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Abstract

Previously published Recognition Science work on gravity involved scale depen-

dent source side enhancement to the Poisson equation in Newtonian gravity. In

this paper, we examine a simpli�ed model showing how something like a geomet-

ric gravity could arise from Recognition Science concepts. Speci�cally, we show

how the Recognition Science ledger, originally a graph isomorphic to a cubic lattice

undergoing tick based discrete updates, can be endowed with additional structure

(deformable edge lengths and �at space cell interiors) allowing for it to be used as a

substrate for Regge calculus. We then show that given certain conditions on hinge

data, the Regge action can be recast as a Dirichlet form in terms of a potential

de�ned on the nodes. Finally, we speak about the connections of this geometric

approach with the previous Poisson equation approach, and speculate on possible

modi�cations and adaptations of the Poisson equation approach for future testing.

Contents

1 Introduction 2

2 Recognition Science preliminaries 4
2.1 The Recognition Composition law . . . . . . . . . . . . . . . . . . . . . . 4
2.2 The Original Ledger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Constants from φ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Brief introduction to Regge calculus 6
3.1 Riemann Tensor and Ricci scalar . . . . . . . . . . . . . . . . . . . . . . 7

3.1.1 Multiple joints and the Bianchi identities for 3D Euclidean manifolds 7
3.2 4D Lorentzian manifolds, generalized Hilbert action, and �eld equations . 9

3.2.1 Sketch of the proof
∑

n Ln
∂ϵn
∂lp

= 0 . . . . . . . . . . . . . . . . . . 10

3.3 Weak �eld Regge action . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 The Ledger as a Regge calculus substrate 12
4.1 Ledger cost . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1



5 The Field-Curvature relationship 14
5.1 The Regge action with the conformal edge length ansatz . . . . . . . . . 14

5.1.1 Emergence of the Dirichlet form . . . . . . . . . . . . . . . . . . . 15
5.1.2 Reduction of the action: What has been proven . . . . . . . . . . 15
5.1.3 Reduction of the action: What has not been proven . . . . . . . . 16

5.2 The Weak Field Identi�cation . . . . . . . . . . . . . . . . . . . . . . . . 16
5.2.1 Lean modules for formal veri�cation . . . . . . . . . . . . . . . . 17

6 Toward recovery of General Relativity from Regge calculus 19
6.1 Advantages of the RS Cubic Lattice in a hypothetical GR recovery . . . 19
6.2 Possible di�culties with the RS Cubic Lattice . . . . . . . . . . . . . . . 20
6.3 The strong �eld regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7 Discussion 21
7.1 Connection to the ILG work . . . . . . . . . . . . . . . . . . . . . . . . . 21
7.2 Relation to Other Regge Calculus Approaches . . . . . . . . . . . . . . . 22

8 Conclusion 23

A Geometry of tetrahedra 23
A.1 The single tetrahedron Schlä�i . . . . . . . . . . . . . . . . . . . . . . . . 24
A.2 A Freudenthal tetrahedron . . . . . . . . . . . . . . . . . . . . . . . . . . 25

B Standard Linearized General Relativity 25
B.1 Emergence of the Poisson equation . . . . . . . . . . . . . . . . . . . . . 27

C Information-Limited Gravity: Detailed analysis and essential modi�ca-
tions 28
C.1 relation between published t and k forms of ρeff . . . . . . . . . . . . . . 28
C.2 Motivating the surrogate . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
C.3 Problems with the forms of (58) and (59) . . . . . . . . . . . . . . . . . . 29
C.4 Possible modi�cations to the ILG kernels and future work . . . . . . . . 30

1 Introduction

General relativity represents gravity geometrically, through spacetime curvature. The
Einstein �eld equations

Gµν + Λ gµν = κTµν (1)

relate the geometry of spacetime (via the Einstein tensor Gµν) to its matter content (via
the stress-energy tensor Tµν), with κ = 8πG/c4 as the gravitational coupling constant.

Modern physics typically treats �eld equations as being derived from stationary action
under variation of the underlying �eld. In the case of GR, the action decomposes as

S =

∫
(
R− 2Λ

2κ
+ LM)

√
−gd4x (2)

where the variation is conventionally taken over the inverse metric, or sometimes both
the inverse metric and the connection (see e.g. [1] for a textbook presentation). Here
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R is the Ricci scalar, Λ is a cosmological constant, LM is a matter Lagrangian density
whose variation leads to Tµν , and −g is the negative of the metric determinant.

There are some pleasing attributes to this:

1. Constructing gravity as a geometric e�ect makes equivalence of inertial and gravi-
tational mass automatic.

2. The geometric portion of the action consists of a constant Λ and the unique inde-
pendent lowest order scalar in terms of metric derivatives, which are arguably the
simplest possible terms.

3. A version of energy and momentum conservation, ∇µT
µ
ν = 0, is guaranteed by the

geometric Bianchi identities and �eld equation.

4. Empirically, General Relativity has been greatly successful in all precision tests with
controlled experiments such as deviations from Newtonian gravity in the weak �eld,
gravitational time dilation, and frame dragging. More recently, experiments have
been able to constrain gravitational wave emission and propagation, and strong
�eld behavior near neutron stars and black holes. See [2, 3, 4] for review articles
on these topics.

However, there are a few outstanding problems:

1. Beyond its role in inducing the energy momentum tensor, LM is unspeci�ed. The
anomalies on galactic and larger scales could be explained either by new gravita-
tional e�ects or additional matter sources.

2. GR seems to predict the emergence of situations where curvature singularities form
and its own geometric picture is invalid [5, 6].

3. Despite enormous e�ort, there is no widely accepted way to make general relativity
and quantum mechanics compatible. See [7, 8, 9] for recent review articles.

4. The values for the constants κ and Λ are parameters that must be measured, and
have values that are widely considered to be oddly small compared to hypothetical
identi�cations. The observed Λ, compared to naively considering vacuum quantum
�uctuations, is sometimes cited as a factor 10120[1] or 10122 [10] too small, although
more sophisticated calculations bring the factor to �only" 1054 [10]. The value for
κ is not dimensionless so it is di�cult to make a direct comparison to the QFT
coupling constants, but gravity is considered to be 1030 − 1040 times weaker.

5. It is somewhat surprising that the spacetime background matter inhabits reacts to
the matter at all.

There are of course various programs attempting to rectify these issues. One relatively
new program is Recognition Science. Starting from a single functional equation � the
Recognition Composition Law � RS derives a unique cost function, and then shows how
the golden ratio, three spatial dimensions, the 8-tick period, and fundamental constants
emerge [11].

There has been a previous paper dealing with gravitational physics in the Recognition
Science framework, where they examined modi�cations to the source side of Poisson's
equation in the context of galactic rotation curves. We give a brief summary of this
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paper in Section 7.1 and perform detailed analysis and speculate on possible extensions
to that approach in Appendix C, but stress that their Poisson equation modi�cations
fundamentally treat gravity in terms of classical forces and accelerations.

This paper di�ers by examining a simpli�ed system for how a geometric gravity might
arise in the Recognition Science framework. Speci�cally, the canonical Recognition Sci-
ence ledger is extended to have additional properties, after which it can be treated as
a substrate for the Regge calculus [12] (see [13, 14] for reviews). We need to be clear
from the outset: that the procedure as outlined in this paper, while related to geometric
gravity, does not fully recover general relativity. The full set of relevant geometries in
general relativity involve deformations beyond what is considered here.

2 Recognition Science preliminaries

2.1 The Recognition Composition law

The Recognition Composition Law (RCL) states that the recognition cost for positive
ratio comparisons, when two comparisons are done, obeys

De�nition 2.1 (Recognition Composition Law).

J(xy) + J(x/y) = 2 J(x) J(y) + 2 J(x) + 2 J(y) (3)

This is a calibrated form of the d'Alembert functional equation. The RCL is not an
arbitrary choice: from the class of more general polynomials P (J(x), J(y)) of degree 2
or less for the right hand side, normalization J(1) = 0 implies P (J(x), J(y)) = 2J(x) +
2J(y) + cJ(x)J(y) for some constant c[15]. However, for all c ̸= 01 the solutions are
related by a coordinate rescaling, so choosing a value is essentially choosing a coordinate
scale rather than a qualitatively di�erent solution type [15].

Theorem 2.2 (Cost Uniqueness � T5). The unique solution [11] to (3) under calibration
limt→0 2J(e

t)/t2 = 1 is

J(x) =
1

2

(
x+ x−1

)
− 1 =

(x− 1)2

2x
, x > 0. (4)

Key properties:
� J(x) ≥ 0 with equality i� x = 1 (identity has zero cost).
� J(x) = J(x−1) (reciprocal symmetry).
� J is strictly convex on (0,∞) with J′′(x) = x−3.
� In log coordinates: J(eu) = cosh(u)− 1.

The argument x is typically a ratio of two things being compared. If there are events
E1 and E2 and a positive scale map [16] from the event space [17] to the positive reals
ι : E → R>0, then

x =
ι(E1)

ι(E2)
(5)

1Using c = 0 does give something qualitatively di�erent, J(x) = k(ln(x))2 [15].
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2.2 The Original Ledger

The original presentation of the ledger in a publication [18] focused on costed comparisons
and discrete dynamics of functions de�ned on nodes of graphs isomorphic to hypercubic
lattices. The minimal period under which a cycle can run through D spatial dimensions
on a hypercube is 2D, and topological linking of cycles isolates D = 3, and hence 2D = 8,
as canonical choices.

