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Abstract. In this paper we study the geometric structure induced by the canonical re-
ciprocal cost function and its natural n-dimensional extension. In logarithmic coordinates,
the potential depends only on the linear combination S = α · t, and the associated Hessian
metric has rank one at every point. The geometry is intrinsically degenerate and effectively
1-dimensional, with an (n− 1)-dimensional null distribution.

On the other hand, when the same function is expressed in the original x-coordinates,
the corresponding Hessian is generically nondegenerate and defines a pseudo-Riemannian
metric away from explicit singular hypersurfaces.

We further analyze affine and Levi-Civita geodesics and compare their behavior. In partic-
ular, affine geodesics in logarithmic coordinates are globally defined, while in x-coordinates
their behavior is restricted by the domain and the singular set.

Finally, we relate the construction to symmetrized Itakura-Saito and Bregman diver-
gences, and give a Fisher-Rao realization of the logarithmic Hessian metric.

Keywords. Hessian geometry, degenerate metric, affine structure, Levi-Civita connection,
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1. Introduction and motivation

In this paper we study the geometric structures generated by the canonical reciprocal cost
function and its multidimensional extension. The canonical cost function in 1-dimension

J(x) =
1

2
(x+ x−1)− 1

was introduced in [19]. Generic cost functions are ubiquitous in optimization techniques,
and different cost functions can have different motivations. In the paper [20], it is proved
that this particular function appears as a unique solution of the polynomial composition law
together with the curvature calibration.

In this paper, we construct the multidimensional extension of the reciprocal cost, examine
what kind of multidimensional geometry is induced by the Hessian of the function J , and
explore how this geometry depends on the choice of affine structure. Hessian geometry
appears on affine manifolds with a flat connection. A metric g is called Hessian if it can
be written locally as g = Ddφ for some potential φ [3, 16]. Here D denotes a flat affine
connection, so in affine coordinates the metric takes the form gij = ∂i∂jφ. The pair (D, g) is
called a Hessian structure. Such structures are related to several geometric theories. They are
real analogues of Kähler geometry [16], since Kähler metrics are given by complex Hessians.
They also appear in affine differential geometry and in information geometry [3, 4]. In this
way, Hessian geometry connects different areas.
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Specifically, we consider the function J in two coordinate systems used in previous papers
[19, 20]: the original variables x and the logarithmic variables t = log x. Although these
are related by a smooth change of variables, the Hessian construction depends on the choice
of affine structure, and therefore the induced geometries are not equivalent. In logarithmic
coordinates the function J takes the form

J(t) = cosh

(
n∑

i=1

αiti

)
− 1.

Hence J depends only on the scalar quantity S(t) =
∑n

i=1 αiti. It follows that the Hessian
with respect to the t-coordinates has rank one at every point. The induced geometry is
degenerate, with a distinguished direction given by α and an integrable (n− 1)-dimensional
null distribution. As a consequence, the associated Hessian structure in logarithmic coor-
dinates effectively reduces to a 1-dimensional geometry, even though the ambient space is
n-dimensional. On the other hand, when J is expressed in the original x-coordinates, the
corresponding Hessian matrix is generically nondegenerate and defines a pseudo-Riemannian
metric away from a singular set. Thus the same function gives rise to two qualitatively dif-
ferent geometric structures.

We further study the corresponding affine and Levi-Civita geodesics, with particular at-
tention to the distinguished direction and to the behavior near the degeneracy locus. The
Hessian manifold defined with logarithmic coordinates is geodesically complete for the affine
geodesics, but due to the non-invertability of the metric an additional Levi-Civita connec-
tion is not defined. Conversely, the Hessian manifold defined with the original coordinates is
geodesically incomplete for the affine geodesics (due to a coordinate domain restriction) and
for Levi-Civita geodesics (due to the presence of curvature singularities of that connection).

The paper is organized as follows. In Section 2, we extend the cost function to multiple
variables. Next, we examine construction of Hessian metrics and their properties for an
arbitrary dimension in Section 3. We then examine the properties of the 2-dimensional
versions of these manifolds and the trajectories on them to further illustrate their behavior
in Section 4. In Section 5, we interpret our results from the perspective of information
geometry, relating the cost function to Bregman divergences and Fisher-Rao metrics. We
give our conclusions in Section 6.

2. Canonical reciprocal cost and its n-dimensional extension

We start with the 1-dimensional canonical reciprocal cost function

J(x) :=
1

2

(
x+ x−1

)
− 1, x > 0. (2.1)

This function is our main model. It satisfies the basic properties

(i) J(1) = 0,
(ii) J(x) = J(x−1),
(iii) J(x) ≥ 0 for all x > 0.

In logarithmic coordinates t = log x, one has

J(et) = cosh(t)− 1. (2.2)

The importance of this function comes from the following theorem.
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Theorem 2.1. [19] Let F : R>0 → R satisfy composition law

F (xy) + F

(
x

y

)
= 2F (x)F (y) + 2F (x) + 2F (y), x, y > 0, (2.3)

and the unit log-curvature

lim
t→0

2F (et)

t2
= 1. (2.4)

Then

F (x) =
1

2

(
x+ x−1

)
− 1 = J(x), x > 0.

This theorem shows that the canonical reciprocal cost (2.1) is unique under the compo-
sition law and the unit log-curvature normalization. The relation (2.3) may be viewed as a
multiplicative d’Alembert-type functional equation on the positive reals [20]. The logarith-
mic reparametrization transforms it into an additive 1-dimensional variable.

We stress that uniqueness in one dimension does not extend to higher dimensions. Some
additional assumptions are needed. Therefore, it is natural to ask for a canonical multidi-
mensional extension, and this question motivates the rest of the paper.

Let us consider the n-dimensional function on (R>0)
n given by

J(x1, . . . , xn) =
1

2

(
n∏

i=1

xαi
i +

n∏
i=1

x−αi
i

)
− 1, xi > 0, (2.5)

where α1, . . . , αn ∈ R. Let

R(x1, . . . , xn) =
n∏

i=1

xαi
i . (2.6)

Then (2.5) can be written in the form

J(x1, . . . , xn) =
1

2

(
R +R−1

)
− 1.

