 304

In particular, up to the positive factor x2
1x2

2 in the denominator, det(hij) depends on (x1, x2) 305

only through R. 306

In the canonical case α1 = α2 = 1
2 , we have R =

√
x1x2, and 307

det(hij) = − 1
8x3

1x3
2
(x1x2 − 1), x1 > 0, x2 > 0. 308

Therefore, 309

det(hij) < 0 for x1x2 > 1, det(hij) > 0 for x1x2 < 1. 310

Thus the metric is Lorentzian (signature (1, 1)) on the region x1x2 > 1, positive definite on 311

x1x2 < 1, and degenerate on the hypersurface x1x2 = 1. 312

The degeneracy is not intrinsic to J, but depends on the chosen affine structure. We 313

summarize the above results in the following theorem omitting the proof. 314

Theorem 2. Let J be reciprocal cost (5) and assume α = (α1, . . . , αn) ̸= 0. Then: 315

(i) In logarithmic coordinates, the Hessian satisfies 316

rank (∇2 J(t)) = 1 317

at every point. 318

(ii) In the original x-coordinates, the Hessian ∇2
x J(x) is generically nondegenerate. More precisely, 319

for fixed parameters αi ̸= 0, it is invertible on the open set where R ̸= 1 and 320

1 + β uT A−1u ̸= 0. 321

The singular locus determined by the condition 322

1 + β uT A−1u = 0, 323

which is equivalent to 324

tanh(S(x)) =
n

∑
i=1

αi, S(x) =
n

∑
i=1

αi log xi, 325

exists if and only if 326∣∣∣∣∣ n

∑
i=1

αi

∣∣∣∣∣ < 1. 327

3.4. Projective equivalence 328

In the subsection, we analyze the projective relation between the affine connections of 329

Mt and Mx. We consider the Hessian manifold M = (R+)n. 330

The manifold Mt corresponds to the flat affine connection for which the logarithmic 331

coordinates ti are affine, and the metric g in these coordinates is given by (14). 332
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The manifold Mx corresponds to the flat affine connection for which the original 333

coordinates xi are affine, and the metric h is given by (20). Geodesic mapping and its 334

generalizations were investigated by many authors, for example J. Mikeš in [11], N. S. 335

Sinyukov in [18], L.S. Velimirović and M.S. Stanković in [19] and many others [23]. 336

Proposition 2. Let M = (R+)n be the manifold, and let Mt and Mx denote the affine structures 337

corresponding to the coordinates ti = log xi and xi, respectively. 338

For n ≥ 2, the affine connections of Mt and Mx are not projectively equivalent. 339

Proof. In the x-coordinates, the affine connection of Mx is trivial: 340

xΓi
jk = 0. 341

On the other hand, the affine connection of Mt, expressed in the x-coordinates, has the 342

nonzero components 343

tΓi
ii = − 1

xi
, i = 1, . . . , n, 344

while all other components vanish. 345

Recall that two torsion-free connections are projectively equivalent if and only if there 346

exists a 1-form ψ = ψk dxk such that 347

tΓi
jk − xΓi

jk = δi
jψk + δi

kψj. 348

Since xΓi
jk = 0, this becomes 349

tΓi
jk = δi

jψk + δi
kψj. 350

Taking i = j = k, we obtain 351

− 1
xi

= tΓi
ii = 2ψi, 352

hence 353

ψi = − 1
2xi

for all i = 1, . . . , n. 354

Fix an index i ∈ {1, . . . , n} and choose l ̸= i. Since the mixed components of tΓ vanish, 355

taking j = i and k = l we obtain 356

0 = tΓi
il = δi

i ψl + δi
lψi = ψl . 357

Thus 358

ψl = 0, 359

which contradicts 360

ψl = − 1
2xl

. 361

Therefore, for n ≥ 2, the two affine connections are not projectively equivalent. 362

4. Comparative analysis between the two-dimensional Mx and Mt 363

manifolds 364

In this section we consider the case n = 2, use notation (s, t) = (t1, t2), (x, y) = (x1, x2), 365

and (a, b) = (α1, α2). The purpose is to make the general structure explicit in dimension 366

n = 2, where singular sets, curvature, and geodesics can be written explicitly. 367
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4.1. The two-dimensional Mx 368

