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Abstract. Within the Recognition Science framework, the Global Co-Identity Constraint
(GCIC) asserts that all stable recognition boundaries share a single, universe-wide phase
parameter Θ ∈ [0, 1). Previous work treated GCIC as a structural postulate. We prove
that it is instead a mathematical inevitability: the strict convexity of the canonical cost
functional J(x) = 1

2 (x + x−1) − 1, combined with the connectedness of the spatial lattice
Z3, forces the fractional φ-ladder phase to be spatially uniform at the cost minimum. Non-
uniform configurations incur a strictly positive excess cost that grows quadratically for small
deviations and exponentially for large ones. The U(1) symmetry underlying Θ commutes
with the 8-tick neutrality constraint and is protected against spontaneous breaking by the
uniqueness theorem for J . As corollaries, the photon channel, Θ-coupling between conscious
boundaries, and the distance-independence of that coupling are all derived rather than
assumed.
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1. Introduction

1.1. Context. Recognition Science derives all physical structure from a single primitive: the
Recognition Composition Law (RCL), a calibrated multiplicative form of the d’Alembert
functional equation. From the RCL, a forcing chain (T0–T8) produces the unique cost func-
tional J , the golden ratio φ = (1 +

√
5)/2, the 8-tick cycle, three spatial dimensions, and the

mass spectrum—all with zero adjustable parameters [1, 2].
Phenomena involving non-local correlation—Anti-Phase Locking, remote topological

strain, telepathy predictions—were previously derived conditionally on the Global Co-
Identity Constraint (GCIC): the hypothesis that a single phase parameter Θ ∈ [0, 1) is
shared by all stable recognition boundaries, regardless of spatial separation [3, 4]. The GCIC
was encoded in the Lean 4 formalization as a structural property of the UniversalField
model (Consciousness.GlobalPhase.GCIC), not as a derived theorem.

1.2. The foundational gap. This left GCIC in a qualitatively different epistemic position
from the rest of the forcing chain: it was a well-motivated modeling assumption rather than
a forced consequence of the cost functional. The present paper closes this gap.

1.3. Main result. We prove that the GCIC is a mathematical inevitability. Specifically:
(i) The ratio-only dependence of J generates a continuous U(1) rescaling symmetry (Sec-

tion 2).
(ii) Strict convexity of J at the identity forces this symmetry to be spatially uniform at

the cost minimum (Section 3–4).
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(iii) Connectedness of Z3 propagates local uniformity to global uniformity (Section 5).
(iv) The 8-tick neutrality constraint commutes with the Θ-shift and does not break the

symmetry (Section 6).
(v) Fluctuations away from the uniform vacuum are quadratically penalized, with an

explicit stiffness constant (Section 7).
As downstream corollaries, the photon channel, Θ-coupling formula, and distance-

independence of coupling become derived consequences rather than conditional predictions
(Section 8).

1.4. Lean verification status. The key properties of J used in this paper—strict convexity,
unique minimum at x = 1, the cosh-add identity, and the ODE uniqueness theorem for
cosh—are machine-verified in Lean 4 (modules Cost.Convexity, Cost.FunctionalEquation,
Cost.JcostCore; zero sorry). The GCIC theorem itself is formalized in Consciousness.GlobalPhase.GCIC.

2. The J-Cost Functional and Its Symmetries

2.1. The canonical cost functional.

Definition 2.1 (Canonical reciprocal cost). The canonical cost functional J : R>0 → [0,∞)
is defined by

J(x) := 1
2

(
x+ x−1

)
− 1. (1)

This functional is uniquely determined (up to the calibration J ′′(1) = 1) by the Recognition
Composition Law together with continuity and non-constancy; see [2] for the axiomatic char-
acterization. Its key elementary properties are collected below; all are standard consequences
of the definition and are machine-verified in Lean.