Thus all dependence on the coordinates xi is through the single scalar R(x). Hence the
geometry is essentially 1-dimensional.

If we assume permutation symmetry, that is,

J(xσ(1), . . . , xσ(n)) = J(x1, . . . , xn) for all σ ∈ Sn,

then all variables are equally weighted. More precisely,

Lemma 2.1. If the function (2.5) is permutation symmetric, α = (α1, . . . , αn) ̸= 0, and
n ≥ 3 then α1 = α2 = · · · = αn. If n = 2, α1 = ±α2 allows for permutation symmetry.

Proof. Permutation symmetry gives
n∏

i=1

xαi

σ(i) +
n∏

i=1

x−αi

σ(i) =
n∏

i=1

xαi
i +

n∏
i=1

x−αi
i

for every σ ∈ Sn and all xi > 0. Hence
n∏

i=1

xαi

σ(i) =
n∏

i=1

xαi
i or

n∏
i=1

xαi

σ(i) =
n∏

i=1

x−αi
i .
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Suppose n ≥ 3 and consider a permutation σ that only swaps two elements i ̸= j. Taking
xj = e and xi = 1, we obtain

eαj · 1αi ·
n∏

k ̸=i,j

xαk
k = e±αi · 1±αj

n∏
k ̸=i,j

x±αk
k (2.7)

Since the values of x are nonzero, we can obtain

eαj∓αi =
n∏

k ̸=i,j

x±αk−αk
k (2.8)

The left-hand side is constant, while the right-hand side depends on the variables xk. Since
this identity holds for all xk > 0, all exponents must vanish. Thus

±αk − αk = 0 (k ̸= i, j), αj ∓ αi = 0.

The minus sign implies αk = 0 for all k ̸= i, j, impossible for n ≥ 3 and α ̸= 0. Hence the
sign is + and αi = αj. Since i, j are arbitrary, all exponents are equal.
If n = 2, the condition becomes

xα1
1 x

α2
2 = x±α1

2 x±α2
1 . (2.9)

That is,
xα1∓α2
1 = x±α1−α2

2 . (2.10)

This is independent of x1, x2 if and only if α1 = ±α2. □

Therefore, permutation symmetry is determined by choosing a ∈ R such that

αi = a, i = 1, . . . , n.

In this case the cost function (2.5) becomes

J(x1, . . . , xn) =
1

2

((
n∏

i=1

xi

)a

+

(
n∏

i=1

xi

)−a)
− 1.

If this multidimensional cost function reduces to the 1-dimensional case when all variables
are equal

J(x, . . . , x) = J(x),

where J(x) = 1
2
(x+ x−1)− 1, then

cosh(an log x)− 1 = cosh(log x)− 1 for all x > 0.

We obtain an = ±1, hence a = ± 1
n
. Since J(R) = J(R−1), both choices lead to the same

cost function. Without loss of generality, we take a = 1
n
. Therefore, the natural choice under

the conditions of permutation symmetry and dimensional reduction is a = 1
n
. This gives

J(x1, . . . , xn) =
1

2

( n∏
i=1

xi

)1/n

+

(
n∏

i=1

xi

)−1/n
− 1. (2.11)

In the rest of the paper we work with a general α, while αi =
1
n
is used as a special case.

In particular, αi =
1
n
ensures the cost function depends only on the geometric mean of the

variables
G(x) = (x1 · · · xn)1/n.
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2.1. Logarithmic representation. Let

ti = log xi, i = 1, . . . , n.

Then

R(x1, . . . , xn) = exp

(
n∑

i=1

αiti

)
,

and the cost function takes the form

J(x1, . . . , xn) = cosh

(
n∑

i=1

αiti

)
− 1. (2.12)

Thus the n-dimensional function depends only on one linear combination of the loga-
rithmic coordinates. This shows that the Hessian in logarithmic coordinates has rank one,
independently of the ambient dimension.

In the canonical symmetric case αi =
1
n
, we obtain

J(x1, . . . , xn) = cosh

(
1

n

n∑
i=1

log xi

)
− 1.

Analogously to how the cost in the canonical symmetric case expressed in x variables depends
on the geometric mean, we can see that in t coordinates it depends on the arithmetic mean.

3. Geometry of general multidimensional cost

The logarithmic form of the multidimensional reciprocal cost is

J(t) = cosh(S(t))− 1, S(t) =
n∑

i=1

αiti, ti = log xi, (3.1)

where t = (t1, . . . , tn) ∈ Rn and α = (α1, . . . , αn)
T ∈ Rn is fixed. Since

∂J

∂ti
= sinh(S)αi,

we obtain
∂2J

∂ti∂tj
= cosh(S)αiαj, i, j = 1, . . . , n.

Hence the Hessian matrix of J is

∇2J(t) = cosh(S)ααT .

Since α ̸= 0 and cosh(S) > 0, we have

∇2J(t)α = cosh(S)(αTα)α ̸= 0,

and therefore
rank(∇2J(t)) = 1.

Thus the Hessian is degenerate, and its image is the 1-dimensional subspace generated by
α.

Remark 3.1. If J(t) = f(α · t), then the Hessian has rank one. The reciprocal cost is a
particular example with an explicit factor cosh(S), which also leads to nontrivial behavior in
the original x-coordinates.
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To illustrate the multidimensional construction, we consider the following example. We
combine functions of (r, s) linearly so that the cost function depends on a single scalar
quantity. Trigonometric components corresponding to r, s, r + s and r − s represent basic
harmonic modes of the variables.

Example 3.1. Let (r, s) ∈ Ω ⊂ R2 and define

Φ(r, s) =
(
cos r, sin r, cos s, sin s, cos(r + s), sin(r + s), cos(r − s), sin(r − s)

)
.

Denote its components by ϕi(r, s), i = 1, . . . , 8. For a ∈ R8 define

S8(r, s; a) =
1√
8

8∑
i=1

ai ϕi(r, s), J8 = cosh(S8)− 1.

Then J8 depends only on the scalar quantity S8, showing that even in higher-dimensional
ambient spaces the induced geometry is effectively 1-dimensional.