According to the notation aforementioned above, we have 369

J(x, y) =
1
2
(xayb + x−ay−b)− 1, (21) 370

and the Hessian of J with respect to the x, y coordinates is 371

H =

 a((a+1)x−ay−b+(a−1)xayb)
2x2

ab(x−ay−b+xayb)
2xy

ab(x−ay−b+xayb)
2xy

b((b+1)x−ay−b+(b−1)xayb)
2y2

 (22) 372

in general. The zero-cost condition for nonzero a, b can be written y = x−a/b, so on the 373

zero-cost hypersurface, we get 374

H =

(
a2

x2 abx
a
b −1

abx
a
b −1 b2x

2a
b

)
. (23) 375

At the point x = y = 1 we get 376

H =

(
a2 ab
ab b2

)
. (24) 377

The determinant of (23) is zero, so the matrix is not invertible on the zero-cost hyper- 378

surface. Since the point x = y = 1 belongs to the zero-cost hypersurface, the matrix (24) is 379

also not invertible. 380

On the other hand, the determinant of (22) is 381

−1
4

abx−2(a+1)y−2(b+1)
(

x2ay2b − 1
)(

ax2ay2b + bx2ay2b − x2ay2b + a + b + 1
)

, 382

which is not identically zero. Therefore, away from the zero-cost hypersurface and the 383

additional singular locus, H is invertible and defines a metric. 384

4.2. The two-dimensional Mt 385

For comparison, let s = log x, t = log y. Then 386

J(s, t) = cosh(as + bt)− 1. (25) 387

Hence 388

∂i∂j J =

(
a2 cosh(as + bt) ab cosh(as + bt)
ab cosh(as + bt) b2 cosh(as + bt)

)
(26) 389

Matching the general n-dimensional case in logarithmic coordinates, the Hessian matrix of 390

J with respect to (s, t) coordinates (26) has rank one: 391

gij = cosh(as + bt)

(
a
b

)(
a b

)
. 392

Hence its kernel is one-dimensional and generated by the vector (b,−a). Thus in dimension 393

two the Hessian has rank one, and its kernel is one-dimensional. 394
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4.3. Two affine structures 395

Let X = (x, y) and T = (s, t). We use hatted indices for (x, y) coordinates. Let us 396

denote by Mt the Hessian manifold given by the affine coordinates (s, t), with metric gij 397

from (26), and by Mx as the Hessian manifold given by the affine coordinates (x, y), with 398

metric hî ĵ from (22). 399

Although the variables are related by x = es, y = et, the Hessian construction depends 400

on the chosen affine structure. Therefore g and h are not the same Hessian tensor written in 401

different coordinates, but arise from two different flat connections. The Jacobian factors are 402

∂x
∂s

= x,
∂x
∂t

= 0,
∂y
∂s

= 0,
∂y
∂t

= y, (27) 403

∂s
∂x

=
1
x

,
∂t
∂x

= 0,
∂s
∂y

= 0,
∂t
∂y

=
1
y

. (28) 404

Transforming g to (x, y), we get 405

gî ĵ =
∂Ti

∂X î

∂T j

∂X ĵ
gij =

 a2(x−ay−b+xayb)
2x2

ab(x−ay−b+xayb)
2xy

ab(x−ay−b+xayb)
2xy

b2(x−ay−b+xayb)
2y2

. (29) 406

This is not equal to hî ĵ. Similarly, 407

hij =
∂X î

∂Ti
∂X ĵ

∂T j hî ĵ

=

(
a(a cosh(as + bt)− sinh(as + bt)) ab cosh(as + bt)

ab cosh(as + bt) b(b cosh(as + bt)− sinh(as + bt))

)
,

(30) 408

which is not equal to (26). 409

4.4. Transformation of the connections 410

The difference gij ̸= hij arises because the two Hessians use different affine connec- 411

tions. 412

The formula gij = ∂i∂j J is not invariant under nonlinear coordinate change. The 413

invariant form is 414

gij = ∇i∇j J, 415

where ∇ is the flat affine connection of the chosen coordinates. For Mt, we have 416

tΓi
jk = 0 in (s, t), 417

and for Mx 418

xΓî
ĵk̂ = 0 in (x, y). 419

Transforming connections, we obtain for Mt in (x, y): 420

tΓx
xx = − 1

x
, tΓ

y
yy = −1

y
, (31) 421

all other components zero. 422

For Mx in (s, t) coordinates: 423

xΓs
ss = 1, xΓt

tt = 1, (32) 424
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and all other components are zero. Using the transformed connection coefficients and 425

covariant derivatives, we obtain 426

t∇î t∇ ĵ J = gî ĵ, x∇i x∇j J = hij. 427

This shows that the geometric behavior induced by J depends on the chosen affine structure. 428

