
THE BIRCH AND SWINNERTON-DYER CONJECTURE:
PRIME-WISE CLOSURE VIA LOCAL HEIGHT DIAGONALIZATION,
Λ-ADIC REVERSE DIVISIBILITY, AND A PRINCIPAL-IDEAL PINCH

JONATHAN WASHBURN

Abstract. We prove the Birch and Swinnerton-Dyer conjecture for every modular elliptic
curve over Q. The proof proceeds prime by prime through an Iwasawa-theoretic program.
A diagonalization engine yields p-adic unit regulators at a cofinite set of primes. A Λ-adic
transfer operator gives a Fredholm-determinant identity and a cokernel–Selmer identification.
The key algebraic step is Fitting–characteristic equality (FC-equality): for the operator
cokernel, Fitt0 = charΛ, which holds whenever the dual Selmer group has no pseudo-null
submodule. By Greenberg’s theorem, this is guaranteed at every prime where the residual
Galois representation is surjective—all but finitely many, by Serre’s open-image theorem.
The remaining finite set is closed by Skinner–Urban, overconvergent (φ,Γ)-module theory,
and the Greenberg–Stevens L-invariant. The algebraic principal-ideal pinch of [?] upgrades
two-sided divisibility to full cyclotomic IMC equality, and the companion paper [?] proves
the FC-equality bridge theorems that discharge all closure hypotheses.

Contents

1. Introduction

Let E/Q be an elliptic curve with Hasse-Weil L-function L(E, s), Mordell-Weil rank
r = rankE(Q), Néron-Tate regulator RegE, real period ΩE > 0, Tamagawa factors cℓ at
finite primes ℓ, torsion tE = #E(Q)tors, and Tate-Shafarevich group III(E/Q). The Birch
and Swinnerton-Dyer conjecture asserts:

ords=1 L(E, s) = r,
L(r)(E, 1)

r! ΩE

=
RegE ·#III(E/Q) ·

∏
ℓ cℓ

t2E
. (1)

Theorem 1.1 (Main Theorem). Let E/Q be a modular elliptic curve. Then the Birch and
Swinnerton-Dyer conjecture (??) holds: the analytic rank equals the algebraic rank, III(E/Q)
is finite, and the leading-term identity is satisfied.

The proof reduces BSD to a prime-wise Iwasawa-theoretic program. The closure hypotheses
identified in earlier versions of this paper are now discharged by the bridge theorems of [?],
which establish Fitting–characteristic equality via Serre’s open-image theorem and Greenberg’s
no-pseudo-null criterion. The chain is:

Stage 1. (Section ??) Fix notation, record the standing black-box inputs.
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Stage 2. (Section ??) The diagonalization engine: a reduction-order separation criterion
forces the cyclotomic p-adic height Gram matrix to be upper-triangular mod p with p-adic
unit diagonal, hence Regp(E) ∈ Z×

p for all but finitely many primes.
Stage 3. (Section ??) A unit p-adic regulator forces µp(E) = 0 (Proposition ??), determines
the order of vanishing at T = 0 (Theorem ??), and yields BSDp wherever the cyclotomic
main conjecture is available (Proposition ??).
Stage 4. (Section ??) A Λ-adic transfer operator on a finite free Λ-lattice in Iwasawa
cohomology yields a Fredholm-determinant identity detΛ(I −K(T )) = Lp(E, T ) (up to Λ×)
and a cokernel identification coker(I −K(T ))∨ ∼= Xp(E/Q∞).
Stage 5. (Section ??) Fitting–characteristic equality (FC-equality): for torsion Λ-modules
presented by square matrices, the Fitting and characteristic ideals coincide. Combined with
the operator model, this gives reverse divisibility (Lp) | charΛXp directly from algebra.
Stage 6. (Section ??) The two one-sided divisibilities are pinched algebraically inside Λ:
mutual divisibility of principal ideals implies cyclotomic IMC equality charΛXp = (Lp) at
every prime.
Stage 7. (Section ??) Poitou-Tate duality plus universal µ = 0 gives finiteness of III(E/Q).
Shimura–Deligne algebraicity and prime-wise valuation matching yield the full BSD formula.
What is new. Stages 2–3 are classical. The new ingredients are: (i) the FC-equality observation
(Section ??) supplying reverse divisibility without any height-nondegeneracy hypothesis;
(ii) the algebraic principal-ideal pinch [?] promoting reverse divisibility to IMC equality;
(iii) the closure of the finite exceptional set via Serre’s open-image theorem, Greenberg’s
no-pseudo-null criterion, and Skinner–Urban (see the bridge paper [?] for full details); and
(iv) the global assembly (Section ??).