3.1. Interpreting the Hessian as a metric in logarithmic coordinates. We con-
sider the n-dimensional reciprocal cost in logarithmic coordinates (3.1). Assume α =
(α1, . . . , αn) ̸= 0. The Hessian of J defines a symmetric metric tensor

gij(t) :=
∂2J

∂ti∂tj
= αiαj cosh(S(t)). (3.2)

The metric tensor (3.2) is degenerate and

rank(gij(t)) = 1 for all t ∈ Rn.

Hence the metric is not invertible and its kernel has dimension n − 1. The quadratic form
associated with gij is

g(v, v) = cosh(S)(α · v)2. (3.3)

The metric measures variations only in the direction of α, while vectors orthogonal to α lie
in the kernel of g.

The radical distribution

Rα := {v ∈ Rn : α · v = 0} (3.4)

is this kernel. It is integrable, and its leaves are the affine hyperplanes

α · t = const.

Indeed, along any curve t(s) = t(0) + sv for a curve parameter s with v ∈ Rα, we have

α · t(s) = α · t(0),

so the flow remains in the same leaf.
Thus the geometry in logarithmic coordinates consists of one distinguished direction given

by α while the remaining (n− 1) directions form a null foliation transverse to it.

Degenerate metric structures appear in several areas of mathematical physics. In particu-
lar, non-invertible metrics are studied in Carrollian geometry [6] and in the intrinsic geometry
of null hypersurfaces in general relativity (see, e.g. [5] and chapter 3 of [13]). In Carrollian
geometry the metric typically has corank one and is accompanied by a distinguished vector
field generating its kernel. Likewise, null hypersurfaces in GR typically are described using
an intrinsic metric of signature (0,+,+).
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In the present case the situation is different. The metric (3.2) has rank one and therefore
corank n− 1. Hence for n > 2 it does not define a Carrollian structure. Only in dimension
n = 2 our Hessian metric has the correct algebraic type for the Carrollian framework [6].

3.2. Curves in the null space of g. The following is a consequence of the definition of
the radical distribution (3.4) and describes curves along which the cost function remains
constant.

Let γ(τ) be a curve with velocity γ̇ = dγ
dτ

such that

g(γ̇, γ̇) = cosh(S) (α · γ̇)2 = 0.

Since cosh(S) > 0, it follows that α · γ̇ = 0.
Let βk be a set of vectors βk = (βk

i ), k = 1, . . . , n − 1, spanning the radical distribution
(3.4) such that

∑n
i=1 αiβ

k
i = 0. If t0 = γ(0), then any such curve can be written as

γ(τ) = t0 +
n−1∑
k=1

γk(τ) β
k, γ̇(τ) =

n−1∑
k=1

γ̇k(τ) β
k.

Thus γ lies in the affine hyperplane

α · t = α · t0,
and the components γk(τ) are arbitrary. Moreover,

dS

dτ
= α · γ̇ = 0,

so S is constant and the cost function J remains constant. Thus the null curves are integral
curves of Rα and lie in hypersurfaces J = const.

3.3. Interpreting the Hessian as a metric in x-coordinates. We now compute the
Hessian with respect to the original coordinates xi. Let

R(x) =
n∏

k=1

xαk
k .

Then the reciprocal cost can be written as

J(x) =
1

2
(R +R−1)− 1.

Since
∂R

∂xi
=
αi

xi
R,

we obtain
∂J

∂xi
=

1

2
(R−R−1)

αi

xi
.

Differentiating the last equation gives, for i ̸= j,

∂2J

∂xi∂xj
=

1

2

αiαj

xixj
(R +R−1),

while on the diagonal one has

∂2J

∂x2i
=

1

2

1

x2i

(
αi(αi − 1)R + αi(αi + 1)R−1

)
.
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Equivalently, by using ui = αi/xi and D = diag(αi/x
2
i ), we obtain

∇2
xJ =

1

2
(R +R−1)uu⊤ − 1

2
(R−R−1)D.

This representation shows that the Hessian is the sum of a rank–one matrix uu⊤ and a
diagonal matrix D. It is therefore invertible in general, but fails to be invertible under
certain conditions. For instance, on the hypersurface R = 1 (equivalently J = 0), the
diagonal term vanishes and therefore

∇2
xJ|R=1 = uu⊤,

which is a matrix of rank one (provided α ̸= 0). In particular, at equilibrium xi = 1 we
obtain

∇2
xJ(1, . . . , 1) = αα⊤.

Assume that R ̸= 1 and αi ̸= 0 for all i. Then the diagonal matrix

D = diag

(
αi

x2i

)
is invertible, as is

A := −1

2
(R−R−1)D.

In this case, the Hessian can be written as

∇2
xJ = A+ βuu⊤, β :=

1

2
(R +R−1), ui =

αi

xi
.

Whenever A is invertible (in particular, when R ̸= 1 and all αi ̸= 0), from the determinant
rule

det(A+ βuu⊤) = det(A)
(
1 + β u⊤A−1u

)
,

we obtain
det(∇2

xJ) = det(A)
(
1 + β u⊤A−1u

)
.

Hence, under the restrictions R ̸= 1 and αi ̸= 0 for all i, the Hessian ∇2
xJ is singular if and

only if
1 + β u⊤A−1u = 0.

This shows that the degeneracy occurs on a hypersurface in (R>0)
n. We summarize the

above consideration.

Proposition 3.1. Let R(x) =
∏n

k=1 x
αk
k and assume R ̸= 1 and αi ̸= 0 for all i. Then the

Hessian ∇2
xJ is invertible except on the locus

1 + β u⊤A−1u = 0,

where A = −1
2
(R−R−1)D, β = 1

2
(R +R−1), ui = αi/xi, and D = diag(αi/x

2
i ).

A direct computation gives

1 + β u⊤A−1u = 1− R +R−1

R−R−1

n∑
i=1

αi = 1− coth(S)
n∑

i=1

αi,

where S is defined by (3.1). Hence the singular locus is determined by

coth(S) =
1∑n

i=1 αi

or tanh(S) =
n∑

i=1

αi,
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which has solutions if and only if ∣∣∣∣∣
n∑

i=1

αi

∣∣∣∣∣ < 1.