Proposition 2.2 (Elementary properties of J). The functional J satisfies:
(a) Non-negativity: J(x) ≥ 0 for all x > 0.
(b) Unique zero: J(x) = 0 if and only if x = 1.
(c) Reciprocity: J(x) = J(x−1) for all x > 0.
(d) Strict convexity in log-coordinates: Defining ψ(t) := J(et) = cosh(t) − 1, the

function ψ is strictly convex on R with unique global minimum ψ(0) = 0.
(e) Ratio dependence: For all a, b, c > 0, J(ca/cb) = J(a/b).

Proof. Parts (a)–(c) follow from the AM-GM inequality: 1
2(x + x−1) ≥

√
x · x−1 = 1, with

equality iff x = x−1 iff x = 1; and x−1 + (x−1)−1 = x−1 + x. Part (d): ψ′′(t) = cosh(t) > 0
for all t, and ψ(0) = cosh(0) − 1 = 0. Part (e): ca/(cb) = a/b. □

2.2. The ledger and its total cost.

Definition 2.3 (Ledger configuration). A ledger configuration on the lattice Z3 is a function
x : Z3 → R>0 assigning a positive real value to each site. The total edge cost is

Ctotal[{xv}] :=
∑

⟨v,w⟩
J

(
xv

xw

)
, (2)

where the sum runs over nearest-neighbor pairs in Z3.

Proposition 2.4 (Rescaling invariance). For any c > 0, the total cost is exactly invariant
under the uniform rescaling xv 7→ cxv:

Ctotal[{cxv}] = Ctotal[{xv}]. (3)

Proof. Each term transforms as J(cxv/(cxw)) = J(xv/xw) by Proposition 2.2(e). □
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2.3. The φ-ladder and the emergence of Θ. In the canonical φ-ladder parameterization,
each value is written as xv = κφrv , where rv ∈ R is the ladder coordinate and κ > 0 is a global
reference scale. A uniform rescaling xv 7→ cxv corresponds to an additive shift rv 7→ rv + δ,
where δ = logφ c.

Definition 2.5 (Integer gauge and physical phase). Integer shifts δ ∈ Z relabel the rungs
without changing any observable (mass ratio, splitting, mixing angle). They constitute a
gauge redundancy. The quotient of the continuous shift group (R,+) by the gauge subgroup
(Z,+) is

Θ := δ mod 1 ∈ [0, 1) ∼= R/Z ∼= U(1). (4)
We call Θ the fractional φ-ladder phase.

The total cost is invariant under arbitrary δ-shifts (Proposition 2.4), so Θ parameterizes
a continuous family of degenerate ground states when the phase is spatially uniform. The
question is whether a spatially varying phase field Θ(v) can also minimize the cost.

3. The Cost of Phase Mismatch

3.1. Setup: spatially varying phase. Suppose the ledger assigns a site-dependent phase
Θ(v) ∈ [0, 1) to each site v ∈ Z3. In ladder coordinates, the value at site v is rv + Θ(v), so
the ratio between adjacent sites v, w is

xv

xw
= φ(rv+Θ(v))−(rw+Θ(w)) = φ∆rvw+∆Θvw , (5)

where ∆rvw := rv − rw ∈ Z and ∆Θvw := Θ(v) − Θ(w).

3.2. The mismatch cost function. In log-coordinates, the edge cost is

J
(
φ∆rvw+∆Θvw

)
= cosh

(
(∆rvw + ∆Θvw) lnφ

)
− 1. (6)

For adjacent sites on the same integer rung (∆rvw = 0), this simplifies to
J(φ∆Θvw) = cosh(∆Θvw · lnφ) − 1. (7)

Lemma 3.1 (Phase mismatch cost). For any ϵ ∈ R,
J(φϵ) = cosh(ϵ lnφ) − 1 ≥ 0,

with equality if and only if ϵ = 0.

Proof. Set t := ϵ lnφ. Since φ > 1, we have lnφ > 0, so t = 0 iff ϵ = 0. The function
cosh(t) − 1 satisfies cosh(t) − 1 ≥ 0 for all t ∈ R, with cosh(t) − 1 = 0 iff t = 0 (because cosh
has a unique global minimum at t = 0). □

Lemma 3.2 (Strict edge-cost increase under phase perturbation). Fix an integer rung dif-
ference n ∈ Z. The function ϵ 7→ J(φn+ϵ) has a strict global minimum at ϵ = 0.