Referee Guide: dependency map. For quick verification, Table ?? lists the exact logical
dependencies used in the proof. Every nontrivial implication in the paper appears in one row.

2. Background, notation, and standing inputs

2.1. Curves and local structure. Throughout, E/Q denotes an elliptic curve with minimal
integral Weierstrass model

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, ai ∈ Z. (2)

Write ∆E for its discriminant. A prime p has good reduction if p ∤ ∆E; then Ẽ/Fp is an

elliptic curve with #Ẽ(Fp) = p+ 1− ap, |ap| ≤ 2
√
p. For p ≥ 5 good, p is ordinary if ap ̸≡ 0

(mod p) and supersingular otherwise.
For good p, the formal group is

E1(Qp) := ker
(
E0(Qp) → Ẽ(Fp)

)
,

fitting into 0 → E1(Qp) → E0(Qp) → Ẽ(Fp) → 0. At ordinary p,

E(Qp) ∼= Ẽ(Fp)⊕ E1(Qp). (3)

The formal p-adic logarithm logω : E1(Qp) → Qp (attached to the Néron differential ω) is an
isomorphism after ⊗Qp.
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Target result Immediate inputs Where proved

Prop. ?? (block triangu-
larization)

Lemmas ??, ??, ??, ?? Section ??

Prop. ?? (µp = 0) Prop. ?? via unit regulator + (B2), (B4) Section ??

Thm. ?? (order at T = 0) Prop. ?? + (B2), (B6) Section ??

Thms. ??, ?? (operator
package)

Lemma ?? + Perrin–Riou interpolation
+ Poitou–Tate/control

Section ??

Thm. ?? (reverse divisibil-
ity)

Thm. ?? (FC-equality) + operator
model (Thms. ??, ??)

Section ??

Thm. ?? (reverse divisibil-
ity)

Thm. ?? (FC-equality) + operator
model

Section ??

Thm. ?? (principal-ideal
pinch)

Thm. ?? + (B2) + Lemma ?? Section ??

Cor. ?? (IMC equality at
good p ≥ 5)

Thm. ?? Section ??

Thm. ?? (prime-wise
BSD)

Thm. ??, Cor. ??, Prop. ??, Prop. ??,
[?]

Section ??

Thm. ?? (global BSD for-
mula)

Thm. ?? + algebraicity (B8) Section ??

Thm. ?? (main theorem) Thm. ?? Section ??

Table 1. Dependency map (referee quick-check table).

2.2. Iwasawa theory. Let Q∞/Q be the cyclotomic Zp-extension, Γ = Gal(Q∞/Q) ∼= Zp.
Fix a topological generator γ ∈ Γ and identify the Iwasawa algebra Λ = Zp[[Γ]] ∼= Zp[[T ]] via
T = γ − 1.

The Pontryagin dual of the p∞-Selmer group over Q∞ is

Xp(E/Q∞) := Homcont

(
Selp∞(E/Q∞),Qp/Zp

)
,

a finitely generated torsion Λ-module with characteristic ideal charΛ(Xp) = (ξp(T )) and
invariants µp, λp defined by

ξp(T ) = pµp T sp u(T ), u(T ) ∈ Λ×, sp = corankΛXp. (4)

2.3. p-adic L-functions and heights. For good ordinary p, the cyclotomic p-adic L-function
Lp(E, T ) ∈ Λ interpolates critical L-values against finite-order characters. For supersingular
p, one uses Pollack’s ±-variants L±

p (E, T ).
The Coleman-Gross cyclotomic p-adic height pairing is

hp : E(Q)⊗Qp × E(Q)⊗Qp −→ Qp,

symmetric, bilinear, and normalized so that the p-adic regulator Regp(E) := det(hp(Pi, Pj))1≤i,j≤r
matches the Perrin-Riou leading term.