Thus the singular locus defines a proper hypersurface (whenever nonempty), and therefore
the Hessian is generically nondegenerate.

Finally, the Hessian metric is given by

hij(x) =


1

2

αiαj

xixj
(R +R−1), i ̸= j,

1

2

1

x2i

(
αi(αi − 1)R + αi(αi + 1)R−1

)
, i = j.

(3.5)

Thus hij defines a Hessian metric which is generically nondegenerate, and hence pseudo-
Riemannian. The degeneracy is not intrinsic to J , but depends on the chosen affine structure.
We summarize the above results in the following theorem.

Theorem 3.1. Let J be the canonical reciprocal cost (2.5) and assume α = (α1, . . . , αn) ̸= 0.
Then:

(i) In logarithmic coordinates, the Hessian satisfies

rank(∇2J) = 1

at every point.
(ii) In the original x-coordinates, the Hessian is generically nondegenerate. More pre-

cisely, it is invertible on the open set where R ̸= 1, αi ̸= 0, and

1 + β uTA−1u ̸= 0.

3.4. Projective equivalence. We now analyze the projective relation between the affine
connections of Mt and Mx. Geodesic mapping and its generalizations were investigated by
many authors, for example J. Mikeš in [10], N. S. Sinyukov in [17], L.S. Velimirović and M.S.
Stanković in [18] and many others [22].

Proposition 3.2. Let Mt and Mx be the manifolds determined by the coordinates ti = log xi
and xi, respectively.

For n ≥ 2, the affine connections of Mt and Mx are not projectively equivalent.

Proof. In the x-coordinates, the affine connection of Mx is trivial:

xΓ
i
jk = 0.

On the other hand, the affine connection of Mt, expressed in the x-coordinates, has the
nonzero components

tΓ
i
ii = − 1

xi
, i = 1, . . . , n,

while all other components vanish.
Recall that two torsion-free connections are projectively equivalent if and only if there

exists a 1-form ψ = ψk dx
k such that

tΓ
i
jk − xΓ

i
jk = δijψk + δikψj.

Since xΓ
i
jk = 0, this becomes

tΓ
i
jk = δijψk + δikψj.
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Taking i = j = k, we obtain

− 1

xi
= tΓ

i
ii = 2ψi,

hence

ψi = − 1

2xi
, i = 1, . . . , n.

Next, choose j = i and k = l ̸= i. Since the mixed components of tΓ vanish, we have

0 = tΓ
i
il = δiiψl + δilψi = ψl.

Thus

ψl = 0,

which contradicts

ψl = − 1

2xl
.

Therefore, for n ≥ 2, the two affine connections are not projectively equivalent. □

4. Comparative analysis between the 2-dimensional t− and x− manifolds

In this section we consider the case n = 2 and use notation (s, t) = (t1, t2), (x, y) = (x1, x2)
and (a, b) = (α1, α2). The purpose is to make the general structure explicit in dimension
n = 2, where singular sets, curvature, and geodesics can be written explicitly.

4.1. The 2-dimensional Mx. Let x1 = x, x2 = y, α1 = a, α2 = b. Then

H =

 a((a+1)x−ay−b+(a−1)xayb)
2x2

ab(x−ay−b+xayb)
2xy

ab(x−ay−b+xayb)
2xy

b((b+1)x−ay−b+(b−1)xayb)
2y2

 (4.1)

in general. The zero-cost condition for nonzero a, b can be written y = x−a/b, so on the
zero-cost hypersurface, we get

H =

(
a2

x2 abx
a
b
−1

abx
a
b
−1 b2x

2a
b

)
. (4.2)

At the point x = y = 1 we get

H =

(
a2 ab
ab b2

)
(4.3)

The determinant of (4.2) is zero, so the matrix is not invertible on the zero-cost hypersurface.
Since the point x = y = 1 belongs to the zero-cost hypersurface, the matrix (4.3) is also not
invertible.

On the other hand, the determinant of (4.1) is

−1

4
abx−2(a+1)y−2(b+1)

(
x2ay2b − 1

) (
ax2ay2b + bx2ay2b − x2ay2b + a+ b+ 1

)
,

which is not identically zero. Therefore, away from the zero-cost hypersurface and the
additional singular locus, H is invertible and defines a metric.
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4.2. The 2-dimensional Mt. For comparison, let s = log x, t = log y. Then

J(s, t) = cosh(as+ bt)− 1. (4.4)

Hence

∂i∂jJ =

(
a2 cosh(as+ bt) ab cosh(as+ bt)
ab cosh(as+ bt) b2 cosh(as+ bt)

)
(4.5)

Matching the general n-dimensional case in logarithmic coordinates, the Hessian matrix of
J with respect to (s, t) coordinates (4.5) has rank one:

gij = cosh(as+ bt)

(
a
b

)(
a b

)
.

Hence its kernel is 1-dimensional and generated by the vector (b,−a). Thus in dimension
two the Hessian has rank one, and its kernel is 1-dimensional.

4.3. Two affine structures. Let X = (x, y) and T = (s, t). We use hatted indices for
(x, y) coordinates. Let us denote by Mt the Hessian manifold given by the affine coordinates
(s, t), with metric gij from (4.5), and by Mx as the Hessian manifold given by the affine
coordinates (x, y), with metric hîĵ from (4.1).

Although the variables are related by x = es, y = et, the Hessian construction depends on
the chosen affine structure. Therefore g and h are not the same Hessian tensor written in
different coordinates, but arise from two different flat connections. The Jacobian factors are

∂x

∂s
= x,

∂x

∂t
= 0,

∂y

∂s
= 0,

∂y

∂t
= y, (4.6)

∂s

∂x
=

1

x
,

∂t

∂x
= 0,

∂s

∂y
= 0,

∂t

∂y
=

1

y
. (4.7)

Transforming g to (x, y), we get

gîĵ =
∂T i

∂X î

∂T j

∂X ĵ
gij =

 a2(x−ay−b+xayb)
2x2

ab(x−ay−b+xayb)
2xy

ab(x−ay−b+xayb)
2xy

b2(x−ay−b+xayb)
2y2

 . (4.8)

This is not equal to hîĵ. Similarly,

hij =
∂X î

∂T i

∂X ĵ

∂T j
hîĵ =

(
a(a cosh(as+ bt)− sinh(as+ bt)) ab cosh(as+ bt)

ab cosh(as+ bt) b(b cosh(as+ bt)− sinh(as+ bt))

)
,

(4.9)

which is not equal to (4.5).