A minimal extension to this version of the ledger, important for applications to physics,
is the addition of a uniform edge length l0. For a positive real function ψ(X) de�ned on
the elements X, the total cost of nearest neighbor comparison on the lattice will be

JNN =
∑
X

∑
î

J(ψ(X)/ψ(X + î)) + J(ψ(X)/ψ(X − î)), (6)

where î ranges over the unit vectors. Using ξ(X) = log(ψ(X)), it is possible to show that
if the nearest neighbor terms are su�ciently similar and ℓ0 is su�ciently small, then

δ(JNN/ℓ
2
0)

δξ(X0)
= 0 ⇒ ∇2ξ = 0. (7)

More complex objectives, such as also comparing to the value at the previous time tick,
allow for systems that mimic standard PDEs under the appropriate circumstances.

2.3 Constants from φ

The golden ratio φ = 1+
√
5

2
is the unique positive root to the self- similarity equation

x2 = x + 1. It is considered to be of fundamental importance in the construction of
constants of nature in RS.

The conventional ledger spacing is

ℓ0 = λrec =
√
πGℏ/c3 ≈ 2.86 · 10−35m (8)

Adopting units where c = ℓ0 = 1, we have

πGℏ = 1. (9)

Another de�ned unit is the fundamental energy quantity

Ef =
cℏ
ℓ0

≈ 1.10 · 109J (10)

as the value

Ef = φ−k (11)

where k = 2D −D = 5 for D = 3. Therefore, under the RS canonical units, we have

c = 1, ℓ0 = 1, Ef = ℏ = φ−5, G =
φ5

π
, κ = 8φ5 (12)

In the RS canonical units, the following identities are consequences:
� Gℏ = φ5/π · φ−5 = 1/π (Planck area = 1/π in RS units).
� κℏ = 8φ5 · φ−5 = 8 (8-tick cadence from 2D = 8).
� πGℏ = 1 ( geometry × gravity × quantum = 1).
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Figure 1: Approximation of a smooth manifold (sphere) with a triangulation, in this
case an icosahedron. Less faithful analogues using fewer triangles (e.g. a tetrahedron or
octahedron) or more faithful analogues with more triangles are possible. Loops on the
triangulated manifold illustrated with the same color can be transformed into each other
without encountering a vertex, so they share a holonomy class. Loops of the same color
that are also dashed share the starting/ending point, so they share a homotopy class.
The white loops enclose a de�cit angle of π/3, the red loop 2π/3, and the yellow loops 0.

3 Brief introduction to Regge calculus

In order to understand how a modi�ed ledger can act as a substrate to Regge calculus,
and what kind of modi�cations need to be made, it is prudent to explain what Regge
calculus is and how it works. We mostly follow Regge's presentation from the original
work [12], another helpful tutorial to Regge calculus is the preprint [19].

The basic idea behind the Regge calculus is the approximation of curved manifolds
with �at simplices. Consider �rst approximating a 2D surface with triangles. Some
set of n triangles will meet at a common vertex with angles θ1, θ2, ...θn. If the surface
is a �at plane, then

∑
n θn = 2π. If the surface is curved, then

∑
n θn = 2π − ϵv,

where ϵv is the de�cit angle at that vertex. In terms of parallel transport around loops,
a vector transported around a loop fully within a triangle will not rotate (the space
within the triangle is �at), but a vector parallel transported around a loop containing a
vertex will rotate by the vertex de�cit angle, and loops containing multiple vertices will
have the e�ects add. Therefore, the e�ective curvature can be considered as Dirac type
distributions around the vertices. Loops that may be continuously deformed to each other
without encountering the e�ective curvature Dirac distributions form an equivalence class
(holonomy), and if they additionally share the same starting and ending point they form
a more restrictive equivalence class (homotopy). An illustration showing the triangulated
manifold and loop classes is in Figure 1.
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3.1 Riemann Tensor and Ricci scalar

In higher dimensions N , the curvature is concentrated on N−2 dimensional simplices that
Regge calls "bones", though the term "hinges" is also sometimes used (e.g. [20, 21]). For
3D Riemannian volume type manifolds, the bones will be line segments, and this is the
situation in which Regge �rst formalizes the correspondence between the bones and the
Riemann curvature tensor. The change in a vector A around a loop in smooth manifold
di�erential geometry is

δAµ =
1

2
R µγ

αβ
∗ΣαβAγ (13)

where Σ is the area vector of the loop and ∗Σαβ = εαβνΣν is its dual. Conversely, consider
a bundle with density ρ of parallel bones, pointed along a unit vector U , each with de�cit
angle ϵ. If we are con�ned to a small approximately �at Euclidean patch, then the
rotation angle of a parallel transported vector will be the number of bones through the
loop times the de�cit angle. The number of bones can be computed using the loop normal
vector Σ and bone unit vector U

N = ρΣµUµ. (14)

and the change in the vector can be written as

δAµ = ρϵΣνUνε
µαβUαAβ. (15)

De�ning a dual to the unit vector ∗Uαβ = εαβγU
γ, this can be rewritten as

δAµ =
1

2
ρϵ ∗Uαβ

∗Uµγ ∗ΣαβAγ. (16)

Comparing (13) and (16), the evident identi�cation for the e�ective curvature tensor in
the discretized manifold is

R µγ
αβ ⇐⇒ ρϵ ∗Uαβ

∗Uµγ (17)

. Because ∗U is the dual to a unit vector, this can be contracted easily to obtain the
Ricci scalar

R ⇐⇒ 2ρϵ. (18)

While Regge [12] and the tutorial [19] derive the Riemann curvature tensor and vector
parallel transport formulas as an explicitly 3D Euclidean situation, Regge claims that (18)
is true in arbitrary dimension.

3.1.1 Multiple joints and the Bianchi identities for 3D Euclidean manifolds

Regge's next generalization involves considering we havem sets of parallel bones diverging
from an identical set of joints, such that the simplex Riemann tensor becomes [12]

Rαβγµ =
m∑
p=1

ρ(p)ϵ(p)
∗U

(p)
αβ

∗U (p)
γµ . (19)

Let the joints have density2 j. The number of bones in a bundle leaving a region will
be the number entering the region plus the number leaving joints enclosed in the region,
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Figure 2: The red bones are parallel to the arrow (giving the vector U(p)). 5 enter the
right side of the box and 7 leave the left side because there are 2 joints inside the box.

see Figure 2 In the limit that the �box" is thin with height along the pth bundle of bones
ds and surface Σ. Then the density ρp of the p

th bundle obeys ρp(s+ ds)− ρp(s) = jds,
or Uµ

(p)∂µρp = j. Because there is no curvature away from the bones, the covariant
derivatives reduce to partial derivatives and the Bianchi identities become

∂νRγµαβ + ∂γRµναβ + ∂µRνγαβ = 0 (20)

Because the joints are ostensibly identical, ϵp and U(p) are constant, so we obtain

0 = ∂ν

( m∑
p=1

ρ(p)ϵ(p)
∗U

(p)
αβ

∗U (p)
γµ

)
+ ∂γ

( m∑
p=1

ρ(p)ϵ(p)
∗U

(p)
αβ

∗U (p)
µν

)
+ ∂µ

( m∑
p=1

ρ(p)ϵ(p)
∗U

(p)
αβ

∗U (p)
νγ

)
(21)

0 =
m∑
p=1

ϵ(p)
∗U

(p)
αβ

[
∗U (p)

γµ ∂ν(ρ(p)) +
∗U (p)

µν ∂γ(ρ(p)) +
∗U (p)

νγ ∂µ(ρ(p))
]

(22)

2Confusingly, Regge also writes the joint density as ρ, we introduce the new notation here to avoid
confusion with the bone density in the parallel case
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which reduces 3 to

0 = jενγµ

m∑
p=1

ϵ(p)
∗U

(p)
αβ (23)

3.2 4D Lorentzian manifolds, generalized Hilbert action, and

�eld equations

There are subtleties in extending to a Lorentzian rather than Euclidean metric, as well
as in moving to higher dimensions. Indeed, lower dimensional and Euclidean cases are
frequently (see examples listed in the review article [14]) considered for simplicity, and
aspects of 4D Lorentzian Regge calculus are not fully understood. Nevertheless, the bones
are e�ectively triangular (2 simplexes) on the 4D Lorentzian manifold, and Regge de�nes
a bone size parameter L through two sides A and B via

4L2 = (AµB
µ)2 − (AµAµ)(B

µBµ). (24)

The de�cit angle is still de�ned through 2π −
∑

k θ
k
n = ϵn where θkn is the dihedral angle

of simplex k at bone n. Due to the metric signature Lorentzian angles may in theory be
imaginary. Regge claims to consider bones with real de�cit only, but work extending the
Lorentzian Regge action directly in terms of complex variables exists [22, 23, 24].

The standard Hilbert term for the gravitational action is

1

2κ

∫
R
√
−gd4x (25)

Recall now a few ingredients:

1. The e�ective Ricci scalar in the parallel bone bundle case is 2ρϵ.

2.
√
−g and bone size L are e�ectively size parameters.