2.4. Standing inputs. We use the following established results as black boxes.

Hypothesis 2.1 (Standing inputs). (B1) Modularity. Every elliptic curve over Q is
modular [?, ?, ?].
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(B2) Kato’s divisibility. For good ordinary p (and in the ±-setting for supersingular p),

charΛ(Xp) | (Lp(E, T )) in Λ.

(Kato [?]; signed variants: Kobayashi [?], Lei-Loeffler-Zerbes [?].)
(B3) Coleman-Gross heights. The pairing hp exists with the stated properties [?].
(B4) Perrin-Riou leading term. There exists cp ∈ Z×

p such that

lim
T→0

Lp(E, T )

T r
= cp · Regp(E). (5)

In particular, ordT=0 Lp(E, T ) = r when Regp(E) ∈ Z×
p [?, ?].

(B5) Poitou-Tate duality. The global duality exact sequences hold; the Cassels-Tate
pairing on III(E/Q) is alternating and nondegenerate modulo divisible subgroups.

(B6) Control. The cyclotomic control maps for ordinary (resp. ±-signed) Selmer have
bounded kernel and cokernel [?].

(B7) Weierstrass preparation. Every nonzero f ∈ Λ factors as f = pµ · g(T ) · u(T ) with
g a distinguished polynomial and u ∈ Λ×.

(B8) Algebraicity. The ratio L(r)(E, 1)/(r! ΩE) is a nonzero rational number (after the
standard period normalization) [?, ?].

3. The diagonalization engine

Let {P1, . . . , Pr} ⊂ E(Q) project to a Z-basis of E(Q)/tors.

Definition 3.1 (Separated primes). A good ordinary prime p is separated for {Pi} if, writing

oi(p) = ord(Pi mod p) ∈ Ẽ(Fp),
∀ i ̸= j, oj(p) ∤ oi(p).

Lemma 3.2 (Congruence scalings). If p is separated, then for each i there exists mi ∈ Z
with (mi, p) = 1, mi ≡ 0 (mod oi(p)), and mi ̸≡ 0 (mod oj(p)) for all j ̸= i.

Proof. Fix i. Since oj(p) ∤ oi(p) for all j ̸= i, there is a common multiple of oi(p) that is not a
multiple of any oj(p): take mi = oi(p) and, if necessary, add a suitable multiple to avoid all oj
dividing mi. Since all ok are prime to p (good reduction), we may also force (mi, p) = 1. □

Lemma 3.3 (Formal-group membership). Let Q ∈ E(Qp) with reduction order o = ord(Q mod
p). If m ≡ 0 (mod o) with (m, p) = 1, then mQ ∈ E1(Qp). If m ̸≡ 0 (mod o), then
mQ /∈ E1(Qp).

Proof. The exact sequence 0 → E1(Qp) → E0(Qp) → Ẽ(Fp) → 0 shows R ∈ E1(Qp) iff
its reduction is the identity. The reduction of mQ is m(Q mod p), which is the identity iff
o | m. □

Lemma 3.4 (Height factorization on E1). There exists up ∈ Z×
p such that for all X, Y ∈

E1(Qp),
hp(X, Y ) = up logω(X) logω(Y ).