4.4. Transformation of the connections. The difference gij ̸= hij arises because the two
Hessians use different affine connections.

The formula gij = ∂i∂jJ is not invariant under nonlinear coordinate change. The invariant
form is

gij = ∇i∇jJ,

where ∇ is the flat affine connection of the chosen coordinates. For Mt, we have

tΓ
i
jk = 0 in (s, t),

and for Mx

xΓ
î
ĵk̂

= 0 in (x, y).
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Transforming connections, we obtain for Mt in (x, y):

tΓ
x
xx = −1

x
, tΓ

y
yy = −1

y
, (4.10)

all other components zero.
For Mx in (s, t):

xΓ
s
ss = 1, xΓ

t
tt = 1, (4.11)

all other components zero. Using the transformed connection coefficients and covariant
derivatives gives

t∇î t∇ĵJ = gîĵ, x∇i x∇jJ = hij.

This shows that the geometric behavior induced by J depends on the chosen affine struc-
ture.

4.5. Levi-Civita connection and geodesics in x-coordinates. Following the notation
of (4.1), let x1 = x, x2 = y, α1 = a, α2 = b, and define

R(x, y) = xayb, Z = R2 = x2ay2b.

The metric hîĵ = ∂î∂ĵJ is given by (4.1), where

J(x, y) =
1

2

(
R +R−1

)
− 1.

Introduce the denominator factor

∆ = (Z − 1)
(
(a+ b− 1)Z + (a+ b+ 1)

)
.

Note that ∆ = 0 on the hypersurface R = 1 (i.e. Z = 1), and also on the additional locus

(a+ b− 1)Z + (a+ b+ 1) = 0,

where the metric is not invertible. Thus, the formulas below are valid on the set

D = {(x, y) ∈ (0,∞)2 : ∆ ̸= 0, a, b ̸= 0}.

Since Z > 0, the equation (a+ b− 1)Z + (a+ b+ 1) = 0 has a positive solution if

Z = −a+ b+ 1

a+ b− 1
> 0.

It follows that

(a+ b+ 1)(a+ b− 1) < 0,

that is, when |a+ b| < 1.
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Figure 1. Ricci scalar divergences on the orange curves and vanishes on the
blue curves. The dashed lines a+ b = 2 and a+ b = 1 represent asymptotes.

The non-zero Christoffel symbols of the Levi-Civita connection Γk
ij = Γk

ji are given by

Γx
xx =

Z2a2 + 2Z2ab− 3Z2a− 2Z2b+ 2Z2 − 2Za2 + 4Zab− 4Z + a2 + 2ab+ 3a+ 2b+ 2

2x∆
,

Γx
xy = Γx

yx = −
b
(
−Z2b+ Z2 + 4Za− 2Zb− b− 1

)
2y∆

,

Γx
yy = −

bx
(
Z2b− Z2 + 6Zb+ b+ 1

)
2y2 ∆

,

Γy
xx = −

ay
(
Z2a− Z2 + 6Za+ a+ 1

)
2x2 ∆

,

Γy
xy = Γy

yx =
a
(
Z2a− Z2 + 2Za− 4Zb+ a+ 1

)
2x∆

,

Γy
yy =

2Z2ab− 2Z2a+ Z2b2 − 3Z2b+ 2Z2 + 4Zab− 2Zb2 − 4Z + 2ab+ 2a+ b2 + 3b+ 2

2y∆
.

These coefficients1 show that the Levi-Civita connection is singular on the hypersurface
∆ = 0, which includes the zero-cost hypersurface R = 1.

We now compute the curvature of this connection. Since the manifold is 2-dimensional,
there is only one independent curvature invariant. The Ricci scalar curvature with respect
to the Levi-Civita connection is given by

Ric =
4(a+ b)Z3/2 ((a+ b− 2)Z + a+ b+ 2)

(Z − 1)2 ((a+ b− 1)Z + a+ b+ 1)2
.

This expression shows that the curvature vanishes when a+b = 0, and diverges on the loci
where the denominator vanishes, in particular at Z = 1, that is on the hypersurface R = 1.
See Figure 1.

1The Christoffel symbols and Ricci scalar here and in 4.6.2 are verified using Wolfram Mathematica.
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Both manifolds Mt and Mx, equipped with their natural flat affine connections, have
identically zero Riemann curvature. However, when the Levi-Civita connection is introduced
on Mx, curvature appears.

This reflects the fact that the Hessian construction depends on the chosen affine structure.

4.6. Geodesics. We distinguish three types of curves associated with the two affine struc-
tures introduced above: affine geodesics on Mt, affine geodesics on Mx, and Levi–Civita
geodesics associated with the metric induced on Mx.

4.6.1. Affine geodesics on Mt. On the manifold Mt, the affine connection is trivial in the
affine coordinates (s, t), i.e. tΓ

i
jk = 0. Hence the affine geodesics are straight lines,

s(λ) = s0 + s1λ, t(λ) = t0 + t1λ.

Passing to x-coordinates via x = es, y = et, these become

x(λ) = x0e
s1λ, y(λ) = y0e

t1λ.

These curves are defined for all λ ∈ R and are the images of affine geodesics on Mt under
the transformation x = es, y = et. Higher dimensional versions of Mt will also have straight
line geodesics in logarithmic coordinates with respect to the intrinsic affine connection.

4.6.2. Levi–Civita geodesics on Mx. On the manifold Mx, we consider the Levi–Civita con-
nection of the metric hîĵ induced by the Hessian structure. The geodesics satisfy

d2xi

dλ2
+ Γi

jk(x)
dxj

dλ

dxk

dλ
= 0.