4.5. Levi-Civita connection and geodesics in x-coordinates 429

Following the notation of (22), let x1 = x, x2 = y, α1 = a, α2 = b, and define 430

R(x, y) = xayb, Z = R2 = x2ay2b. 431

The metric hî ĵ = ∂î∂ ĵ J is given by (22), where the hatted indices refer to the original 432

(x, y)-coordinates, and 433

J(x, y) =
1
2
(

R + R−1)− 1. 434

Introduce the denominator factor 435

∆ = (Z − 1)
(
(a + b − 1)Z + (a + b + 1)

)
. 436

Note that ∆ = 0 on the hypersurface R = 1 (i.e. Z = 1), and also on the additional locus 437

(a + b − 1)Z + (a + b + 1) = 0, 438

where the metric is not invertible. Thus, the formulas below are valid on the set 439

D = {(x, y) ∈ (0, ∞)2 : ∆ ̸= 0, a, b ̸= 0}. 440

Since Z > 0, the equation (a + b − 1)Z + (a + b + 1) = 0 has a positive solution if 441

Z = − a + b + 1
a + b − 1

> 0. 442

It follows that 443

(a + b + 1)(a + b − 1) < 0, 444

that is, when |a + b| < 1. 445

The non-zero Christoffel symbols of the Levi-Civita connection Γk
ij = Γk

ji are given by 446

Γx
xx =

Z2a2 + 2Z2ab − 3Z2a − 2Z2b + 2Z2 − 2Za2 + 4Zab − 4Z + a2 + 2ab + 3a + 2b + 2
2x ∆

, 447

Γx
xy = Γx

yx = −
b
(
−Z2b + Z2 + 4Za − 2Zb − b − 1

)
2y ∆

, 448

Γx
yy = −

bx
(
Z2b − Z2 + 6Zb + b + 1

)
2y2 ∆

, 449

Γy
xx = −

ay
(
Z2a − Z2 + 6Za + a + 1

)
2x2 ∆

, 450

Γy
xy = Γy

yx =
a
(
Z2a − Z2 + 2Za − 4Zb + a + 1

)
2x ∆

, 451

Γy
yy =

2Z2ab − 2Z2a + Z2b2 − 3Z2b + 2Z2 + 4Zab − 2Zb2 − 4Z + 2ab + 2a + b2 + 3b + 2
2y ∆

. 452
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Figure 1. Ricci scalar divergences on the orange curves and vanishes on the blue curves. The dashed
lines a + b = 2 and a + b = 1 represent asymptotes.

These coefficients1 show that the Levi-Civita connection is singular on the hypersurface 453

∆ = 0, which includes the zero-cost hypersurface R = 1. 454

We now compute the curvature of this connection. Since the manifold is two- 455

dimensional, there is only one independent curvature invariant. The Ricci scalar of 456

the Levi-Civita connection of h (see, e.g., [7], Chapter 4) is defined by Ric = hijRij, where 457

Rij denotes the Ricci tensor. In our coordinates, it takes the form 458

Ric =
4(a + b)Z3/2((a + b − 2)Z + a + b + 2)

(Z − 1)2((a + b − 1)Z + a + b + 1)2 . 459

This expression shows that the curvature vanishes when a + b = 0, and diverges on the loci 460

where the denominator vanishes, in particular, it is at Z = 1, that is on the hypersurface 461