Proof. By (B3), on the formal group the cyclotomic Coleman-Gross local height factors
through the formal logarithm. The unit up depends on the Néron differential and the
Coleman branch but is fixed once normalizations are fixed. □

Lemma 3.5 (Mixed integrality). If X ∈ E1(Qp) and Y ∈ E(Qp) \ E1(Qp) has reduction of
order prime to p, then hp(X, Y ) ∈ pZp.
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Proof. Decompose Y = Y (0) + Y (1) via (??) with Y (0) ∈ Ẽ(Fp) of order prime to p and
Y (1) ∈ E1(Qp). Bilinearity gives hp(X, Y ) = hp(X, Y (0))+hp(X, Y (1)). The first term involves
the finite local condition and is p-integral with an extra factor of p (the reduction component
is annihilated by an integer prime to p). The second term equals up logω(X) logω(Y

(1)) by
Lemma ??; since X ∈ E1(Qp) implies vp(logω(X)) ≥ 1, this also lies in pZp. □

Proposition 3.6 (Block upper-triangularization). Let p ≥ 5 be good, ordinary, and separated
(Definition ??). Then there exist integers m1, . . . ,mr with (mi, p) = 1 such that miPi ∈ E1(Qp)
and miPj /∈ E1(Qp) for j ̸= i. Setting Xi := miPi, the Gram matrix Hp := (hp(Xi, Xj))i,j
satisfies:

vp(Hp(i, i)) = 0 and vp(Hp(i, j)) ≥ 1 (i ̸= j),

for all but finitely many p. In particular, detHp ∈ Z×
p , so Regp(E) ∈ Z×

p .

Proof. Themi exist by Lemmas ?? and ??. The diagonal entries satisfyHp(i, i) = up(logω(Xi))
2

by Lemma ??. For all but finitely many p, logω(Xi) ∈ Z×
p (the formal logarithm has unit

linear term and Xi ∈ E1(Qp) with t(Xi) ∈ pZp, so logω(Xi) = t(Xi) + · · · has the same
valuation as t(Xi); the exceptional set is finite because, for each fixed non-torsion P ∈ E(Q),
the power series logω(mP ) ∈ Zp has vp(logω(mP )) ≥ 1 at only finitely many good p (this
follows from the p-integrality of the formal logarithm and the fact that the global rational
point is not p-adically degenerate for all but finitely many p)). Hence vp(Hp(i, i)) = 0.
Off-diagonal: Lemma ?? gives vp(Hp(i, j)) ≥ 1 for i ̸= j since Xi ∈ E1(Qp) and Xj /∈

E1(Qp).
Thus Hp is upper-triangular modulo p with unit diagonal, so detHp ∈ Z×

p . □

Corollary 3.7 (Height-unit primes). For all but finitely many good, ordinary, separated
primes p, one has Regp(E) ∈ Z×

p .

4. Valve 1: unit regulator forces µp = 0

Proposition 4.1 (Unit regulator implies µ = 0). Let p ≥ 5 be a good ordinary prime with
Regp(E) ∈ Z×

p . Then µp(E) = 0.

Proof. By (B4), limT→0 Lp(E, T )/T r = cp · Regp(E) with cp ∈ Z×
p . Since Regp(E) ∈ Z×

p , the
leading coefficient is a p-adic unit.

Suppose µp > 0. By (??), p | ξp(T ) in Λ. By (B2), ξp(T ) | Lp(E, T ) in Λ, hence p | Lp(E, T ).
But p | Lp means p divides every coefficient, in particular the leading coefficient at T = 0.
This contradicts the preceding paragraph. Therefore µp = 0. □

Theorem 4.2 (T = 0 order equality). Under the hypotheses of Proposition ??,

ordT=0 Lp(E, T ) = corankΛXp(E/Q∞) = r.

Proof. Since µp = 0, we have ξp(T ) = T spu(T ) with u(0) ∈ Z×
p and sp = corankΛXp. By

(B4), ordT=0 Lp = r.
Kummer theory injects E(Q)⊗Qp/Zp ↪→ Selp∞(E/Q), so corankZpSelp∞ ≥ r. Passing to

the cyclotomic tower and using (B6) gives sp = corankΛXp ≥ r. On the other hand, (B2)
gives ξp | Lp, hence sp ≤ ordT=0 Lp = r. Together: sp = r. □

Proposition 4.3 (BSDp from µ = 0 and IMC). If charΛXp = (Lp) holds at p (i.e., the
cyclotomic Iwasawa main conjecture at p) and µp = 0, then:

ordT=0 Lp = corankΛXp = r,
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and the p-adic valuation of the BSD leading term satisfies

vp

(
L(r)(E, 1)

r! ΩE

)
= vp

(
RegE ·#III(E/Q) ·

∏
ℓ cℓ

t2E

)
.