3. The integral will go to a sum.

Regge proposes that the action can be written as a sum over the bones

SRegge =
1

κ

∑
n

Lnϵn (26)

3Speci�cally, the term in square brackets in (22) reduces with manipulations involving the Levi-Civita
symbol

= 1/6εγµνε
γµν
(

∗U (p)
γµ ∂ν(ρ(p)) +

∗U (p)
µν ∂γ(ρ(p)) +

∗U (p)
νγ ∂µ(ρ(p))

)
= 1/6εγµν

(
εγµν ∗U (p)

γµ ∂ν(ρ(p)) + εγµν ∗U (p)
µν ∂γ(ρ(p)) + εγµν ∗U (p)

νγ ∂µ(ρ(p))
)

= 1/6εγµν

(
εγµν + εµνγ + ενγµ

)
∗U (p)

γµ ∂ν(ρ(p))

= 1/2εγµνε
γµν ∗U (p)

γµ ∂ν(ρ(p))

= ∗U (p)
γµ ∂ν(ρ(p))

putting this substitution into the sum, and using the de�nition of ∗Uγµ in terms of Uν , we obtain

0 =

m∑
p=1

ϵ(p)
∗U

(p)
αβ

(
ενγµU

ξ
(p)∂ξ(ρ(p))

)
,

substituting in the joint density j and moving constants out of the sum recovers (23).
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where the constant of proportionality is chosen based on item 1 above and the density
parameter ρ is absorbed by increasing n. It is important to recognize that (26) only
corresponds to the Hilbert portion of the full general relativity action (2). Appropriate
forms for matter actions or cosmological constants lead to additional terms. In practice,
Regge calculus is often used in the context of vacuum spacetimes where the extra terms are
identically zero, or cosmological systems where the matter has a high degree of symmetry
[24].

The �eld equation is given by varying the action with respect to a side lp of a bone

δSRegge
δlp

=
1

κ

∑
n

∂Ln

∂lp
ϵn +

1

κ

∑
n

Ln
∂ϵn
∂lp

= 0 (27)

It is possible to show that the second term vanishes [12, 19], which is sometimes (e.g.
[21, 25]) called the Schlä�i identity, a sketch of Regge's proof is in the next subsection.
The �rst term can be rewritten4, but the exact form it takes may be dependent on the
bones in question.

3.2.1 Sketch of the proof
∑

n Ln
∂ϵn
∂lp

= 0

Again, we follow Regge's presentation[12]. Consider an D dimensional simplex TD whose
interior �at space has a Cartesian coordinate system. Label the dimensionD−1 boundary
simplices of TD as T r

D−1, and label the common D−2 simplex where T r
D−1 and T

s
D−1 meet

as T rs
D−2. Each T

r
D−1 has a unit normal vector U r

µ, and the angle between T r
D−1 and T

s
D−1

at T rs
D−2 is cos(θrs) = U r,µU s

µ.
An antisymmetric tensor built from the normal vectors

V rs
µν =

U r
µU

s
ν − U r

νU
s
µ

sin(θrs)
(28)

obeys

V rs
µνV

rs,µν =
U r
µU

s
νU

r,µU s,ν − U r
µU

s
νU

r,νU s,µ − U r
νU

s
µU

r,µU s,ν + U r
νU

s
µU

r,νU s,µ

sin(θrs)2

=
1− cos(θrs)

2 − cos(θrs)
2 + 1

sin(θrs)2
= 2 (29)

If we choose the coordinate system such that U r
0 = 1, U r

β = 0, for β, α ̸= 0, then

V rs
00 = 0, V r

0β =
U s
β

sin(θrs)
, V r

β0 =
−U s

β

sin(θrs)
, V rs

αβ = 0. (30)

If the measure of the simplex T rs
D−2 is Lrs then∑

s

LrsV
rs = 0. (31)

4For instance, Regge [12] mentions ∂Ln

∂lp
⇒ cot(θnp). The dedicated Regge calculus tutorial paper

[19] mentions a case where the bones are approximately uniform isosceles triangles and 1
8π

∑
n

∂Ln

∂lp
ϵn →

l
32π

∑
n cot(θnp/2)ϵn. We �nd this can be derived by assuming �xed height h and base lp. The bone area

will be 1/2lph, taking the derivative with respect to lp gives 1/2h. We use the fact that for the unaltered
triangle h = l/2 cot(θlp/2), then

∂Ln

∂lp
→ 1

4l cot(θlp/2)
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Consider the variation

δ(U r,µU s
µ) = δU r,µU s

µ + U r,µδU s
µ = − sin(θrs)δθrs (32)

and the contraction

V rs
µνU

r,µδU r,ν =
U s
νδU

r,ν − [U r
ν δU

r,ν cos(θrs)]

sin(θrs)
(33)

The term in the square brackets is 0 because [U r
ν δU

r,ν = 1/2δ(U r
νU

r,ν) = 1/2δ(1) = 0, so
we can write

δθrs = −
δU r,µU s

µ + U r,µδU s
µ

sin(θrs)
= −V rs

µν (U
r,µδU r,ν + U s,νδU s,µ) = V rs

νµ(U
r,µδU r,ν + U s,νδU s,µ)

(34)

However, the de�cit angle will be ϵn = 2π−
∑

r

∑
s θrs, so δϵn = −

∑
r

∑
s δθrs. Then∑

r

∑
s

Lrsδθrs =
∑
r

∑
s

LrsV
rs
µν (U

r,µδU r,ν + U s,νδU s,µ) = 0 (35)

because
∑

s LrsV
rs = 0. Recall that rs labels the D − 2 bones of an individual simplex,

summing this 0 over all simplices gives 0 for the whole network.
It is noteworthy that we have analytically veri�ed a version of the Schlä�i identity

for a single tetrahedron using the Cayley-Menger cofactors to characterize the angles, see
Appendix A.

3.3 Weak �eld Regge action

Assume now that we have perturbations about an approximately �at space. The edge
lengths become lp = lp,0 + δlp. The bone area becomes

Ln = Ln,0 +
∑
p

∂Ln,0

∂lp
δlp +

∑
p,q

1

2

∂2Ln,0

∂lp∂lq
δlpδlq +O(δl3) (36)

and the de�cit angles become

ϵn = 0 +
∑
p

∂ϵn
∂lp

δlp +
∑
p,q

1

2

∂2ϵn
∂lp∂lq

δlpδlq +O(δl3), (37)

where the zeroth order term being identically 0 is a consequence of the background space
being �at. Our total action is then

1

κ

∑
n

Lnϵn =
1

κ

∑
n

(
0 · Ln,0+∑

p

(
Ln,0

∂ϵn
∂lp

+ 0 · ∂Ln,0

∂lp

)
δlp+

∑
p,q

(1
2
Ln,0

∂2ϵn
∂lp∂lq

+ 0 · ∂
2Ln,0

∂lp∂lq
+
∂Ln,0

∂lp

∂ϵn
∂lq

)
δlpδlq +O(δl3) (38)
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Notice that the zeroth order term (top line) has a factor of 0 and cancels. The �rst order
term (middle line) cancels as well, the

(
Ln,0

∂ϵn
∂lp

portion due to the Schlä�i identity and

the other portion from the explicit 0 factor, so the lowest order surviving terms are the
second order terms from the bottom line

1

κ

∑
n

Lnϵn =
1

κ

∑
n

∑
p,q

(1
2
Ln,0

∂2ϵn
∂lp∂lq

+
∂Ln,0

∂lp

∂ϵn
∂lq

)
δlpδlq +O(δl3). (39)

However, notice that the by taking a derivative of the Schlä�i identity
∑

n Ln
∂ϵn
∂lq

= 0, we

get ∂
∂lp

(
∑

n Ln
∂ϵn
∂lq

) =
∑

n Ln
∂2ϵn
∂lq∂lp

+ ∂Ln

∂lp
∂ϵn
∂lq

= 0. Using this, we can rewrite the bottom

line of (39) to obtain

1

κ

∑
n

Lnϵn =
1

κ

∑
n

∑
p,q

(1
2

∂Ln

∂lp

∂ϵn
∂lq

)
δlpδlq +O(δl3), (40)

a similar formula for the second order Regge action has been presented in [26].

4 The Ledger as a Regge calculus substrate

As stated before, the canonical RS ledger is a graph isomorphic to Z3, equipped with
a uniform edge length ℓ0 and a recognition potential ψ > 0 assigned to each vertex
(or, equivalently, to each top-dimensional cell) by a sheaf structure. The potential ψ
undergoes discrete "tick based" updates, so treating time as an additional coordinate
gives an e�ective Z× Z3 �avor. Matter particles are patterns on the ledger, rather than
being localized to a node and "hopping".

In order for the ledger to be extended to be a suitable substrate for Regge calculus,
it needs a few extensions.

The hypercubic "cells" must be �lled with an appropriate �at (Euclidean or
Minkowski) space. This is necessary for the loops, homotopy/holonomy deformations,
and vector parallel transport to be well de�ned. To that end, we de�ne a �at-interior
ledger (K, {gσ}) where K is a complex (the combinatorial ledger) and {gσ} assigns to
each cell σ either a Euclidean �at metric (signature s = +1) or a Minkowski �at metric
(signature s = −1), subject to the constraint that when two cells σ, σ′ share a codim-1
face f , the induced metrics on f from gσ and gσ′ agree such that the distances between
any two points on f are the same from the standpoint of σ and σ′. This ensures the
curvature is con�ned to the codim-2 skeleton in accordance with the Regge framework:

1. Any closed loop γ contained in a single simplex is in �at space, so the parallel
transport of any frame around γ returns to itself.