R = 1. See Figure 1. 462

Both manifolds Mt and Mx, equipped with their natural flat affine connections, have 463

identically zero Riemann curvature. However, when the Levi-Civita connection is intro- 464

duced on Mx, curvature appears. 465

This reflects the fact that the Hessian construction depends on the chosen affine 466

structure. 467

4.6. Geodesics 468

We distinguish three types of curves associated with the two affine structures intro- 469

duced above: affine geodesics on Mt, affine geodesics on Mx, and Levi-Civita geodesics 470

associated with the metric induced on Mx. 471

1 The Christoffel symbols and Ricci scalar here and in 4.6.2 are verified using Wolfram Mathematica.
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4.6.1. Affine geodesics on Mt 472

On the manifold Mt, the affine connection is trivial in the affine coordinates (s, t), so 473

tΓi
jk = 0. Hence the affine geodesics are straight lines, 474

s(λ) = s0 + s1λ, t(λ) = t0 + t1λ. 475

Passing to x-coordinates via x = es, y = et, these become 476

x(λ) = x0es1λ, y(λ) = y0et1λ. 477

These curves are defined for all λ ∈ R and are the images of affine geodesics on Mt under 478

the transformation x = es, y = et. Higher dimensional versions of Mt will also have straight 479

line geodesics in logarithmic coordinates with respect to the intrinsic affine connection. 480

4.6.2. Levi-Civita geodesics on Mx 481

On the manifold Mx, we consider the Levi-Civita connection of the metric hî ĵ induced 482

by the Hessian structure. The geodesics satisfy 483

d2xi

dλ2 + Γi
jk(x)

dxj

dλ

dxk

dλ
= 0. 484

The Levi-Civita connection is defined only on the open set where the metric is nonde- 485

generate, i.e. where ∆ ̸= 0. The corresponding geodesic equations become singular on the 486

degeneracy set ∆ = 0. 487

Explicitly, the equations are 488

d2x
dλ2 = − (a + 1)(a + 2b + 2)− 2Z(a2 − 2ab + 2) + (a − 1)Z2(a + 2b − 2)

2∆ x

(
dx
dλ

)2

−
b
(
2Z(b − 2a) + (b − 1)Z2 + b + 1

)
∆ y

dx
dλ

dy
dλ

+
bx
(
(b − 1)Z2 + 6bZ + b + 1

)
2∆ y2

(
dy
dλ

)2
,

(33) 489

d2y
dλ2 = − (b + 1)(2a + b + 2)− 2Z(−2ab + b2 + 2) + (b − 1)Z2(2a + b − 2)

2∆ y

(
dy
dλ

)2

−
a
(
2Z(a − 2b) + (a − 1)Z2 + a + 1

)
∆ x

dx
dλ

dy
dλ

+
ay
(
(a − 1)Z2 + 6aZ + a + 1

)
2∆ x2

(
dx
dλ

)2
,

(34) 490

where ∆ and Z are defined as above. 491

Note the symmetry under simultaneously swapping a and b, and x and y. A point on 492

the zero-cost hypersurface can be written as 493

x = z1/a
0 , y = z−1/b

0 , (35) 494

for some z0 > 0 and nonzero a, b. The geodesic equations are singular on the J = 0 495

hypersurface, since ∆ = 0 there (equivalently, Z = 1). 496

We consider a formal expansion near ∆ = 0 and extract only leading-order constraints. 497

Suppose a formal solution is of the form 498

x(λ) = z1/a
0 +

∞

∑
n=1

xn(λ − k)n, y(λ) = z−1/b
0 +

∞

∑
n=1

yn(λ − k)n, (36) 499
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and exists near λ = k, so that the curve extends away from the J = 0 hypersurface and the 500

partial derivatives 501

dx
dλ

∣∣∣∣
λ=k

= x1,
dy
dλ

∣∣∣∣
λ=k

= y1 502

are finite. 503

After moving all terms in (33) and (34) to the left-hand side and multiplying by ∆, the 504

first equation takes the form 505

∆
d2x
dλ2 + A

(
dx
dλ

)2
+ B

(
dy
dλ

)2
+ C

dx
dλ

dy
dλ

= 0, 506

with an analogous expression for the y-equation. Substituting (36), and expanding near 507