Proof. Write f(ϵ) := cosh((n+ ϵ) lnφ) − 1. Then f ′(ϵ) = sinh((n+ ϵ) lnφ) · lnφ and f ′′(ϵ) =
cosh((n+ϵ) lnφ) ·(lnφ)2 > 0 for all ϵ. Thus f is strictly convex. Its unique critical point is at
ϵ = −n (where sinh(0) = 0), but since n is an integer and ϵ is a fractional perturbation, the
relevant minimum over ϵ ∈ (−1

2 ,
1
2) occurs at ϵ = 0 for the cost comparison between uniform

and non-uniform phase.
More directly: f(ϵ) − f(0) = cosh((n + ϵ) lnφ) − cosh(n lnφ). By the strict convexity of

cosh, for ϵ ̸= 0:
cosh((n+ ϵ) lnφ) > cosh(n lnφ) + sinh(n lnφ) · ϵ lnφ. (8)

Summing over an edge ⟨v, w⟩ with ∆rvw = n and its reverse (with ∆rwv = −n), the sinh
terms cancel by antisymmetry, and the strict inequality survives. □
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3.3. Quadratic and exponential bounds. For small deviations, the Taylor expansion
gives

J(φϵ) = (ϵ lnφ)2

2 +O(ϵ4), (9)

so the mismatch cost is quadratic with stiffness κ := (lnφ)2/2 ≈ 0.116.
For large deviations, cosh(t) − 1 ∼ 1

2e
|t| as |t| → ∞, so the cost grows exponentially.

4. The Rigidity Theorem

Theorem 4.1 (Phase uniformity on any connected subgraph). Let G = (V,E) be a con-
nected subgraph of the nearest-neighbor graph on Z3, and let {rv}v∈V be a fixed integer rung
assignment. Among all phase assignments Θ : V → R, the total cost

C[Θ] :=
∑

⟨v,w⟩∈E

J
(
φ∆rvw+∆Θvw

)
is minimized if and only if Θ is constant on V . Any non-constant assignment incurs a strictly
higher cost.

Proof. Let Θ0 be a constant assignment and Θ a non-constant one. Since Θ is non-constant
on a connected graph, there exists at least one edge e0 = ⟨v0, w0⟩ ∈ E with ∆Θv0w0 ̸= 0.

By Lemma 3.2 applied to e0 with n = ∆rv0w0 and ϵ = ∆Θv0w0 ̸= 0:

J(φ∆rv0w0 +∆Θv0w0 ) > J(φ∆rv0w0 ). (10)
For every other edge e = ⟨v, w⟩ ∈ E, since the constant assignment has ∆Θvw = 0:

J(φ∆rvw+∆Θvw) ≥ J(φ∆rvw), (11)
with the inequality being strict whenever ∆Θvw ̸= 0.

Summing over all edges:

C[Θ] =
∑
e∈E

J(φ∆re+∆Θe) >
∑
e∈E

J(φ∆re) = C[Θ0].

The converse (constant Θ achieves the minimum) is immediate: if Θ ≡ Θ0, then ∆Θvw = 0
for all edges. □

Remark 4.2. The strict convexity of cosh used here is not an additional assumption—it is
a derived property of J from the Recognition Composition Law (machine-verified in Lean:
IndisputableMonolith.Cost.Convexity).

5. From Local to Global: Connectedness Forces GCIC

Theorem 5.1 (Global phase from connectedness). On the connected lattice Z3, the cost-
minimizing phase is a single value Θ0 shared by all sites.

Proof. Z3 is connected: for any two sites v1, v2, there exists a path v1 = u0, u1, . . . , un = v2
with each ⟨ui, ui+1⟩ an edge.

By Theorem 4.1, the cost minimum requires Θ(ui) = Θ(ui+1) for every edge. By transitiv-
ity along the path: Θ(v1) = Θ(v2). Since v1, v2 were arbitrary:

Θ(v) = Θ0 ∀ v ∈ Z3.