2. Any closed loop crossing only codim-1 faces (no codim-2 hinges) also has trivial
parallel transport.

Regge calculus is conventionally de�ned with simplices, not hypercubes.
Regge mentions in the context of 2 dimensional manifold approximations that "there is
no loss in generality in supposing that all faces of M are triangles". In the context of 2
dimensional approximations of smooth manifolds with �at polygonal cells, any polygonal
cell that is not a triangle can be subdivided into triangles by adding edges, and no
alteration of the de�cit angles at vertices needs to be made. In general, we can consider

12



Figure 3: Illustration showing the Freudenthal triangulation of half of a cube. The red,
yellow, and blue tetrahedrons all share the black edge, edges shared by yellow and blue
are green and edges shared by yellow and red are orange. 3 congruent tetrahedrons �ll
half the cube, the full cube requires 6. Freudenthal triangulation of a 4D hypercube (as
relevant to a ledger indexed by 3 spatial and 1 temporal dimension) would require 24
simplices.

adding additional divisions through the �at space cell σ interiors, or along the hypercube
faces f , such that each hypercube is partitioned into simplices. For instance, a Freudenthal
triangulation partitions an N dimensional hypercube into N ! congruent simplices (6 for
the standard cube, 24 for a 4 dimensional hypercube) In the Freudenthal triangulation
of a unit cube, the 6 tetrahedra share the body diagonal (0, 0, 0), (1, 1, 1) as a common
edge (the black edge in Figure 3.)

Because the additional dividers are partitioning �at space, they will have no associated
de�cit angle (or equivalently a full 2π sum of dihedral angles). Therefore,

Ssimp
Regge =

∑
h∈cube

Lhϵh︸ ︷︷ ︸
=ScubeRegge

+
∑
h∈new

Lh · 0︸ ︷︷ ︸
= 0

= Scube
Regge. (41)

The lengths must be allowed to vary In the Regge picture, the �eld equations are
derived by varying side lengths, which cannot happen on a completely �xed lattice with
constant ℓ0 (or directly proportional to ℓ0 times a �xed geometric factor for additional
sides extending the hypercube lattice to a simplex mesh). One simple generalization is
the "conformal edge length ansatz"

ℓij = ℓ0 · exp((ξi + ξj)/2) (42)

which identi�es a scalar log-potential on cells with an edge-length perturbation on the
simplicial graph.

We discuss advantages and potential di�culties of this triangulated hypercube grid
with interior �at space and deformable edge lengths according to the conformal edge
ansatz as a Regge calculus substrate in Section 6.

13



4.1 Ledger cost

Consider a ledger (hypercube graph) with a recognition potential ψ(σi) > 0 assigned to
each node by a sheaf structure and the following "cost"

De�nition 4.1 (Global J-Cost). The total cost of the ledger con�guration is

Jglobal =
∑
i

J
(
ψ(σi)

)
· vi +

∑
⟨σi,σj⟩

J

(
ψ(σi)

ψ(σj)

)
· wij, (43)

where the �rst sum runs over all nodes and the second over edges, and v and w are node
and edge weights

The �rst term penalizes local deviation from the cost minimum (ψ = 1). The second
penalizes mismatch between neighbors. De�ne ξi = lnψ(σi). Then:

J

(
ψi

ψj

)
= J(eξi−ξj) = cosh(ξi − ξj)− 1 =

(ξi − ξj)
2

2
+O

(
(ξi − ξj)

4
)
. (44)

At leading order, the coupling cost is quadratic in the di�erence of log-potentials.
This is the key structural fact that connects J-cost to the Regge action.

5 The Field-Curvature relationship

This section contains the central result of the paper: the connection of the linearized
J-cost action with the linearized Regge action using the conformal edge ansatz.

5.1 The Regge action with the conformal edge length ansatz

Recall the Regge action (26), its extension to the nearly �at case (40), and the conformal
edge length ansatz (42). Let the edges in question be such that edge p is between nodes
i and j and edge q is between nodes k and l. From the conformal edge length ansatz,

δlp = ℓ0 · e(ξi+ξj)/2 − ℓ0 ≈
ξi + ξj

2
ℓ0, (45)

with analogous expressions for δlq in terms of k, l. Then

1

κ

∑
n

Lnϵn ≈ 1

κ

∑
n

∑
p=⟨i,j⟩

∑
q=⟨k,l⟩

(1
2

∂Ln

∂lp

∂ϵn
∂lq

)ℓ20
4
(ξi + ξj)(ξk + ξl) (46)

Notice that the factor in terms of the logarithmic �eld values expands to become a
sum of products of individual pairs at vertices

(ξi + ξj)(ξk + ξl) = ξiξk + ξiξl + ξjξk + ξjξl. (47)

Further, we can expand the sum over all
∑

n

∑
p=⟨i,j⟩

∑
q=⟨k,l⟩ and collect by vertex pairs

⟨a, b⟩, such that
1

κ

∑
n

Lnϵn ≈ 1

κ

∑
⟨a,b⟩

Mabξaξb (48)

where M is some coe�cient matrix.
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5.1.1 Emergence of the Dirichlet form

If ij symmetry and zero row sum conditions on M have been established, we can apply
the following lemma

Lemma 5.1 (Graph-Laplacian decomposition). Let M : V × V → R be symmetric with
zero row sums: Mij =Mji and

∑
j Mij = 0 for every i. Then for any ξ : V → R,∑

i,j∈V

Mij ξi ξj = −1

2

∑
i,j∈V

Mij (ξi − ξj)
2. (49)

Proof. Expand (ξi−ξj)2 = ξ2i −2 ξiξj+ξ
2
j . The ξ

2
i piece is

∑
i,j Mij ξ

2
i =

∑
i ξ

2
i

∑
j Mij = 0

by the row-sum hypothesis; the ξ2j piece is the same after swapping summation order and
using symmetry. Hence

∑
i,j Mij(ξi − ξj)

2 = −2
∑

i,j Mij ξiξj.

If M has the correct symmetry and zero row sum properties, we can rewrite (48) as

SRegge ≈ − 1

2κ

∑
ij

Mij(ξi − ξj)
2 (50)

5.1.2 Reduction of the action: What has been proven

In the lean framework, a weak-�eld Regge data package consists of symmetric �rst-order
responses

(dA)ij, (dδ)ij,

intended as the linearized hinge area and de�cit angle for the edge between vertices i
and j under the conformal ansatz (42). The second-variation coe�cient matrix is the
entrywise product

M̃ij = (dA)ij (dδ)ij. (51)

The second-order Regge action is de�ned as

S(2)[ξ] =
1

4

∑
i,j∈V

M̃ij (ξi + ξj)
2. (52)

Symmetry M̃ij = M̃ji follows immediately from symmetry of the two factors (edges ij and
ji are the same). In general, the zero row sum condition is currently discharged as a hy-
pothesis SchlaefliRowSum: �∀i.

∑
j bilinearCoefficient W i j = 0�. However,

for the special construction laplacianReggeData A hA, where the coe�cient matrix is
de�ned to be the graph Laplacian of a user-supplied symmetric edge-area A:

dAreaij ≡ 1, dDeficitij = δij
∑
k

Aik − Aij.

the zero row sum condition is a theorem (schlaefliRowSum_laplacianReggeData). Tak-
ing the form (52) with symmetry and row sums as GIVEN, then the proof of equivalence
to the Dirichlet form is not a problem:

S(2)[ξ] =
1

4

∑
i,j∈V

M̃ij (ξi + ξj)
2

=
1

4
(
∑
i,j∈V

M̃ijξ
2
i +

∑
i,j∈V

M̃ijξ
2
j + 2

∑
i,j∈V

M̃ijξiξj)

=
1

2

∑
i,j∈V

M̃ijξiξj. (53)
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where the ξ2 terms drop out due to the symmetry and row sum conditions, then we can
use Lemma (5.1).

5.1.3 Reduction of the action: What has not been proven

Notice that there are similarities and di�erences between (46) and (52). The dependence
on a product of �rst order variations in hinge size and de�cit angle is the same. The
Lean framework handles the constant factor κ separately, which is why it is not explicitly
in the form of (52). The general second order variation (46) explicitly contains cross
terms between di�erent edges. While (52) does not, recall how in the derivation of
that gathering by single vertex pairs leads to (48). Further, under the row sum and
symmetry hypotheses, (53) shows that the (ξi + ξj)

2 and ξiξj terms are interchangeable
up to a constant which could be absorbed into the de�nition of M vs M̃ . There is no
fully formalized calculation in the Lean framework deriving M or M̃ directly from the
simplicial geometry for a concrete example. We describe some partial results, such as
veri�cation of the Schlä�i identity for a tetrahedron, in Appendix A.