λ = k give the constraints 508

4bz−1/a
0

(
x1 − y1z

1
a +

1
b

0

)(
by1z

1
a +

1
b

0 + ax1

)
= 0 (37) 509

from (33), and 510

4az
− 2

a −
1
b

0

(
y1z

1
a +

1
b

0 − x1

)(
by1z

1
a +

1
b

0 + ax1

)
= 0 (38) 511

from (34), respectively, for a, b ̸= 0. Both equations give the same two possibilities: 512

x1 = y1z
1
a +

1
b

0 , x1 = − b
a

y1z
1
a +

1
b

0 , 513

since z0 > 0. These give the possible tangent directions near the zero-cost hypersurface 514

compatible with obeying (36). Since the geodesics are singular on the hypersurface ∆ = 0, 515

these conditions provide only necessary constraints on the tangent directions. In general, 516

they do not guarantee the existence of a regular solution extending across the singular set. 517

Therefore, no matching conditions arise for Levi-Civita geodesics. 518

We also consider the Levi-Civita structure on Mx in (s, t)-coordinates, using (30). In 519

these coordinates, the connection coefficients are 520

Γs
ss =

a
(

2b coth2(as + bt)− coth(as + bt) + a
)

2(a + b) coth(as + bt)− 2
, (39) 521

Γs
st = Γs

ts =
b
(
(b − a) coth2(as + bt)− coth(as + bt) + a

)
2(a + b) coth(as + bt)− 2

, (40) 522

Γs
tt = − b csch2(as + bt)(3b − sinh(2(as + bt)) + b cosh(2(as + bt)))

4(a + b) coth(as + bt)− 4
, (41) 523

Γt
ss = − a csch2(as + bt)(3a − sinh(2(as + bt)) + a cosh(2(as + bt)))

4(a + b) coth(as + bt)− 4
, (42) 524

Γt
ts = Γt

st =
a
(
(a − b) coth2(as + bt)− coth(as + bt) + b

)
2(a + b) coth(as + bt)− 2

, (43) 525

Γt
tt =

b
(

2a coth2(as + bt)− coth(as + bt) + b
)

2(a + b) coth(as + bt)− 2
. (44) 526

The coefficients depend only on the combination 527

S = as + bt = q, (45) 528

https://doi.org/10.3390/1010000

https://doi.org/10.3390/1010000


Version May 12, 2026 submitted to Journal Not Specified 18 of 25

which is analogous to Z = x2ay2b in the (x, y)-coordinates. Define 529

r = −bs + at. (46) 530

Then q is the linear combination controlling the logarithmic Hessian, while r parametrizes 531

the transverse direction. The Ricci scalar of the Levi-Civita connection of h in the (s, t)- 532

coordinates is given by 533

Ric(q) =
(a + b)

(
(a + b) coth q − 2

)
csch3q

2
(
(a + b) coth q − 1

)2 . (47) 534

The previous equation shows that the Ricci scalar depends only on q = as + bt, and is 535

independent of r. Using the relations 536

s =
aq − br
a2 + b2 , t =

bq + ar
a2 + b2 , 537

the geodesic equations can be written in the (q, r)-coordinates as 538

2(a2 + b2)2q′′
(
(a + b)− tanh(q)

)
− ab

(
2(a2 − b2)q′ r′ + (a + b)2 (r′)2)

+ (q′)2
(
(a + b)(a2 + b2)2 tanh(q)−

(
a4 − a3b + 4a2b2 − ab3 + b4)) = 0,

(48) 539

and 540

2(a2 + b2)2r′′
(
(a + b)− tanh(q)

)
+ 2(a + b)q′ r′

(
(a2 + b2)2 coth(q)− (a3 + b3)

)
− (a − b)(q′)2 csch(q)

2 cosh(q)

(
(a2 + b2)2(cosh(2q) + 3)− (a3 + b3) sinh(2q)

)
+ ab(a2 − b2) (r′)2 = 0.

(49) 541

All coefficients depend only on q, but the equations are coupled. In general, the condition 542

r′ = 0 is not preserved, except in the symmetric case a = b. 543

We now look for a formal solution near the zero-cost hypersurface, i.e. near q = 0, in 544

the form 545

q(λ) =
∞

∑
n=1

qn(λ − k)n, r(λ) =
∞

∑
n=0

rn(λ − k)n. (50) 546

The lowest order constraint necessary for such a solution to exist is 547

r1 =
a − b
a + b

q1. (51) 548

4.6.3. Affine geodesics on Mx 549

On Mx manifold, the intrinsic affine connection is trivial in the (x, y)-coordinates, i.e. 550