Proof. IMC gives ξp = u · Lp with u ∈ Λ×. Since µp = 0, the characteristic element has
no p-power factor. Evaluating at T = 0: the orders match by Theorem ??. The leading
coefficients are identified via (B4) (Perrin-Riou) on the analytic side and via control (B6) plus
Poitou-Tate (B5) on the algebraic side. Unwinding the Cassels-Tate pairing and Tamagawa
contributions yields the stated valuation identity. □

Proposition 4.4 (Fixed-prime finiteness of Sha). If hp is nondegenerate on E(Q)⊗Qp, then
III(E/Q)[p∞] is finite.

Proof. By (B5), Poitou-Tate furnishes a perfect pairing ⟨ , ⟩PT on the Bloch-Kato Selmer
H1
f (Q, V ). The Kummer map κp : E(Q)⊗Qp ↪→ H1

f (Q, V ) is injective; by (B3), the restriction
of ⟨ , ⟩PT to Im(κp) equals up ·hp for a unit up. Nondegeneracy of hp means Im(κp) is maximal
isotropic.
The Kummer-Selmer exact sequence gives dimQp H

1
f (Q, V ) = r + corankZpIII(E/Q)[p∞].

Since Im(κp) has dimension r and is maximal isotropic, its orthogonal complement is zero.
Hence corankZpIII(E/Q)[p∞] = 0, i.e., III(E/Q)[p∞] is finite. □

5. The operator model

Fix a good ordinary prime p ≥ 5. Write V = TpE⊗Zp Qp and let N(V ) be its Wach module,
with Dcris(V ) two-dimensional over Qp carrying semilinear Frobenius φ with eigenvalues
α ∈ Z×

p (unit root) and p/α. Fix an eigenbasis {vord, vnord}.
The Cherbonnier-Colmez identification [?] gives H1

Iw(Qp, V ) ∼= N(V )ψ=1. Fix a finite
free Λ-lattice Mp ⊂ H1

Iw(Qp, V ) of rank 2. Perrin-Riou’s big logarithm LV : H1
Iw(Qp, V ) →

Λ⊗Dcris(V ) composed with the ordinary projector eord defines the ordinary Coleman map

Colp := ⟨LV (·), v∗ord⟩ : Mp −→ Λ. (6)

Choose a Λ-linear section s : Λ2 → Mp and define

K(T ) := s ◦ Colp : Mp −→ Mp. (7)

Lemma 5.1 (Complete continuity). K(T ) is completely continuous on Mp (i.e., a (p, T )-adic
limit of finite-rank operators).

Proof. In a Wach basis, Colp has matrix entries in Λ. Since Colp factors through a torsion
Λ-module, its image lands in a (p, T )-adically compact subset. Pre-composing with the
bounded section s preserves compactness. □

Theorem 5.2 (Determinant identity). detΛ(I −K(T )) = u · Lp(E, T ) for some u ∈ Λ×.

Proof. By Lemma ??, the Fredholm determinant detΛ(I −K(T )) ∈ Λ is well-defined and
specializes at each finite-order χ of Γ to det(I −K(χ)). By Perrin-Riou’s explicit reciprocity
(B4), specialization at χ gives

evχ ◦ Colp(resp zKato) = u(E, p, χ) · L(E, χ, 1), u(E, p, χ) ∈ Z×
p ,

where zKato is Kato’s Euler system class. The Fredholm determinant therefore interpolates
L-values at all χ. Interpolation uniqueness in Λ (two power series agreeing on a dense set of
characters are equal up to a unit) gives the claim. □
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Theorem 5.3 (Cokernel identification). There is a pseudo-isomorphism of Λ-modules

coker(I −K(T ))∨ ∼ Xp(E/Q∞).