5.2 The Weak Field Identi�cation

Explicitly putting (44) and (43) together, we obtain

Jglobal ≈ Jvolume +
∑
i,j

(ξi − ξj)
2/2 · wij, (54)

Notice the leading order mismatch term has the essentially the same structure that we
managed to reduce from the linearized Regge action (50):

1. a double sum over i, j

2. a symmetric coe�cient matrix, we have already explained the symmetry of Mij,
and the edge shared by σi and σj is the same as the edge shared by σj and σi (it is
the same face)

3. The same dependence on
(ξi−ξj)

2

2
.

With some explicit di�erences:

1. In the Lean database, wij is treated as �xed edge weight data, whereas the exact

form of Mij is dependent, ultimately, on reducing the sums of all the
(

1
2
∂Ln

∂lp
∂ϵn
∂lq

)
ℓ20
4

terms.

2. The Regge action has the Einstein coupling constant κ.

A mention should also be made of the extra Jvolume term from (54). In the standard
picture, the Regge action itself only corresponds with the Hilbert term from the full
GR action (2), and additional terms are required for matter coupling. In terms of this
simpli�ed model, the Jvolume could be considered as an e�ective treatment of a matter-like
term, or possibly a cosmological constant like term if it is uniform.︷ ︸︸ ︷

Jvolume+
∑
i,j

(ξi − ξj)
2

2
· wij︸ ︷︷ ︸ versus

︷ ︸︸ ︷
SM,Λ,...+

∑
i,j

(
−Mij

κ
)
(ξi − ξj)

2

2︸ ︷︷ ︸ . (55)
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Even within the simpli�ed model, this identi�cation is only valid under the previously
stated conditions of small ξ values/ weak �eld, the conformal edge map (42), the matrix
symmetry and row sum conditions, etc.

5.2.1 Lean modules for formal veri�cation

One of the distinctive aspects to the Recognition Science program is the focus on verifying
results by formalizing them as theorems in the Lean 4 proof assistant [27]. Much of the
argument presented in the current Section 4 here has been formalized with Lean and is
available at https://github.com/jonwashburn/shape-of-logic. See Tables 1, 2 and
3 for lists of important �les and information about their contents.

Table 1: Simplicial Ledger
File Regge / piecewise-�at related content (sum-

mary)
IndisputableMonolith/Foundation/SimplicialLedger/
SimplicialLedger.lean Simplicial 3-complex ledger, recognition loops, 8-tick

lower bound; geometric carrier used upstream of dis-
crete gravity / Regge bridges (not hinge formulas
here).

ContinuumBridge.lean De�nitional κ-normalized Laplacian bridge (κ = 8φ5);
discrete J-cost stationarity; continuum EFE not closed
here; cites nonlinear Regge→EH via CMS.

ContinuumTheorem.lean Phase D ��eld�curvature� certi�cate: composes cu-
bic linearization discharge, κEinstein identi�cation, uni-
�ed ContinuumFieldCurvatureCert; explicitly not

full nonlinear O(a2) Regge convergence.
CubicDeficitDischarge.lean Cubic de�cit functional and hinge list; lead-

ing quadratic truncation vs. full Cayley�
Menger de�cit; de�nitional discharge of
ReggeDeficitLinearizationHypothesis on the
cube.

CubicSimplicialEquivalence.lean Cube vs. Freudenthal-type simplicial re�nement:
zero-de�cit internal hinges, hinge-list additivity,
cubic_simplicial_action_equal / re�nement in-
variance of Regge-style sums.

EdgeLengthFromPsi.lean Abstract hinge data, DeficitAngleFunctional,
regge_sum; ReggeDeficitLinearizationHypothesis;
�eld�curvature identity under that hypothesis; κ vs.
kappa_einstein.

InteriorFlat.lean Piecewise-�at �interior �at� simplices, trivial holon-
omy inside cells, curvature supported on codimension-
2 hinges (Beltracchi �7).

LorentzEmergence.lean Cubic lattice Laplacian dispersion vs. isotropic |k|2
(continuum window); adjacent to continuum limit
story, not hinge de�cit de�nitions.

NonlinearBridge.lean NonlinearReggeJCostIdentity hypothesis (full∑
Ahδh on conformal lengths); stationarity links;

NonlinearJCostReggeCert (Beltracchi �6).
SimplicialDeficitDischarge.lean Phase C5: general simplicial discharge of

ReggeDeficitLinearizationHypothesis,via
CalibratedAgainstGraph (pre-matched hinge/graph
weights).
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Table 2: Gravity
File Regge / piecewise-�at related content (sum-

mary)
IndisputableMonolith/Gravity/
ReggeCalculus.lean Core sca�olding: HingeData, deficit_angle,

regge_action, �at case, Regge equation variational
sca�old, Gauss�Bonnet-style facts.

DiscreteCurvature.lean Regge-style de�cit angles on deformed cubic lat-
tice, curvature_from_deficit, linearized Ricci from
three-axis de�cits, Gauss�Bonnet cube lemmas.

DiscreteBianchi.lean Discrete Bianchi / loop constraints on de�cit angles;
imports ReggeCalculus; linearized vs. wrapped sums.

LatticeRicci.lean Lattice Ricci from de�cit curvatures; lin-
earized equality exact at �xed d2h; nonlin-
ear Regge convergence stated as hypothesis
H_nonlinear_regge_convergence.

WeakFieldConformalRegge.lean Weak-�eld conformal reduction of Regge ac-
tion; WeakFieldReggeData, Schlä�i row-sum,
secondOrderReggeAction, equivalence to discrete
Dirichlet / laplacian_action at second order.

NonlinearConvergence.lean Cheeger�Müller�Schrader-style axioms: Regge ac-
tion / Ricci / holonomy errors O(a2) or O(a4);
RSReggeConvergence certi�cate glue.

NonlinearReggeProof.lean Narrative + PhiLatticeRegularity sca�old: which
regimes are linearized vs. CMS-conditional; points to
CMS for strong-�eld closure.

Table 3: Geometry
File Regge / piecewise-�at related content (sum-

mary)
IndisputableMonolith/Geometry/
CayleyMenger*.lean, Cofactor*.lean,
GramCayleyMenger.lean

CM matrix, polynomial, cofactors, derivatives; realiz-
ability cone.

DihedralCayleyMenger.lean, Dihedral*.
lean

cos θ from cofactors; dihedral data and ∂θ/∂L.

Schlaefli*.lean,
DeficitLinearization.lean

Schlä�i interfaces; proved single-tet Shlä�i; triangu-
lation lift; de�cit linearization.

AffineIndepInterior.lean,
TetrahedronRealization.lean

Nondegenerate interior; Euclidean realization from
edge lengths.

ReggeTriangulation3D.lean,
Triangulation3DConsistency.lean,
ReggeRigorousFoundation.lean

Finite 3D incidence; consistent edge lengths; conformal
ansatz.

ReggeHessian3D.lean Shared Hessian interface (ReggeHessianData).
ReggeActionConcrete.lean Conformal Regge action; incidence Hessian; Dirichlet

form.
ReggeActionFirstVariation.lean,
ReggeActionSecondVariation.lean

First/second variation of nonlinear action; cubic re-
mainder packaging.

ReggeActionNonlinearHessianProof.

lean, ReggeActionCubicTaylorBound.

lean, ReggeActionNonlinearCorrespondence.
lean

Nonlinear Hessian chain rule; cubic Taylor bound; lo-
cal Regge/J correspondence.

Freudenthal*.lean,
PeriodicFreudenthalTorus.lean

Six-tet cube, strip, �at-sector demo; periodic torus
model.

ReggeClosureProgressAudit.lean,
ReggeFullInterfaceAudit.lean

Closure inventory; full interface status map.
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6 Toward recovery of General Relativity from Regge

calculus

Regge's original paper proposed the form of the action (26), but did not provide a rigorous
characterization of the correspondence. Indeed, care needs to be taken when attempting
to match Regge calculus systems to known exact general relativity solutions in practice, as
di�erent ways to quantify the error can seemingly lead to di�erent qualitative behaviors
[28, 29, 30]. However, Cheeger�Müller�Schrader provided a rigorous characterization
of the convergence of piecewise-�at curvature measures to the smooth Lipschitz�Killing
curvature measures under suitable fatness and smoothness hypotheses [31]. Translating
their theorem into our notation gives

Theorem 6.1 (Cheeger�Müller�Schrader, 1984). Consider a smooth compact Rieman-
nian manifold M with metric g. Denote a characteristic curvature length scale Lc, a
smooth compact subspace of M as U with boundary ∂U , and the tubular neighborhood of
width r around the boundary as Tr(∂U). For an approximation to the manifold made of
su�ciently fat n dimensional simplices σn of maximum side length a, there exists some
constant c such that∣∣∣∣∣∑

h∈U

Lhϵh −
1

2

∫
U

R
√
g dnx

∣∣∣∣∣ ≤ c(

√
a

Lc

Vol(U) + Vol(T√aLc
(∂U))), (56)

where Vol is a generalized volume and h labels the n− 2 dimensional hinges.

Considering a sequence of triangulations, the worst case bound on the convergence
of the Regge action to the Einstein Hilbert action forced by Theorem 6.1 is e�ectively
O(a1/2). However, in numerical tests on approximating known solutions of general rel-
ativity, the observed convergence is frequently faster on regular lattices, with measured
behavior of O(a), O(a2), and even O(a4) being observed in certain cases[28, 30].