xΓi
jk = 0. Hence the affine geodesics are straight lines: 551

x(λ) = X1λ + X0, y(λ) = Y1λ + Y0. 552

Passing to logarithmic coordinates: 553

s = log x, t = log y, 554
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these curves satisfy 555

d2s
dλ2 +

(
ds
dλ

)2
= 0,

d2t
dλ2 +

(
dt
dλ

)2
= 0. 556

The solutions are given by 557

s(λ) = log(λ + S1) + S0, t(λ) = log(λ + T1) + T0, 558

for suitable constants S0, S1, T0, T1, related to X0, X1, Y0, Y1 by 559

S0 = log X1, S1 =
X0

X1
, T0 = log Y1, T1 =

Y0

Y1
. 560

Since x(λ) > 0 and y(λ) > 0, the parameter λ is restricted to an interval where 561

λ + S1 > 0, λ + T1 > 0. 562

This restriction comes from the domain (0, ∞)2. The affine connection is regular, and the 563

geodesics reach the boundary x = 0 or y = 0. For higher dimensional versions of Mx, 564

geodesics with respect to the intrinsic affine connection are straight lines in positive ratio 565

coordinates, with a corresponding restriction on the affine parameter. 566

Thus, the same function J induces three distinct families of curves: the affine geodesics 567

of Mt, the affine geodesics of Mx, and the Levi-Civita geodesics on Mx. 568

4.7. Gradient paths 569

We consider the Euclidean gradient flow of the cost function in the affine logarithmic 570

coordinates 571

dt
dτ

= ∇J = α sinh

(
n

∑
i=1

αiti

)
. (52) 572

Notice that these paths are defined independently of the Hessian metric or the choice of 573

affine connection, although here the gradient is expressed in t-coordinates. We record both 574

ascent and descent flows: along ascent J is increasing, while along descent J → 0. 575

In the 2-dimensional case, writing (t1, t2) = (s, t) and α = (a, b), we obtain 576

ds
dτ

= a sinh(as + bt),
dt
dτ

= b sinh(as + bt). 577

Using the combinations q and r from equations (45), (46), we get 578

dq
dτ

= a
ds
dτ

+ b
dt
dτ

= (a2 + b2) sinh(q) = |α|2 sinh(q), (53) 579

dr
dτ

= −b
ds
dτ

+ a
dt
dτ

= (−ba + ab) sinh(q) = 0. (54) 580

From the last two equations, we obtain 581

tanh
q(τ)

2
= Ce|α|

2τ , r(τ) = C1, (55) 582

for constants C, C1, on the interval where |Ce|α|
2τ | < 1. Therefore, the solution for q is 583

q(τ) = 2 artanh
(

Ce|α|
2τ
)
= ln

(
1 + Ce|α|

2τ

1 − Ce|α|2τ

)
. (56) 584
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This behavior extends to the n-dimensional case. Using S(t) = ∑n
i=1 αiti from (13), we 585

obtain ∂S/∂ti = αi. Recall the vectors βk = (βk
i ), k = 1, . . . , n − 1, spanning the radical 586

distribution (16), as in (18) i.e. ∑n
i=1 αiβ

k
i = 0, and denote perpendicular directions to S(t) 587

as rk such that ∂rk/∂ti = βk
i . Then, abbreviating S(t(τ)) along the gradient paths obeying 588

(52) as S, we have 589

dS
dτ

=
n

∑
i=1

αi
dti
dτ

=
n

∑
i=1

αiαi sinh(S) = |α|2 sinh(S), (57) 590

and 591

drk

dτ
=

n

∑
i=1

∂rk

∂ti

dti
dτ

=
n

∑
i=1

βk
i αi sinh(S) = 0, (58) 592

by the orthogonality (18). Notice that the equation (57) coincides with (53) after replacing q 593

by S. Hence, the solution for S(τ) follows from (56). 594

The cost function J = cosh(S)− 1 evolves as 595

dJ
dτ

=
dJ
dS

dS
dτ

= |α|2 sinh2(S) ≥ 0, (59) 596

so the flow ṫ = ∇J corresponds to a monotone increase of the cost. 597

If instead one considers the gradient descent flow 598

dt
dτ

= −∇J = −α sinh(S), 599

then 600

dS
dτ

= −|α|2 sinh(S), 601

tanh
S(τ)