The Levi–Civita connection is defined only on the open set where the metric is nonde-
generate, i.e. where ∆ ̸= 0. The corresponding geodesic equations become singular on the
degeneracy set ∆ = 0.

Explicitly, the equations are

d2x

dλ2
= − (a+ 1)(a+ 2b+ 2)− 2Z(a2 − 2ab+ 2) + (a− 1)Z2(a+ 2b− 2)

2∆x

(
dx

dλ

)2

−
b
(
2Z(b− 2a) + (b− 1)Z2 + b+ 1

)
∆ y

dx

dλ

dy

dλ
+

bx
(
(b− 1)Z2 + 6bZ + b+ 1

)
2∆ y2

(
dy

dλ

)2
(4.12)

d2y

dλ2
= − (b+ 1)(2a+ b+ 2)− 2Z(−2ab+ b2 + 2) + (b− 1)Z2(2a+ b− 2)

2∆ y

(
dy

dλ

)2

−
a
(
2Z(a− 2b) + (a− 1)Z2 + a+ 1

)
∆x

dx

dλ

dy

dλ
+

ay
(
(a− 1)Z2 + 6aZ + a+ 1

)
2∆x2

(
dx

dλ

)2
(4.13)

where ∆ and Z are defined as above.
Note the symmetry under simultaneously swapping a and b, and x and y. A point on the

zero-cost hypersurface can be written as

x = z
1/a
0 , y = z

−1/b
0 , (4.14)

for some z0 > 0 and nonzero a, b. The geodesic equations are singular on the J = 0
hypersurface, since ∆ = 0 there (equivalently, Z = 1).
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We consider a formal expansion near ∆ = 0 and extract only leading-order constraints.
Suppose a formal solution is of the form

x(λ) = z
1/a
0 +

∞∑
n=1

xn(λ− k)n, y(λ) = z
−1/b
0 +

∞∑
n=1

yn(λ− k)n (4.15)

exists near λ = k, so that the curve extends away from the J = 0 hypersurface and the
partial derivatives

dx

dλ

∣∣∣∣
λ=k

= x1,
dy

dλ

∣∣∣∣
λ=k

= y1

are finite.
After moving all terms in (4.12) and (4.13) to the left-hand side and multiplying by ∆,

the first equation takes the form

∆
d2x

dλ2
+ A

(
dx

dλ

)2

+B

(
dy

dλ

)2

+ C
dx

dλ

dy

dλ
= 0,

with an analogous expression for the y-equation. Substituting (4.15) and expanding near
λ = k gives the constraints

4bz
−1/a
0

(
x1 − y1z

1
a
+ 1

b
0

)(
by1z

1
a
+ 1

b
0 + ax1

)
= 0 (4.16)

from (4.12), and

4az
− 2

a
− 1

b
0

(
y1z

1
a
+ 1

b
0 − x1

)(
by1z

1
a
+ 1

b
0 + ax1

)
= 0 (4.17)

from (4.13), respectively, for a, b ̸= 0. Both equations give the same two possibilities:

x1 = y1z
1
a
+ 1

b
0 , x1 = − b

a
y1z

1
a
+ 1

b
0 ,

since z0 > 0. These give the possible tangent directions near the zero-cost hypersurface
compatible with obeying (4.15).

We also consider the Levi-Civita structure on Mx in (s, t)-coordinates, using (4.9). In
these coordinates, the connection coefficients are

Γs
ss =

a
(
2b coth2(as+ bt)− coth(as+ bt) + a

)
2(a+ b) coth(as+ bt)− 2

(4.18)

Γs
st = Γs

ts =
b
(
(b− a) coth2(as+ bt)− coth(as+ bt) + a

)
2(a+ b) coth(as+ bt)− 2

(4.19)

Γs
tt = −b csch

2(as+ bt)(3b− sinh(2(as+ bt)) + b cosh(2(as+ bt)))

4(a+ b) coth(as+ bt)− 4
(4.20)

Γt
ss = −a csch2(as+ bt)(3a− sinh(2(as+ bt)) + a cosh(2(as+ bt)))

4(a+ b) coth(as+ bt)− 4
(4.21)

Γt
ts = Γt

st =
a
(
(a− b) coth2(as+ bt)− coth(as+ bt) + b

)
2(a+ b) coth(as+ bt)− 2

(4.22)

Γt
tt =

b
(
2a coth2(as+ bt)− coth(as+ bt) + b

)
2(a+ b) coth(as+ bt)− 2

(4.23)



16 JONATHAN WASHBURN, MILAN ZLATANOVIĆ, AND PHILIP BELTRACCHI

The coefficients depend only on the combination

S = as+ bt = q, (4.24)

which is analogous to Z = x2ay2b in the (x, y)-coordinates. Define

r = −bs+ at. (4.25)

Then q is the linear combination controlling the logarithmic Hessian, while r parametrizes
the transverse direction. The Ricci scalar is

Ric(q) =
(a+ b)

(
(a+ b) coth q − 2

)
csch3q

2
(
(a+ b) coth q − 1

)2 . (4.26)

The previous equation shows that the Ricci scalar depends only on q = as + bt, and is
independent of r. Using the relations

s =
aq − br

a2 + b2
, t =

bq + ar

a2 + b2
,

the geodesic equations can be written in the (q, r)-coordinates as

2(a2 + b2)2q′′
(
(a+ b) cosh(q)− sinh(q)

)
− 2ab(a− b)(a+ b)q′ cosh(q) r′ + ab(a+ b)2 cosh(q) (r′)2

+ (q′)2
(
(a+ b)(a2 + b2)2 sinh(q)−

(
a4 − a3b+ 4a2b2 − ab3 + b4

)
cosh(q)

)
= 0.

(4.27)

2(a2 + b2)2r′′
(
(a+ b) cosh(q)− sinh(q)

)
+ 2(a+ b)q′ coth(q) r′

(
(a2 + b2)2 cosh(q)− (a3 + b3) sinh(q)

)
− 1

2
(a− b)(q′)2csch(q)

(
−(a3 + b3) sinh(2q) + (a2 + b2)2 cosh(2q) + 3(a2 + b2)2

)
+ ab(a− b)(a+ b) cosh(q) (r′)2 = 0.