Theorem 6.1 should be treated as a motivation rather than a strict proof for the
emergence of the Einstein equations from general Regge calculus on triangulated mani-
folds. The primary reason is that they proved their result for Riemannian, rather than
Lorentzian, manifolds. As mentioned before, Lorentzian manifolds present additional
challenges in Regge calculus due to not having uniformly positive lengths. To our knowl-
edge, no version of the theorem has been proven for Lorentzian manifolds. As a secondary
point, theorem 6.1 is imported, there is not currently a version formally proved in the RS
Lean database because the current Matlib lacks some of the necessary structures.

6.1 Advantages of the RS Cubic Lattice in a hypothetical GR

recovery

On the RS lattice, we have

1. Shape quality. Freudenthal triangulation of hypercubes leads to identical sim-
plices, and the simplices have a degree of "fatness", rather than being overly thin.
The CMS theorem 6.1 required that the simplex fatness have a strict nonzero lower
bound, which would be satis�ed here unless the lattice were extremely deformed.
Additionally, highly regular lattices frequently exhibit better convergence than the
CMS bound.
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2. Natural UV cuto�. The undeformed grid has native spacing ℓ0. Disturbances on
the grid will be bounded from below by its local resolution, which in the simpli�ed
model is dependent to the local average value of the logarithmic ξ �eld according to
(42). If one were attempting to go beyond classical GR to use the Regge calculus as
a starting point for quantum gravity as is sometimes done [26, 20], then a natural
cuto� scale may be bene�cial.

6.2 Possible di�culties with the RS Cubic Lattice

In the classical Regge calculus, the complex modeling the manifold is a tool, and di�erent
meshes for the same manifold may be equally valid. The ledger is intended to be a Z3×Z
hypercubic lattice on which �elds are de�ned and matter particles are patterns, so it
needs to be treated as its own entity rather than merely a tool. This leads to certain
di�culties:

1. Manifold Cover Approximating a manifold with simplices is nontrivial, which is
one of the reasons Regge calculus has historically been less used in numerical relativ-
ity than other methods. Approximating a manifold with a triangulated hypercube
lattice5 as described here presents an additional di�culty: only the D−2 skeleton of
the original hypercubes, not of the additional partitions for triangulation, can carry
any de�cit angle. This di�culty would be present in general augmented ledgers. A
further di�culty is choosing how the deformation should be done. The conformal
edge ansatz (42) used in the simpli�ed model is restrictive. For instance, consider a
single quadrilateral with corner potentials ξa, ξb, ξc, ξd, then the edge lengths are
ℓxy = ℓ0e

(ξx+ξy)/2. It is possible to get larger or smaller squares and trapezoids, but
it is not possible to get rectangles (one set of parallel edges longer than the other
set of parallel edges). For certain sorts of geometries such as gravitational waves, it
would in general be necessary to go beyond the conformal edge ansatz. However, it
might be su�cient for standard cosmological solutions, which have vanishing Weyl
tensor.

2. Grid E�ects and rotation invariance Grids are fundamentally anisotropic at
small scales. "Hopping" dynamics on grids recovers a taxicab geometry in the
continuum limit, which is clearly unacceptable. However, pattern based dynamics
can lead to the emergence of isotropic PDE terms such as the Laplacian in the
continuum limit, so pattern based dynamics may be lead to acceptable behavior that
reduces to rotation invariance when the length scales of variation are signi�cantly
above the lattice size.

3. Preferred frame e�ects and boost invariance If the ledger is an entity on
which �elds are de�ned, observers are ostensibly moving with respect to the ledger
rest frame. It therefore needs to be explained how boost invariance arises, at least
at length scales signi�cantly above the lattice size.

It is noteworthy that in the recognition framework, there is a possible resolution to
the preferred frame e�ects. Recognition geometry [17] examines discrete observables
in an "event space" induced by �nite resolution "recognizer" maps from an underlying

5Locally approximating a patch of a smooth manifold with a hypercubic lattice of the same dimension
should always be possible, but global cover is not guaranteed.
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con�guration space. Suppose now the enhanced structure endowed with deformed edges,
�at space cell interiors, and Freudenthal triangulation is an event space entity induced by
recognition, rather than a state space entity. Then it is plausible that di�erent observers
create their own grid upon recognizing the con�guration space.

While this solution might alleviate the boost invariance problem in some capacity, it
raises its own questions about how the recognition process induces these properties, and
how a grid orientation is assigned. Additionally, it does not address whether manifolds
of physical interest can be approximated by a complex with curvature only on hypercube
edges.

6.3 The strong �eld regime

Within the simpli�ed model, we have shown in (55) that the linearized actions for the
J cost and Regge actions take the same form, subject to the appropriate conditions
outlined earlier. Linearized continuum GR recovers Newtonian gravity under appropriate
assumptions (see Appendix B), typical lensing potentials, gravitational wave propagation
at speed c, etc. Presumably linearized Regge calculus with appropriately �ne grids would
recover the same solutions6, but the exact setup may be challenging. The structural
identi�cation (55) shows how Jglobal and the Regge calculus action can take the same form
in the linearized regime. However, the derivation of (55) explicitly requires linearization
on both the Regge and edge J terms. Thus, it does not demonstrate any correspondence
beyond that regime. Whether a strong �eld correspondence between Regge calculus and
the J cost can be formed, and under what sorts of additional conditions are required, is
an open question.

7 Discussion

7.1 Connection to the ILG work

Previous recognition science work on gravity has been motivated by possible deviations
from the continuum limit caused by the underlying discrete structure. Conceptually, the
idea is that the underlying discrete limit of one event per tick creates an information
processing lag, which manifests when the systems are su�ciently large. We give a brief
description of the previously published work here. In C, we provide more details behind
the mathematical framing, examine why changes to the original models are warranted,
and provide speculation for future tests.

Mathematically, the original published hypothesis [32] was an enhancement of the
e�ective density in the Newtonian Poisson equation

∇2(Φ) = 4πG ρeff , (57)

where ρeff is written either in terms of a Riemann-Liouville integral

ρeff (t) = ρ(t) + Cτ−α
0 Iα(ρ(t)), (58)

or in terms of a spatial wavenumber

ρeff (k) ≃
(
1 + C(

k0
k
)α
)
ρ(k) (59)

6This adopts the common assumption that some generalization of the CMS convergence is true for
4D Lorentzian manifolds.
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so that the e�ective k space Poisson equation is

−k2Φ(k) = 4πG
(
1 + C(

k0
k
)α
)
ρ(k). (60)

The correction factor
(
1 + C(k0

k
)α
)
is given the symbol w, and the constants

α =
1

2

(
1− φ−1

)
≈ 0.191, (61)

C = φ−2 ≈ 0.382. (62)

Because α is positive, the correction vanishes at high wavenumber, and an enhancement
occurs at small wavenumber. For computational practicality, [32] �t a surrogate model

v(R)2

vbaryon(R)2
= 1 + C

(
R

r0

)α

, (63)

where r0 is the characteristic scale, to the SPARC dataset. The surrogate (63) performed
better χ2/N = 3.06 than an analogous global �t of a ΛCDM galactic halo model χ2/N =
5.27, but not quite as well as MOND χ2/N = 2.01 [32].

The four conditions from B.1 for validity of the Newtonian Poission equation are
widely considered to be met in galactic dynamics, the observed di�erences in behavior
from Newtonian predictions being the motivation for considering modi�ed gravity theo-
ries or dark matter. The current formulations of ILG treat deviations from Newtonian
gravity at large scales (small spatial wavenumber), which is suitable for its purpose of
galaxy modeling. Also, most present-day systems where strong-�eld e�ects are impor-
tant (compact objects such as white dwarfs, neutron stars, and black holes) are much
smaller than galactic scales, so ILG e�ects may be unimportant there. However, from
a standpoint of theoretical cohesion, precision tests, or instances where assumption 1 of
linearizeability from B.1 is met but at least one of the others is not, it would be desir-
able to determine the full behavior incorporating both the ILG e�ects and relativistic/
geometric e�ects from �rst principles.

7.2 Relation to Other Regge Calculus Approaches

Regge [12] formulated GR on simplicial complexes. Even within the classical regime, it
is sometimes useful to use a 3 + 1 split. The ledger, as an augmented grid with 3 spatial
dimensions that evolves with 1 temporal dimension, naturally has this structure. There
have been previous considerations of Regge calculus in the context of the 3 + 1 split (see
e.g. [33]). However, some of these programs cover the 3D spatial hypersurfaces with
simplices and allow them to evolve in continuous time. The ledger structures naturally
undergo "tick based" discrete time updates, so usage of a continuous time evolution is
inappropriate for ledger based applications.

Loop quantum gravity. LQG quantizes holonomies and �uxes, producing discrete
spectra for areas and volumes [34]. RS shares the emphasis on discrete structures but
derives the lattice and its dynamics from a J cost based considerations.