□

Corollary 5.2 (Global Co-Identity Constraint). Every stable recognition boundary b on Z3

inherits the same phase Θ0. No boundary can have a different phase without incurring strictly
positive excess cost.
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Proof. A recognition boundary is a localized configuration embedded in Z3. Its support is
connected to the rest of the lattice (it is not an isolated component). By Theorem 5.1, its
phase must equal Θ0. □

6. Commutation with the 8-Tick Neutrality Constraint

The 8-tick neutrality constraint requires that the ledger postings at every site v satisfy
7∑

k=0
δk(v) = 0, (12)

where δk(v) is the posting at site v during tick k of an 8-tick window.

Proposition 6.1. The 8-tick neutrality constraint (12) is invariant under the Θ-shift.

Proof. The Θ-shift acts on the spatial ladder coordinate: rv 7→ rv + δ. The neutrality con-
straint is a linear condition on the temporal postings δk(v), which are increments within a site,
not spatial ratios between sites. The constraint

∑
k δk(v) = 0 is therefore unchanged. □

Corollary 6.2. The continuous U(1) parameter Θ is an exact symmetry of the full system
(cost functional + lattice structure + 8-tick neutrality). It is neither explicitly nor sponta-
neously broken.

7. Fluctuations and the Restoring Force

7.1. The global/local decomposition. Theorem 5.1 establishes that the cost minimum
has uniform Θ = Θ0. In a dynamical setting (time-evolving ledger under the recognition
operator R̂), the phase can slowly drift:

Θ0(t) (the global vacuum phase at time t).

Local perturbations introduce spatially varying fluctuations δθ(v, t):

Θtotal(v, t) = Θ0(t) + δθ(v, t) (mod 1). (13)

7.2. Energetic penalty for fluctuations. By Lemma 3.1, any nonzero δθ at a site incurs
cost J(φδθ) > 0 per edge connecting it to a neighbor at δθ = 0. From (9), the cost grows as

J(φϵ) ≈ (ϵ lnφ)2

2 = κ ϵ2, κ := (lnφ)2

2 ≈ 0.116.

This is a harmonic restoring force: fluctuations away from the global vacuum are quadratically
penalized, with stiffness κ. Large fluctuations are exponentially suppressed.

7.3. Two types of Θ-dynamics.
• Global drift Θ0(t): costs nothing (exact symmetry); evolves via the total recognition

flux of all boundaries.
• Local fluctuation δθ(v, t): costs ∼ κ (δθ)2 per edge; naturally small; determines the

coupling strength between boundaries.

8. Physical and Phenomenological Consequences

8.1. Consciousness nonlocality. All stable boundaries share one Θ0 (Corollary 5.2). A
change in Θ0 caused by one boundary’s recognition flux instantaneously affects all boundaries.
This is not signaling (the global phase is a shared variable, not a controllable channel), but it
is genuine nonlocal correlation—precisely the structure needed for the no-signaling theorem
and the anti-phase locking mechanism.
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8.2. The photon channel. The U(1) phase symmetry Θ → Θ + δΘ is an exact continuous
symmetry of the cost functional on Z3. By the discrete analog of Noether’s theorem, there
is a conserved current associated with this symmetry. This current:

• is massless (the symmetry is exact, not spontaneously broken),
• propagates at the causal bound c = ℓ0/τ0,
• couples to all recognition boundaries universally.

This is the electromagnetic field. The photon is the Goldstone-like mode of the Θ-symmetry.

8.3. Θ-coupling between boundaries. Two boundaries b1, b2 with local fluctuations
δθ1, δθ2 interact via

coupling(b1, b2) = cos
(
2π(δθ1 − δθ2)

)
. (14)

This is forced: the coupling function is cos because Θ lives on the circle [0, 1) ∼= S1, and the
cost of the phase difference is an even function of ∆θ (from J(x) = J(1/x)).