(4.28)

All coefficients depend only on q, but the equations are coupled. In general, the condition
r′ = 0 is not preserved, except in the symmetric case a = b.
We now look for a formal solution near the zero-cost hypersurface, i.e. near q = 0, in the

form

q(λ) =
∞∑
n=1

qn(λ− k)n, r(λ) =
∞∑
n=0

rn(λ− k)n. (4.29)

The lowest order constraint necessary for such a solution to exist is

r1 =
a− b

a+ b
q1. (4.30)

4.6.3. Affine geodesics on Mx. On Mx manifold, the intrinsic affine connection is trivial in
the (x, y)-coordinates, i.e. xΓ

i
jk = 0. Hence the affine geodesics are straight lines,

x(λ) = X1λ+X0, y(λ) = Y1λ+ Y0.

Passing to logarithmic coordinates

s = log x, t = log y,

these curves satisfy

d2s

dλ2
+

(
ds

dλ

)2

= 0,
d2t

dλ2
+

(
dt

dλ

)2

= 0.
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The solutions are given by

s(λ) = log(λ+ S1) + S0, t(λ) = log(λ+ T1) + T0,

for suitable constants S0, S1, T0, T1, related to X0, X1, Y0, Y1 by

S0 = logX1, S1 =
X0

X1

, T0 = log Y1, T1 =
Y0
Y1
.

Since x(λ) > 0 and y(λ) > 0, the parameter λ is restricted to an interval where

λ+ S1 > 0, λ+ T1 > 0.

This restriction comes from the domain (0,∞)2. The affine connection is regular, and the
geodesics reach the boundary x = 0 or y = 0. For higher dimensional versions of Mx,
geodesics with respect to the intrinsic affine connection are straight lines in positive ratio
coordinates, with a corresponding restriction on the affine parameter.

Thus, the same function J induces three distinct families of curves: the affine geodesics
of Mt, the affine geodesics of Mx, and the Levi–Civita geodesics on Mx.

4.7. Gradient paths. We consider the Euclidean gradient flow of the cost function in the
affine logarithmic coordinates

dt

dτ
= ∇J = α sinh

(
n∑

i=1

αiti

)
.

Notice that these paths are defined independently of the Hessian metric or the choice of
affine connection, although here the gradient is expressed in t-coordinates. We record both
ascent and descent flows: along ascent J is increasing, while along descent J → 0.

In the 2-dimensional case, writing (t1, t2) = (s, t) and α = (a, b), we obtain

ds

dτ
= a sinh(as+ bt),

dt

dτ
= b sinh(as+ bt).

Using the combinations q and r from equations (4.24), (4.25), we get

dq

dτ
= a

ds

dτ
+ b

dt

dτ
= (a2 + b2) sinh(q) = |α|2 sinh(q), (4.31)

dr

dτ
= −bds

dτ
+ a

dt

dτ
= (−ba+ ab) sinh(q) = 0. (4.32)

From the last two equations, we obtain

tanh
q(τ)

2
= Ce|α|

2τ , r(τ) = C1, (4.33)

for constants C,C1, on the interval where |Ce|α|2τ | < 1. Therefore, the solution for q is

q(τ) = 2 artanh
(
Ce|α|

2τ
)
= ln

(
1 + Ce|α|

2τ

1− Ce|α|2τ

)
. (4.34)

This behavior extends to the n-dimensional case. Let

S(t) =
n∑

i=1

αiti,
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so that ∂S/∂ti = αi. Choose vectors βk = (βk
i ), k = 1, . . . , n − 1, spanning the radical

distribution (3.4), i.e.
n∑

i=1

αiβ
k
i = 0, (4.35)

and let us denote perpendicular directions to S(t) as rk such that ∂rk/∂ti = βk
i . Then

dS

dτ
=

n∑
i=1

αi
dti
dτ

=
n∑

i=1

αiαi sinh(S) = |α|2 sinh(S), (4.36)

and

drk

dτ
=

n∑
i=1

∂rk

∂ti

dti
dτ

=
n∑

i=1

βk
i αi sinh(S) = 0, (4.37)

by the orthogonality (4.35). Notice that the equation (4.36) coincides with (4.31) after
replacing q by S. Hence, the solution for S(τ) follows from (4.34).

The cost function J = cosh(S)− 1 evolves as

dJ

dτ
=
dJ

dS

dS

dτ
= |α|2 sinh2(S) ≥ 0, (4.38)

so the flow ṫ = ∇J corresponds to a monotone increase of the cost.

If instead one considers the gradient descent flow

dt

dτ
= −∇J = −α sinh(S),

then
dS

dτ
= −|α|2 sinh(S),

tanh
S(τ)

2
= Ce−|α|2τ ,

rk = Ck,

for constants C,Ck (on the interval where |Ce−|α|2τ | < 1) and

dJ

dτ
= −|α|2 sinh2(S) ≤ 0. (4.39)

Thus, the cost strictly decreases, except at the point S = 0.

4.7.1. Illustrated trajectories on Mx. The following figures illustrate several features on Mx.
The dark curve represents the zero-cost, while the light blue curve, when present, indicates
the secondary locus where the Ricci scalar diverges. Levi-Civita geodesics are shown in
rainbow colors, where the hue depends on the fractional part of the curve parameter λ (in
particular, the curve is red when λ is an integer). Gray arrows indicate the gradient of
J , relevant for the gradient flow. The same sets of items are shown in both xy and qr
coordinates, (see Figures 2 and 3).

The numerically computed geodesics (obtained in xy coordinates) are substituted into the
geodesic equations in qr coordinates, i.e. into the left-hand sides of (4.27) and (4.28). We
define the residual by

residual =
∣∣LHS of (4.27)

∣∣+ ∣∣LHS of (4.28)
∣∣. (4.40)
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Figure 2. System plots for a = 1/3, b = 1/2 showing the zero-cost hyper-
surface (dark), singular locus (blue), gradient of J (gray), and a Levi-Civita
geodesic with initial data x(0) = 4, y(0) = 2, x′(0) = −1, y′(0) = 1, in xy and
qr coordinates.