Causal dynamical triangulations. Analogously to the common QFT path integral
over allowed �eld con�gurations, CDT sums over allowed simplicial geometries [35]. RS
�xes the lattice structure at the level of the hypercubes, although the re�ned triangulation
does not enter the action directly and may be arbitrary.
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8 Conclusion

Previous work in Recognition Science in the gravitational sector has focused on phe-
nomenological modeling of galactic rotation curves, with ILG modi�cations to Newtonian
gravity. However, the successes on general relativity mean that any serious program for
fundamental gravitational physics should connect with it in some manner, for instance
with gravity as a geometric e�ect, or possibly as a spin 2 �eld with universal coupling. In
this paper, we show that extending the idea of the recognition science ledger, originally
treated as a discrete graph on which dynamics were de�ned, to a cellular structure in-
cluding deformable edge lengths and interior �at space, allowed for a substrate on which
Regge calculus could be performed. Then, we showed the Regge action on the ledger,
subject to the deformation (42), weak �eld linearization and the matrix symmetry and
row sum conditions, reduces to a Dirichlet form on the node potentials. This Dirichlet
form can be identi�ed with an analogous linearization of the nearest neighbor J cost
objective.

There are several avenues for future work. The theoretical framework of geometric
gravity in Recognition Science still needs understanding of how to implement a richer
variety of deformations, move beyond the weak �eld case, and explicit construction and
machine veri�cation of algorithms to compute the de�cit angles and hinge sizes for tri-
angulated hypercube lattices. Studying the behavior at small scales and implications on
quantum gravity, and the emergence of the classical symmetries at scales much above
the underlying cell size also needs consideration. On the phenomenological side, one av-
enue is additional ILG tests as described in C. Alternatively, attempting to formalize a
framework with both ILG and relativistic e�ects would open up more sorts of tests such
as lensing. Finally, it may be possible to further develop the general Regge calculus for
Lorentzian manifolds and put the convergence bounds on a rigorous footing.

Acknowledgements: We would like to thank Milan Zlatanovic and Anil Thapa for
helpful suggestions.
Author contributions: Conceptualization, J.W.; formal analysis, J.W. and P.B.; writ-
ing�original draft preparation, J.W.; writing�review and editing, J.W. and P.B.; �g-
ures, P.B.; Software, J.W. All authors have read and agreed to the published version of
the manuscript.

A Geometry of tetrahedra

The Cayley�Menger (CM) determinant deals with the context of simplices. For a tetra-
hedron in Euclidean 3-space, it encodes volume: a non-degenerate simplex has

288V 2 = CM3(a), (64)

where V is volume and a denotes the six squared edge lengths.
Label the vertices 0, 1, 2, 3. Edges are indexed e ∈ {0, . . . , 5} with squared lengths

a0 = ℓ201 = L2
0, a1 = ℓ202 = L2

1, a2 = ℓ203 = L2
2,

a3 = ℓ212 = L2
3, a4 = ℓ213 = L2

4, a5 = ℓ223 = L2
5.
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Opposite pairs are (0, 5), (1, 4), (2, 3). The CM matrix for tetrahedra M(a) ∈ R5×5 has
rows/columns 0, 1, 2, 3, 4 with border of ones and vertex block �lled by squared distances:

M(a) =


0 1 1 1 1
1 0 a0 a1 a2
1 a0 0 a3 a4
1 a1 a3 0 a5
1 a2 a4 a5 0

 . (65)

As an explicit polynomial, the determinant is

cm3(a) = 2
[
a0a5 (a1 + a2 + a3 + a4 − a0 − a5) + a1a4 (a0 + a2 + a3 + a5 − a1 − a4)

(66)

+ a2a3 (a0 + a1 + a4 + a5 − a2 − a3)− a0a1a3 − a0a2a4 − a1a2a5 − a3a4a5

]
.

(67)

Minors and cofactors Cr,c of M(a) enter the dihedral cosine formula

cos θn =
Cp,q√
Cp,pCq,q

. (68)

Explicitly, Cr,c = (−1)r+cDet|M( drop row r, column c )|. For instance, C2,4 = a0a1 −
a0a2 + a0a5 − a21 + a1a2 + a1a3 − 2a1a4 + a1a5 + a2a3 − a3a5 and C1,1 = a23 − 2a3a4 + a24 −
2a3a5 − 2a4a5 + a25. Notice (68) is symmetric under exchange of p and q. Using our edge
convention, the dihedral angle at a particular edge uses

θ0 → (p, q) = (4, 3), θ1 → (p, q) = (2, 4), θ2 → (p, q) = (2, 3)

θ3 → (p, q) = (4, 1), θ4 → (p, q) = (3, 1), θ5 → (p, q) = (2, 1) (69)

It is (68) that allows us to compute the Regge action for a complex of tetrahedra
purely in terms of edge lengths that allows us to explicitly test the behavior of the Regge
action.

A.1 The single tetrahedron Schlä�i

Over a single tetrahedron, we have veri�ed that

5∑
n=0

∂θn
∂Lm

Ln = 0 (70)

as a test for consistency in our formulas and numbering conventions, using both Wolfram
Mathematica and inside the Lean framework (see SchlaefliTetrahedronProof.lean in
the geometry folder). Notice that inside the Lean framework, the cofactors are written
in terms of the squared edge lengths an so we need the chain rule factor ∂f

∂Ln
= ∂f

∂an
∂an
∂Ln

=

2
√
an

∂f
∂an

.
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A.2 A Freudenthal tetrahedron

As mentioned above, a Freudenthal triangulation divides a cube into 6 congruent tetra-
hedra. For concreteness,

L0 =
√
3ℓ, L1 = ℓ, L2 =

√
2ℓ, L3 =

√
2ℓ, L4 = ℓ, L5 = ℓ (71)

The associated dihedral angles are

θ0 = π/3, θ1 = π/4, θ2 = π/2, θ3 = π/2, θ4 = π/4, θ5 = π/2 (72)

It is possible to use the cosine formula (68) to determine ∂θx
∂Ly

, which would show up in

the Regge action. While the analytic formulas are lengthy, the values they take for this
tetrahedron are

∂θrow
∂Lcolumn

|Ls→Eq (71) =



1 0 −
√

3
2

−
√

3
2

0
√
3

0 0 0 − 1√
2

1 0

−
√

3
2

0 1 2 − 1√
2

−
√
2

−
√

3
2

− 1√
2

2 1 0 −
√
2

0 1 − 1√
2

0 0 0√
3 0 −

√
2 −

√
2 0 1


. (73)

The Schlä�i terms are

Lrow
∂θrow

∂Lcolumn
|Ls→Eq (71) =



√
3 0 −

√
3 −

√
3 0

√
3

0 0 0 −1 1 0

− 3√
2

0
√
2 2

√
2 − 1√

2
−
√
2

− 3√
2

− 1√
2

2
√
2

√
2 0 −

√
2

0 1 −1 0 0 0
3 0 −2 −2 0 1


ℓ. (74)

Notice that summing over any row here gives zero, as a consequence of the Schlä�i identity.

B Standard Linearized General Relativity

The standard linearized version of general relativity is shown in many textbooks (e.g.
[36, 1]), we include formulas and some minimal background here for completeness. The
basic idea is that the metric can be written as

gµν = ηµν + hµν (75)
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where η is the Minkowski metric7 and h is a perturbation. Keeping only terms of the
�rst order in h, we obtain

gµν = ηµν − hµν (76)

Γα
µν =

1

2
ηαβ(∂µhνβ + ∂νhµβ − ∂βhµν) (77)

Rµναβ =
1

2
(∂α∂νhµβ + ∂β∂µhνα − ∂β∂νhµα − ∂α∂µhνβ) (78)

Rνβ =
1

2
ηδγ(∂δ∂νhγβ + ∂β∂δhνγ − ∂β∂νhγδ − ∂γ∂δhνβ) (79)

R = ∂α∂βh
αβ − ηαβ∂α∂βh

γ
γ (80)

Gµν = Rµν −
1

2
ηµνR (81)

There are several di�culties inherent in examining perturbations in GR compared
to other �elds of physics. First, there is not a simple de�nition of �smallness" for the
perturbation on a Lorentzian manifold[36]. Second, the di�eomorphism invariance leads
to the possibility that the coordinate charts, rather than the underlying manifold, are
what is being perturbed, which is typically dealt with by �xing gauge. Two di�erent
perturbations h and h′ give the same linearized curvature tensor (and hence same physical
content) if

h′µν = hµν + (∂µξν + ∂νξµ) (82)

In the scalar-vector-tensor decomposition, the metric perturbations are broken into

h00 = −2Φ (83)

h0i = wi (84)

hij = 2sij − 2Ψδij (85)

Here i ranges from 1 to 3 and sij is traceless. Under a change of gauge, the metric
perturbations change as

Φ′ = Φ− ∂0ξ0 (86)

w′
i = wi + ∂0ξi − ∂iξ0 (87)

Ψ′ = Ψ− 1

3

∑
i

∂iξi (88)

s′ij = sij + ∂iξj + ∂jξi − (
1

3

∑
i

∂iξi)δij (89)

It is noteworthy that the dynamics of hµν on the background ηµν are the same as those
of a fundamentally spin 2 �eld on Minkowski space. Certain quantum gravity programs,
particularly String Theory, conceptualize of gravity in terms of a spin 2 �eld with uniform
coupling propagating on some �xed background.