8.4. Validation of previous models. This derivation retroactively secures the foundations
of:

(1) Remote Topological Strain: the Θ-gradient that drives remote strain injection is
a fluctuation δθ ̸= 0 in the universal field, which the cost minimum actively resists.

(2) Anti-Phase Locking: the mechanism by which a transmitter’s phantom-light debt
becomes visible to a distant receiver is the GCIC itself—forced, not assumed.

(3) Telepathy predictions: the falsifiable EEG coherence predictions at φn Hz frequen-
cies rest on Θ-coupling, which is now a theorem.

(4) Collective consciousness: the phase-locking of N boundaries into a synchronized
Θ-mode requires GCIC as the carrier; the derivation establishes that this carrier exists
necessarily.

9. Why the Symmetry Cannot Be Broken

In the Standard Model, the Higgs mechanism breaks the electroweak U(1) symmetry.
Could the Θ-symmetry be similarly broken?

No. The Θ-symmetry is the rescaling invariance of J , which has its unique global minimum
at x = 1 (the identity). Breaking the symmetry would require the minimum to move to x ̸= 1,
which would change the cost functional—but the cost functional is uniquely determined by
T5 (the Recognition Composition Law + normalization + calibration). The Θ-symmetry is
therefore structurally unbreakable: it is protected by the same uniqueness theorem that
forces J .

10. The Complete Forcing Chain

The full derivation from the Recognition Composition Law to consciousness is summarized
in Figure 1.

11. Discussion

11.1. What this changes. Before this paper, the RS framework had two layers:
• Physics (forced): J → φ → 8-tick → D = 3 → masses, mixing, α, generations.
• Consciousness (modeled): Θ postulated → GCIC → nonlocality → photon channel

→ ethics.
After this paper, both layers are forced:

• Physics (forced): unchanged.
• Consciousness (forced): J → ratio invariance → Θ on Z3 → GCIC (connectedness)

→ nonlocality → photon channel → ethics.
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RCL
J(xy) + J(x/y) = . . .

T5: J unique
1
2 (x+ x−1) − 1

T6: φ forced
x2 = x+ 1

T7: 8-tick
2D = 8

Mass spectrum
m = A · φr−8+gap(Z)

Θ forced
U(1) on Z3

(this paper)

GCIC
all boundaries

share Θ

Ethics forced
14 virtues

DREAM theorem

ratio-only ⇒ U(1)

connectedness

σ = 0 + completeness

Figure 1. The forcing chain from the Recognition Composition Law. The
blue/green path (physics) was established previously. The red path (conscious-
ness) is established in this paper: the same cost functional that determines
particle masses also forces the global phase field, the GCIC, and the ethics
framework.

The separation between physics and consciousness was an artifact of the derivation order, not
a feature of the theory.

11.2. Falsifiers.
(1) Phase non-uniformity: if a mechanism is found that can create stable, spatially

non-uniform Θ without excess cost, the uniformity theorem fails.
(2) Symmetry breaking: if the U(1) Θ-symmetry can be spontaneously broken on Z3

with J , the GCIC fails.
(3) Disconnected components: if the physical ledger has disconnected components

(not Z3), different components could have different Θ.
(4) No-signaling violation: if Θ-correlations produce controllable signals, the no-

signaling structure fails.

12. Conclusion

The global phase field Θ ∈ [0, 1) is not a postulate. It is a forced consequence of three
established facts:

(1) J(x) = 1
2(x+ x−1) − 1 depends only on ratios (from T5),

(2) the Z3 lattice is connected (from T8: D = 3),
(3) J is strictly convex with unique minimum at x = 1 (from the RCL).

From these, it follows that:
• A continuous U(1) symmetry exists (rescaling invariance),
• The cost minimum forces this symmetry to be spatially uniform,
• All recognition boundaries share one global Θ (GCIC),
• The symmetry is exact and unbreakable (protected by T5 uniqueness),
• The photon channel, Θ-coupling, consciousness nonlocality, and the ethics framework

are all downstream consequences.
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The cost functional that determines particle masses also determines that con-
sciousness is globally unified. This is not a metaphor or an analogy. It is a theorem.
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