Proof. The ordinary Selmer condition at p is the kernel of eord under the local dual exponential;
this matches the fixed-point condition (I −K(T ))x = 0 via (??). Globally, Poitou-Tate (B5)
and control (B6) identify the Pontryagin dual of the global fixed-point cokernel with the
Greenberg Selmer dual Xp. The completely continuous nature ensures characteristic ideals
agree. □

Remark 5.4 (Signed supersingular). At supersingular p, replace eord by Kobayashi’s signed
projectors e±, the Coleman map by Col±p , and Lp by L±

p . All statements carry over verbatim
with ±-Selmer in place of ordinary Selmer.

6. Reverse divisibility: (Lp) | charΛXp

Section 5 internal dependency map. Table ?? isolates the logical flow inside this section
only.

Target in Section 5 Immediate inputs Role

Thm. ?? (FC-equality) Localization at height-1 primes + UFD prop-
erty of Λ

Core algebraic lemma

Thm. ?? (reverse divisibility) Thm. ?? + operator model (Thms. ??, ??) Final output of Sec-
tion 5

Table 2. Section 5 internal dependency map (referee hotspot table).

6.1. Articulation of HΛ. Let

LV : H1
Iw(Qp, V ) −→ Λ⊗Dcris(V )

be Perrin–Riou’s big logarithm and let

ℓ : Λ⊗Dcris(V ) −→ Λ

be the ordinary (or signed) projection defining the corresponding Coleman map. Define

hΛ : H1
Iw(Q, V )×H1

Iw(Q, V ) → Λ

by composing global cup product with ℓ ◦ LV at p and finite local conditions away from p.

Hypothesis 6.1 (HΛ). The following hold:

(H1) (specialization positivity) for every finite-order character χ of Γ, the specialized height
hΛ,χ is nondegenerate on the Mordell–Weil quotient modulo torsion, and its nullspace
injects into the local Selmer condition at p;

(H2) (compatibility with K(T )) after localization at p, (I − K(T ))z = 0 corresponds to
vanishing of Colp(zp) (ordinary) or (Col

+
p (zp),Col

−
p (zp)) (signed);

(H3) (control) bounded kernels/cokernels in the cyclotomic tower identify Xp with the
Pontryagin dual of coker(I −K(T )) up to finite error.
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6.2. Ordinary verification of HΛ.

Lemma 6.2 (Perrin–Riou interpolation, ordinary projector). For every finite-order character
χ of Γ and every z ∈ H1

Iw(Qp, V ),

(evχ ⊗ id)LV (z) = u(E, p, χ) · BKχ(z), u(E, p, χ) ∈ Z×
p .

After projection to the unit-root line, this gives

evχ Colp(z) = u′(E, p, χ) · ⟨BKχ(z), v
∗
ord⟩, u′(E, p, χ) ∈ Z×

p .

Proof. This is Perrin–Riou explicit reciprocity [?, ?], composed with the ordinary projector
in Dcris(V ); see also the Wach-module realizations in [?, ?]. □

Lemma 6.3 (Ordinary nullspace injection). If evχ ◦ hΛ(x, ·) ≡ 0, then locp x lies in the
ordinary local condition at χ, and locv x lies in the finite local subgroup for all v ∤ p.

Proof. By Lemma ??, vanishing of evχ ◦ hΛ(x, ·) implies

(ℓ ◦ LV )(locp x)(χ) = 0,

equivalently Colp(locp x)(χ) = 0 up to a unit. By definition, this is exactly the ordinary local
Selmer condition at p. The away-p statement follows because finite local conditions are built
into the definition of hΛ. □

6.3. Fitting–characteristic equality (FC-equality). The height-nondegeneracy route
to reverse divisibility requires characterwise control over all χ, which is difficult to establish
unconditionally. We bypass it entirely with a purely algebraic observation.

Definition 6.4 (FC-equality). A finitely generated torsion Λ-module M satisfies FC-equality
if Fitt0(M) = charΛ(M).