7Similar �rst order perturbation schemes about di�erent backgrounds, such as FLRW, are frequently
considered
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B.1 Emergence of the Poisson equation

A simple way to recover the Poisson equation is to move to the transverse gauge where
∂is

ij = 0 and ∂iw
i = 0, then the Einstein tensor components become

G00 = 2∇2Ψ (90)

G0i = −1

2
∇2wi + 2∂0∂iΨ (91)

Gij = δij[∇2(Φ−Ψ) + 2∂20Ψ]− 1

2
∂0(∂iwj + ∂jwi)− ∂k∂ksij − ∂i∂j(Φ−Ψ) (92)

If the source of the gravitational �eld is well approximated by �dust", Tµν = ρuµuν where
u is a normalized 4 velocity, and time derivatives are negligible, then

2∇2Ψ = κρ (93)

−1

2
∇2wi = 0 (94)

δij∇2(Φ−Ψ)−∇2sij − ∂i∂j(Φ−Ψ) = 0 (95)

Because sij is de�ned to be traceless, taking the trace of (95) equation gives

2∇2(Φ−Ψ) = 0 (96)

For the perturbations to vanish at in�nity, wi = 0 (more general forms compatible with
−1

2
∇2wi = 0 , such as a product of linear functions of each coordinate, grow without

bound, and constants fail to vanish). By identical reasoning, (96) gives Φ−Ψ = 0, from
which equation (95) gives ∇2sij = 0 =⇒ sij = 0.

To conclude, under the assumptions that

1. The metric perturbations are small enough that linearized GR is appropriate

2. The energy momentum tensor is dominated by the matter density term over stresses
and momenta

3. The metric perturbations are quasi static such that time derivatives can be ignored

4. the metric perturbations vanish at in�nity

Then we recover
∇2Φ =

κ

2
ρ (97)

which is the Poisson equation for gravity.
The total metric in this case becomes

ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dx2 + dy2 + dz2) (98)

The geodesic equation
∂2xµ

∂τ 2
+ Γµ

αβ

∂xα

∂τ

∂xβ

∂τ
= 0, (99)

under the previous assumptions plus the condition for slow moving particles dt
dτ

≈ 1,
dxi

dτ
<< 1 gives

d2xi

dt2
= − ∂Φ

∂xi
. (100)
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While weak �eld perturbative general relativity recovers Newtonian gravity under the
four assumptions listed above, it is important to remember that it is more general. Direct
observations of deviation from Newtonian behavior within the solar system, gravitational
wave propagation, frame dragging, Shapiro time delay, are all adequately explained by the
linear theory. In many cases of empirical interest, lensing measurements can be described
by the linear theory.

However, gravitational wave emission processes require going beyond the linearized
theory in many cases, either because the �elds are too strong (e.g. black hole mergers
[37, 38, 39]), or the data is su�ciently good that small deviations from the linearized
theory predictions can be measured (e.g. modern pulsar tests [40]). Black hole shadows
[41, 42] or accretion [43, 44] also provide observational relevance of going past the linear
approximation. Additionally to these empirical motivations, the linearized framework in
metric perturbations hµν has problems with self consistency regarding the motivation for
the geodesic equation [36].

C Information-Limited Gravity: Detailed analysis and

essential modi�cations

In this appendix we provide analysis of the previous work on ILG, expose pathologies,
and propose minimal modi�cations.

C.1 relation between published t and k forms of ρeff

Recall the equations relating the proposed form of the ILG enhancement in time (58) and
k space (59). We show here how they are related. The Riemann-Liouville integral is

Iα(f(t)) =
1

Γ(α)

∫ t

0

(t− t′)α−1f(t′)dt′ (101)

Moving (58) to ω space with a Fourier transform8, we obtain

ρeff (ω) =
(
1 + Cτ−α

0 (iω + 0+)−α
)
ρ(ω). (102)

The authors of [32] propose a connection between �nite propagation speed, spatial wavenum-
ber, temporal frequency, and cosmological scale factor

ω ≃ vmax k

a
. (103)

Using this substitution, and absorbing factors into k0 gives (59).

C.2 Motivating the surrogate

While the authors of [32] do not elaborate on the reason for their choice, a plausible moti-
vation for constructing the surrogate is as follows: For a spherical symmetric Newtonian

8The Riemann-Liouville integral is e�ectively a convolution of f with g(t) = tα−1/Γ(α), so its Fourier
transform is the product of the Fourier transforms of f and g. The Fourier integral

∫∞
−∞ g(t)e−iωtdt can

be evaluated by using an ω → ω − i0+ regulator.
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source,

a(R) =
v(R)2

R
=
G
∫ R

0
4πr2ρ(r)dr

R2
(104)

Assuming a uniform source, replacing ρ with ρeff , and using the fact that k ∝ 1/r, we
get

v(R)2

R
=
G
∫ R

0
4πr2ρ(1 + C( r

r0
)α)dr

R2
→

4πGρ(R
3

3
+ C R3+α

(3+α)rα0
)

R2
. (105)

Dividing by the unenhanced case 4πGρR/3 and absorbing the numeric factor 3/(3 + α)
into a rede�nition of the e�ective scale factor r0 (which was the �t parameter), we recover
(63)

C.3 Problems with the forms of (58) and (59)

It is noteworthy that (58) and (59) were phenomenological modeling choices rather than
forms derived from �rst principles. While they (or at least the surrogate (63)) can be
applied to galactic �ts, they may not behave in other cases.

For instance, self-consistent application of the form of the k space kernel in (60) to
cosmological perturbation theory will be problematic. Speci�cally, w diverges in the
k → 0 limit. Large scale perturbations will become arbitrarily strong. Further, the
consistency of considering an unaltered homogeneous background, when any homogeneous
contribution fed into w leads to a divergence, is dubious.

Another less obvious issue can be illustrated by applying (58) to a spherically sym-
metric mass distribution. Using the spherical form of the Laplacian gives

1

r2
∂

∂r
(r2

∂Φ

∂r
) = 4πG(ρ(r, t) +

C

τα0 Γ(α)

∫ t

0

(t− t′)α−1ρ(r, t′)dt′ (106)

or

∂Φ

∂r
=
G
∫ r

0
4πr′2ρ(r′, t)dr + C

τα0 Γ(α)

∫ r

0
4πr′2

∫ t

0
(t− t′)α−1ρ(r′, t′)dt′dr′

r2
(107)

Notice that
∫ r

0
4πr′2ρ(r′, t)dr = M(r, t) is simply the mass inside r at time t. If the

function ρ is well behaved enough that the integration commutes,

∂Φ

∂r
=
G
(
M(r, t) + C

τα0 Γ(α)

∫ t

0
(t− t′)α−1M(r, t′)dt′

)
r2

(108)

Assuming the mass is conserved, for a location outside the mass distribution M(r, t) is
just a constant M . Then the integral in (108) can be done, resulting in

∂Φ

∂r
=
GM

(
1 + Ctα

ατα0 Γ(α)

)
r2

(109)

which implies the acceleration of a test particle outside the mass distribution increases
without bound as time goes on.
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C.4 Possible modi�cations to the ILG kernels and future work

A minimal modi�cation to the k space form of the ILG kernel that could be applied to cos-
mological perturbation theory in terms of comoving wavenumber is to impose an infrared
cuto� kmin > 0 such that the kernel only applies to su�ciently small perturbations:

wpert(kmin, k, a) = 1 + C

(
a

cmax(kmin, k) τ0

)α

, wbg = 1. (110)

The Poisson equation for the cosmological perturbation theory then becomes

∇2Φ̄ = 4πG ρ̄, −k2 δΦ(k, a) = 4πGwpert(kmin, k, a) δρ(k, a). (111)

A well motivated cuto� for cosmology is the inverse of the Hubble radius

kmin(a) =
aH(a)

c
, (112)

such that superhorizon modes are not enhanced. Notice that (111) formally �xes the prob-
lem with the divergences, is compatible with the galaxy results because the cuto� mod-
i�cation is well above galactic scales, and has been formalized in the Lean database in the
�les IndisputableMonolith/ILG/Kernel.lean and IndisputableMonolith/ILG/PoissonKernel.lean.
However, we do not consider any empirical tests regarding the rate of structure growth
here, under which the kernel may not be successful. Computing the behavior of cosmo-
logical perturbation theory under (111) is a natural candidate for future work.

Away from the cosmological regime, using (103) to work backward from (59), we can
motivate an enhancement of the form

wdyn(Tdyn) = 1 + C

(
Tdyn
τ0

)α

. (113)

Here Tdyn is the local orbital period (or, more generally, the inverse characteristic fre-
quency of the system) and τ0 is the characteristic time scale. Formally, this �xes the
monotonic increase and divergence of the test particle acceleration. The disadvantage is
a single Tdyn needs to characterize the system. While this is not a problem for periodic
orbits, it would be di�cult to assign a well motivated Tdyn to chaotic systems such as
globular cluster dynamics.

One system that might be of relevance to studying (113) is the behavior of wide
binaries. These have been a popular topic in dark matter consistency tests because in
theory, dark matter would lead to no discernible alteration from Newtonian behavior
in wide binary orbits, while MOND in general does[45]. Unfortunately, tests on GAIA
data have only lead to confusion, with di�erent papers preferring MOND [46, 47, 48] or
Newtonian orbits [49, 50, 51], or in some cases con�icting with both [52]; It is likely [53, 54]
that the various schemes used by di�erent groups to control for low data quality and
contamination by unresolved companions [55] lead to the di�erent answers. Nevertheless,
it may be possible to test wide binary orbits against the (113) in the future if data quality
and companion detection improves.
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