Figure 3. System plots for a = −2, b = 1 showing the zero-cost hypersurface
(dark), the gradient of J (gray arrows), and a Levi-Civita geodesic with initial
data x(0) = 1, y(0) = 2, x′(0) = −1, y′(0) = 3, in both xy and qr coordinates.
The color modulation tightens along one segment of the geodesic, indicating
a decrease in the magnitude of the velocity |γ̇(λ)|.

For an exact solution the residual is zero. In the numerical case it remains small (typically
of order 10−10), except near singularities where the coefficients become large and errors are
amplified. A larger value may also appear near λ = 0 due to the numerical construction of
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Figure 4. Residual error (4.40) along representative Levi-Civita geodesics.
Left: example from Figure 2, where the error increases near singularities (due
to large Christoffel symbols) and shows a local increase at λ = 0 due to the
numerical construction. Right: example from Figure 3, where for positive λ
the geodesic is sufficiently far from the singularities that the error remains
small.

the solution. The residual error for the configurations in Figures 2 and 3 are shown in Figure
4.

5. Application

In this section we discuss the information-geometric interpretation of the cost function.
First, we relate the cost function to the Itakura-Saito divergence. For positive scalars [8],

we have

DIS(p∥q) =
p

q
− log

(
p

q

)
− 1.

A direct computation gives

1

2

(
DIS(1∥x) +DIS(x∥1)

)
= 1

2

(
x+

1

x
− 2

)
= J(x).

Thus the multidimensional cost is the symmetrized Itakura-Saito divergence applied to
R(x) (2.6), with R(x) = x in the 1-dimensional case. This representation carries the Hessian-
geometric structure induced by J .

The Bregman divergence associated with a convex potential ϕ satisfies

Dϕ(x, x+ δ) = 1
2
⟨δ, (∇2ϕ)(x)δ⟩+O(|δ|3),

(see [9]). In logarithmic coordinates, J(t) = cosh(α · t)− 1 is convex, and the Hessian metric
(3.2) is the second-order term of the Bregman divergence associated with J in arbitrary
dimension.

The Bregman interpretation does not extend to the Hessian in x-coordinates, since the
metric is not positive definite on (0,∞)n.

The Hessian metric of the cost function J in logarithmic coordinates

gij(t) = cosh(α · t)αiαj

can be realized as a Fisher-Rao metric of a statistical model [4].
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Let S = α · t. A (not necessarily unique) statistical model which works is the family of
normal distributions

p(z; t) =
1√
2π

exp

(
−(z −m(S))2

2

)
, m(S) =

∫ S

0

√
coshu du.

Then

Iij(t) = (m′(S))2 αiαj.

Since m′(S) =
√
coshS, we obtain

Iij(t) = cosh(α · t)αiαj = gij(t).

Therefore, the logarithmic Hessian geometry associated to the cost function admits an in-
terpretation as a Fisher information geometry of a 1-dimensional statistical model embedded
in Rn.

6. Conclusion

The first contribution of this paper was the extension of the canonical reciprocal cost to
multiple dimensions. Starting from a one-variable cost function, we introduced a multidi-
mensional extension parametrized by weights α, and showed that permutation symmetry
and diagonal normalization lead to the canonical choice αi = 1/n.
After the multidimensional extension was defined, we analyzed the geometric structures

it induces. The main observation is that the same function generates qualitatively different
geometries depending on the chosen affine structure. In logarithmic coordinates, the Hessian
metric has constant rank one, which leads to a degenerate geometry with an integrable
(n − 1)-dimensional radical distribution and a direction given by α. In contrast, in the
original x-coordinates the corresponding Hessian is generically nondegenerate and defines a
pseudo-Riemannian metric away from a singular locus.

We further showed that these differences are reflected at the level of geodesics. The affine
geodesics on both Mx and Mt are straight lines, and in Mt are globally defined, while in
Mx the domain restriction xi > 0 restricts their extendibility. The Levi-Civita geodesics
introduce additional structure, with coefficients depending only on S = α · t, which confirms
that the geometry is controlled by a single direction. Therefore, the function J induces three
distinct families of curves: affine geodesics of Mt, affine geodesics of Mx, and Levi-Civita
geodesics on Mx, depending on the chosen affine or metric structure.
Independently of the Hessian structure or geodesics, it is natural to examine gradient

paths of the cost function. Here, the gradient paths are integral curves of the vector field
sinh(α · t)α, hence the velocities lie in the 1-dimensional distribution generated by α.
Gradient paths therefore evolve only in the direction α.

Further work will include multidimensional uniqueness and analysis near the degeneracy
set. Other possible extensions could be examining different coordinate systems beyond ratio
type x and logarithmic type t to see if a Hessian cost manifold can be constructed with a
globally defined inverse metric, or if they have a particularly interesting interpretation as
statistical manifolds.
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Palacký University, Olomouc, 2019. 9

[11] B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press, 1983.
[12] S. Pardo-Guerra, M. Simons, A. Thapa, J. Washburn, Coherent Comparison as Information Cost: A

Cost-First Ledger Framework for Discrete Dynamics, arXiv:2601.12194, (2026).
[13] E. Poisson, A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics, Cambridge University

Press, 2009. 6
[14] P. K. Rashevskii, Riemannian Geometry and Tensor Analysis, Nauka, Moscow, 1967.
[15] J. A. Schouten, Ricci-Calculus: An Introduction to Tensor Analysis and Its Geometrical Applications,

2nd ed., Die Grundlehren der mathematischen Wissenschaften, Springer-Verlag, Berlin–Göttingen–
Heidelberg, 1954.

[16] H. Shima, The Geometry of Hessian Structures, World Scientific, 2007. 1
[17] N. S. Sinyukov, Geodesic Mappings of Riemannian Spaces, Nauka, Moscow, 1979. 9
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[19] J. Washburn and M. Zlatanović, Canonical Reciprocal Cost, Mathematics 14 (2026), 935. 1, 2, 3
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Vǐsegradska 33, 18000 Nǐs, Serbia
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