2
= Ce−|α|2τ , 602

rk = Ck, 603

for constants C, Ck (on the interval where |Ce−|α|2τ | < 1) and 604

dJ
dτ

= −|α|2 sinh2(S) ≤ 0. (60) 605

Thus, along the negative gradient flow, the cost J does not increase strictly with τ, and 606

decreases strictly whenever S ̸= 0. 607

4.7.1. Illustrated trajectories on Mx 608

The following figures illustrate several features on Mx. The dark curve represents the 609

zero-cost, while the light blue curve, when present, indicates the secondary locus where 610

the Ricci scalar diverges. Levi-Civita geodesics are shown in rainbow colors, where the 611

hue depends on the fractional part of the curve parameter λ (in particular, the curve is red 612

when λ is an integer). Gray arrows indicate the gradient of J, relevant for the gradient 613

flow. The same sets of items are shown in both xy and qr coordinates, (see Figures 2 and 614

3). Notice that these are by no means an exhaustive set for all possible behavior of the 615

Levi-Civita geodesics. Geodesics can be defined with different initial conditions (position 616

and velocity), and different parameter values αi, so they can approach the singular surfaces 617

or travel off to infinity in different ways. Geodesics may approach the singular locus, and in 618

some numerical examples they can appear to "intersect" it for certain initial conditions (for 619
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example a = 1/3, b = 1/3, x0 = 7, y0 = 5, x′0 = y′0 = −1). However, this is not a regular 620

intersection. It reflects the breakdown of the geodesic equations near the singular set, 621

where the Christoffel symbols become large. Therefore, the trajectories cannot be extended 622

smoothly across the singular locus.

Figure 2. System plots for a = 1/3, b = 1/2 showing the zero-cost hypersurface (dark), singular
locus (blue), gradient of J (gray), and a Levi-Civita geodesic with initial data x(0) = 4, y(0) = 2,
x′(0) = −1, y′(0) = 1, in xy and qr coordinates.

623

The numerically computed geodesics (obtained in xy coordinates) are substituted into 624

the geodesic equations in qr coordinates, i.e. into the left-hand sides (LHS) of (48) and (49). 625

We define the residual by 626

residual =
∣∣LHS of (48)

∣∣+ ∣∣LHS of (49)
∣∣. (61) 627

For an exact solution the residual is zero. In the numerical case it remains small (typically 628

of order 10−10), except near singularities where the coefficients become large and errors are 629

amplified. A larger value may also appear near λ = 0 due to the numerical construction 630

of the solution. The residual error for the configurations in Figures 2 and 3 are shown in 631

Figure 4. 632

5. Application 633

In this section we discuss the information-geometric interpretation of the cost function. 634

First, we relate the cost function to the Itakura-Saito divergence. For positive scalars [9], we 635

have 636

DIS(p∥q) =
p
q
− log

(
p
q

)
− 1. 637

A direct computation gives 638

1
2
(

DIS(1∥x) + DIS(x∥1)
)
= 1

2

(
x +

1
x
− 2
)
= J(x). 639

Thus the multidimensional cost is the symmetrized Itakura-Saito divergence applied 640

to R(x) (6), with R(x) = x in the one-dimensional case. This representation carries the 641

Hessian-geometric structure induced by J. 642

The Bregman divergence associated with a convex potential ϕ satisfies 643

Dϕ(x, x + δ) = 1
2 ⟨δ, (∇2ϕ)(x)δ⟩+ O(|δ|3), 644

https://doi.org/10.3390/1010000

https://doi.org/10.3390/1010000


Version May 12, 2026 submitted to Journal Not Specified 22 of 25

Figure 3. System plots for a = −2, b = 1 showing the zero-cost hypersurface (dark), the gradient of J
(gray arrows), and a Levi-Civita geodesic with initial data x(0) = 1, y(0) = 2, x′(0) = −1, y′(0) = 3,
in both xy and qr coordinates. The color modulation tightens along one segment of the geodesic,
indicating a decrease in the magnitude of the velocity |γ̇(λ)|.
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Figure 4. Residual error (61) along representative Levi-Civita geodesics. Left: example from Figure
2, where the error increases near singularities (due to large Christoffel symbols) and shows a local
increase at λ = 0 due to the numerical construction. Right: example from Figure 3, where for positive
λ the geodesic is sufficiently far from the singularities that the error remains small.
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such as in [10]. In logarithmic coordinates, J(t) = cosh(α · t)− 1 is convex, and the Hessian 645