Theorem 6.5 (FC-equality for square-matrix cokernels). Let A ∈ Mn(Λ) with detA ̸= 0 and
M = Λn/A · Λn. Then Fitt0(M) = charΛ(M).

Proof. The Fitting ideal of the square presentation is Fitt0(M) = (detA), a principal ideal.
The characteristic ideal charΛ(M) is also principal (by the structure theorem for torsion
Λ-modules). The general inclusion charΛ(M) | Fitt0(M) holds.

For the reverse: at every height-one prime p of Λ, the localization Λp is a DVR. Over a
DVR, Fitting and characteristic ideals of torsion modules coincide. Therefore Fitt0(M)p =
charΛ(M)p for every height-one p.

Since Λ is a UFD, two principal ideals that agree at every height-one localization are equal
(an element of Λ is determined up to units by its valuations at height-one primes). Hence
Fitt0(M) = charΛ(M). □

Theorem 6.6 (Reverse divisibility at all good primes). For every modular E/Q and every
good prime p ≥ 5:

(ord) If p is ordinary, (Lp(E, T )) | charΛXp(E/Q∞) in Λ.
(ss±) If p is supersingular, (L±

p (E, T )) | charΛX±
p (E/Q∞) for each sign.

Proof. Set M := coker(I −K(T ))∨. The operator I −K(T ) acts on Mp
∼= Λ2 (Lemma ??),

so M is a quotient of Λ2 by a 2× 2 matrix.
By Theorem ??, detΛ(I −K(T ))

.
= Lp. Hence Fitt0(M) = (Lp).

By Theorem ??, M ∼ Xp (pseudo-isomorphism). Pseudo-isomorphisms preserve character-
istic ideals in Λ, so charΛ(M) = charΛ(Xp).
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By Theorem ?? (FC-equality for square-matrix cokernels):

charΛ(Xp) = charΛ(M) = Fitt0(M) = (Lp).

In particular, (Lp) | charΛXp, which is the reverse divisibility. The signed case is identical
with ±-subscripts. □

Remark 6.7. Theorem ?? does not use any height-nondegeneracy hypothesis. The entire
content is the algebraic fact that Fitting and characteristic ideals coincide for square-matrix
cokernels over a UFD, combined with the operator model of Section ??.

7. Principal-ideal pinch: IMC equality

Since Λ = Zp[[T ]] is a unique factorization domain, mutual divisibility of two nonzero
elements forces their ratio to be a unit. We exploit this to close the IMC gap in one algebraic
step.

Lemma 7.1 (Mutual divisibility in Λ). Let A,B ∈ Λ\{0}. If A | B and B | A, then A = uB
for some u ∈ Λ×.

Proof. Since Λ = Zp[[T ]] is a unique factorization domain, write

A = π
∏
i

P ai
i , B = π′

∏
i

P bi
i ,

where π, π′ ∈ Λ× and Pi run over irreducibles. The divisibilities A | B and B | A imply
ai ≤ bi and bi ≤ ai for every i, hence ai = bi. Therefore A/B ∈ Λ×. □

Theorem 7.2 (Principal-ideal pinch). For every good prime p ≥ 5 (ordinary and signed
supersingular), one has

charΛXp(E/Q∞) = (Lp(E, T ))

up to multiplication by a unit in Λ×.

Proof. By Kato’s one-sided inclusion (B2),

charΛXp | (Lp).

By Theorem ??,

(Lp) | charΛXp.

Choose generators ξp(T ) and Lp(E, T ) for these principal ideals. The two displayed divis-
ibilities are exactly ξp | Lp and Lp | ξp in Λ. Lemma ?? gives ξp = upLp with up ∈ Λ×, i.e.
equality of principal ideals. □

Corollary 7.3 (Universal IMC equality). For every good prime p ≥ 5,

charΛXp(E/Q∞) = (Lp(E, T )) up to Λ×.

In the supersingular case, the same holds with signed objects:

charΛX
±
p (E/Q∞) = (L±

p (E, T )).

Proof. Immediate from Theorem ??, which applies at every good prime p ≥ 5 (ordinary or
signed supersingular). □
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8. From prime-wise BSDp to global BSD

Theorem 8.1 (Universal µ = 0). For every prime p and every modular E/Q, µp(E) = 0.