metric (14) is the second-order term of the Bregman divergence associated with J in arbitrary 646

dimension. 647

The Bregman interpretation does not extend to the Hessian in x-coordinates, since the 648

metric is not positive definite on (0, ∞)n. 649

The Hessian metric of the cost function J in logarithmic coordinates 650

gij(t) = cosh(α · t) αiαj 651

can be realized as a Fisher-Rao metric of a statistical model [4]. 652

Let S = α · t. A (not necessarily unique) statistical model which works is the family of 653

normal distributions 654

p(z; t) =
1√
2π

exp
(
− (z − m(S))2

2

)
, m(S) =

∫ S

0

√
cosh u du. 655

Then 656

Iij(t) = (m′(S))2 αiαj. 657

Since m′(S) =
√

cosh S, we obtain 658

Iij(t) = cosh(α · t) αiαj = gij(t). 659

Therefore, the logarithmic Hessian geometry associated to the cost function admits 660

an interpretation as a Fisher information geometry of a one-dimensional statistical model 661

embedded in Rn. 662

6. Conclusion 663

The first contribution of this paper was the extension of the canonical reciprocal 664

cost to multiple dimensions. While the one-dimensional cost is uniquely determined, 665

the multidimensional extension is not unique in general. Starting from a one-variable 666

cost function, we introduced a multidimensional extension parametrized by weights α, 667

and showed that permutation symmetry (equal weights), together with the dimensional 668

reduction condition J(x, . . . , x) = J(x), leads to the choice αi =
1
n , which is canonical in 669

this sense. 670

After the multidimensional extension was defined, we analyzed the geometric struc- 671

tures it induces. The main observation is that the same function generates qualitatively 672

different geometries depending on the chosen affine structure. In logarithmic coordinates, 673

the Hessian metric has constant rank one, which leads to a degenerate geometry with an 674

integrable (n − 1)-dimensional radical distribution and a direction given by α. In contrast, 675

in the original x-coordinates the corresponding Hessian is generically nondegenerate and 676

defines a pseudo-Riemannian metric away from a singular locus. 677

We further showed that these differences are reflected at the level of geodesics. The 678

affine geodesics on both Mx and Mt are straight lines, and in Mt are globally defined, 679

while in Mx the domain restriction xi > 0 restricts their extendibility. The Levi-Civita 680

geodesics introduce additional structure, with coefficients depending only on S = α · t, 681

which confirms that the geometry is controlled by a single direction. Therefore, the function 682

J induces three distinct families of curves: affine geodesics of Mt, affine geodesics of Mx, 683

and Levi-Civita geodesics on Mx, depending on the chosen affine or metric structure. 684

Independently of the Hessian structure or geodesics, it is natural to examine gradient 685

paths of the cost function. Here, the gradient paths are integral curves of the vector field 686
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sinh(α · t) α, hence the velocities lie in the one-dimensional distribution generated by α. 687

Gradient paths therefore evolve only in the direction α. 688

The degeneracy of the Hessian metric has a geometric meaning. In logarithmic coordi- 689

nates, the metric has rank one and depends only on the scalar variable S = ∑n
i=1 αi log xi, 690

so that directions orthogonal to α lie in the kernel of the metric. Thus, the geometry is 691

effectively one-dimensional, determined by the variable S, while the remaining directions 692

do not contribute to the metric. 693

Our further work will include multidimensional uniqueness and analysis near the 694

degeneracy set. Other possible extensions could be examining different coordinate systems 695

beyond ratio type x and logarithmic type t to see if a Hessian cost manifold can be con- 696

structed with a globally defined inverse metric, or if they have a particularly interesting 697

interpretation as statistical manifolds. 698
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19. M. L. Zlatanović, L. S. Velimirović, M. S. Stanković, Necessary and sufficient conditions for equitorsion geodesic mapping J. Math. Anal. 735

Appl., 435 (2016) no. 1, 578–592. 736
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