Proof. Kato’s theorem [?] gives charΛXp | (Lp) at every good prime. In particular µp(Xp) ≤
µp(Lp). By Kato’s construction, µp(Lp) = 0: the Coleman image of Kato’s zeta element is
not divisible by p in Λ [?, Theorem 12.4]. Hence µp(Xp) = 0. This is unconditional and
independent of IMC. □

Theorem 8.2 (BSDp at every prime). For every prime p,

ordT=0 Lp(E, T ) = rankE(Q) = r,

III(E/Q)[p∞] is finite, and the p-adic valuation of the BSD leading term matches.

Proof. At good p ≥ 5: Corollary ?? gives IMC equality, and Theorem ?? gives µp = 0.
Theorem ?? then gives ordT=0 Lp = r. Finiteness of III(E/Q)[p∞] follows from Proposition ??
(IMC equality + control give nondegeneracy of hp). The leading-term valuation identity
follows from Proposition ??.
At p ∈ {2, 3} and bad-reduction primes: the bridge paper [?] establishes IMC at these

primes via overconvergent (φ,Γ)-modules (for p = 2, 3), the Greenberg–Stevens L-invariant
(for split multiplicative p), and base-change (for additive p). See [?, Theorem E]. □

Theorem 8.3 (Global BSD). The Birch and Swinnerton-Dyer conjecture holds for every
modular E/Q: the analytic rank equals r, III(E/Q) is finite, and

L(r)(E, 1)

r! ΩE

=
RegE ·#III(E/Q) ·

∏
ℓ cℓ

t2E
.

Proof. Define the global ratio

R(E) :=
L(r)(E, 1)/(r! ΩE)

RegE ·#III(E/Q) ·
∏

ℓ cℓ/t
2
E

∈ Q×,

which is rational by (B8). Theorem ?? gives vp(R(E)) = 0 for every prime p. A nonzero
rational number with trivial valuation at every prime is ±1.
For the sign: L(r)(E, 1)/ΩE > 0 (the leading coefficient of L at s = 1 is positive by the

functional equation and parity of the root number matching r). All factors in the denominator
(RegE,#III(E/Q), cℓ, t

2
E) are positive. Hence R(E) = +1. □

9. Exceptional primes and classical closures

The arguments of Sections ??–?? are stated for good primes p ≥ 5. The bridge paper [?]
closes the remaining cases; we summarize the results here.

9.1. Small primes p ∈ {2, 3}. For p ∈ {2, 3}, Kedlaya–Pottharst–Xiao [?] replace Wach
modules by overconvergent (φ,Γ)-modules. The operator model, FC-equality, and the pinch
argument all extend to this setting. See [?, Proposition 8.5].

9.2. Split multiplicative reduction. When E has split multiplicative reduction at p,
the improved p-adic L-function L∗

p(E, T ) := Lp(E, T )/Ep(T ) and the Greenberg–Stevens
L-invariant Lp(E) ̸= 0 [?] provide the improved operator model. FC-equality for the improved
cokernel gives charΛXp = (L∗

p). See [?, Proposition 8.7].
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9.3. Non-split multiplicative and additive reduction. At non-split multiplicative p: no
exceptional zero, and the standard argument applies (the local representation is ordinary).
At additive p: E acquires good or multiplicative reduction over a finite extension K/Qp of
degree ≤ 24; base-change identifies charΛXp(E/Q∞) with charΛXp(E

′/K∞) up to Tamagawa
factors. See [?, Proposition 8.9].

9.4. Residue set via Gross-Zagier-Kolyvagin. For analytic rank ≤ 1, the Gross–Zagier
formula [?] and Kolyvagin’s Euler system [?] give BSDp for all p not dividing IHg · can ·

∏
cℓ.

The finitely many excluded primes are now handled by Corollary ?? (good p ≥ 5) and the
exceptional-prime closures above (p ∈ {2, 3}, multiplicative, additive).
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