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Abstract

There have been various programs attempting to construct axiomatic methods for physics. Recog-
nition Science is such a program, in which physical structure is derived from constraints on a
cost functional defined over recognition events, but with an important distinction that it focuses
on formalizing results with machine checked theorems in Lean 4. Starting from the Recognition
Composition Law (RCL) plus normalization and calibration axioms, we derive a unique cost
functional J(x). We examine how the equivalence classes in the Recognition Geometry state and
event spaces are related to the ground state of this functional (J(1) = 0), and examine induced
Boolean dynamics of some specifically defined predicates used in the Lean database. We then
demonstrate the J — oo limit as  — 0 and provide analysis of the implications this has on the
state and event spaces from Recognition Geometry. Finally, we show how the Finite Resolution
of recognizers induces discreteness in observable structures and explore the connection of ledger
balance to conservation laws.
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1 Introduction

The search for a fundamental theory of physics has historically been a search for the correct equations
of motion governing matter and energy on a pre-existing manifold. Often, the primary criterion for
success is empirical. Alternatively, various programs attempt to reconstruct known physics, exactly
or approximately, from a smaller axiomatic footprint or simpler concepts.

One simple concept central to modern physics is variational /optimization methods with respect
to some “cost”. Historically early examples include Fermat’s principle in optics, which states that
light takes the path that minimizes the time[1], and trajectories in classical geometric mechanics that
minimize the action functional through the Lagrangian S = | tt01 Ldt[2, 3]. Direct analogies to these
approaches have carried through to modern times, for instance, field theories are typically phrased in
terms of an action minimized with respect to a Lagrangian density S = [ £d"x[4, 5], and test particles
in general relativity follow geodesic trajectories extremizing the spacetime interval[6, 7]. Further
examples include statistical mechanics, where equilibrium configurations are those that extremize
a thermodynamic potential such as the Helmholtz free energy for canonical systems or entropy for
microcanonical systems[8], and ground state configurations in standard quantum mechanics that
minimize the energy through the Hamiltonian H [9]. The foundation of Recognition Science rests on
a primitive functional equation, the Recognition Composition Law (RCL). The cost uniqueness
theorem (T5) shows that any continuous system satisfying this law, subject to normalization and



calibration, is forced into a unique cost structure:

J(z) = % (:c + i) ~ 1 (1)

It is this J cost that Recognition Science attempts to use to frame problems. In the sections that
follow, we trace the consequences of this cost. We show how the law of identity is connected to
zero cost (T0), and under what circumstances the boundary divergence of J as z — 0 (T1) can be
interpreted as forcing dynamics away from “nonexistence”. We then show how finite local resolution
in recognition quotients [10] yields discrete observable structure (T2), and summarize how reciprocity
together with a balance-preserving update rule yields a double-entry ledger form [11] (T3).

An additional distinguishing feature of Recognition Science is formalizing results as theorems that
can be machine checked in the Lean 4 [12] programming language. The theorem numbering here is
taken from the Lean database [13] so it does not match the order in which they are discussed in this
manuscript’.

1.1 Related work

Application of the cost function itself (1) and associated structures to physics is relatively new.
However, there is a published paper examining fitting of galactic rotation curves under ACDM,
MOND, and a modified Poisson equation source motivated by the J cost structure [14]. Additional
preprints analyze patterns in the masses of standard model particles [15], and in properties of the
chemical elements [16]. The focus on machine verified proofs of important theorems, while becoming
more commonplace in mathematics research, is still uncommon in approaches to physics.

However, there are conceptual parallels to other established lines of research. For instance, ideas
formulating quantum mechanics in a relational manner [17] or in terms of fundamental single bit
measurements [18] have direct parallels to the concept of recognition. The idea of minimization of
recognition cost, in addition to the resemblance to action principles as described above, shows a
stronger parallel to the usage of information theory and entropic arguments in deriving fundamental
physics [19-22]. The idea and structure of the ledger has parallels to the study of dynamics on graphs
[23-25], cellular automata approaches to science [26, 27], and the concept of discretized spacetime
[28, 29].

2 The Primitive: The Recognition Composition Law (RCL)

The foundation of Recognition Science is a constraint on how recognition events combine. We posit a
single primitive functional equation, the Recognition Composition Law (RCL), which governs
the cost of interaction between states.

2.1 Defining the Primitive
Let J(z) be a cost functional defined on positive real numbers 2 € R o. The primitive law is given by:
J(zy) + J(x/y) = 2J(2)J (y) + 2J () + 2] (y) (2)

In the RS framework, this is the RCL. This equation describes how the cost of a composite state
(zy) and a relative state (x/y) relates to the costs of the individual components. It is a calibrated
multiplicative form of the d’Alembert functional equation, see Egs. (8,9) below.

2.2 Conditions

To select a physical solution from this functional constraint, we impose two natural boundary
conditions corresponding to the existence of a neutral identity and a standard scale:

1. Normalization. The identity element must have zero cost.

J(1) =0 (3)

! The uniqueness of the cost is foundational in our presentation, but is numbered as (T5) for this reason. The theorem (T4)
about the discrete time evolution from a recognition is not directly relevant here and will be examined in other papers.



2. Calibration. We fix the scale of the cost function by defining the curvature at the minimum in
logarithmic coordinates. Let J(u) := J(e*) for u € R. We set:

J"0) =1 (4)

This condition rules out the trivial solution J = 0 and fixes the units of the cost landscape.

From the standpoint of this paper, the RCL, normalization, and calibration conditions can be
considered separate axioms. However, arguments have been made motivating the form of one or
more of these axioms from more primitive or weaker conditions. For instance, [30] shows that if
F : (0,00) — R is continuous and nontrivial, F((1) = 0, and there exists a symmetric quadratic
polynomial P such that

F(xy) + F(z/y) = P(F(x), F(y))  (z,y>0),  P(u,v) = P(v,u), ()
then the law itself is forced into the unique bilinear family
P(u,v) = 2u + 2v + cuw (c € R). (6)

A natural log-curvature calibration at the identity then fixes ¢ = 2, recovering (2) exactly. Similarly,
[11] starts with a general equation of the form

F(zy) + F(z/y) = aF (2)F(y) + BF(x) + BF(y) + v (7)

and uses normalization to eliminate 7.
Alternatively, it is possible to take (2) as given and derive the normalization from a global
nonegativity constraint, which we show below:

Lemma 2.1 (Normalization from the RCL + non-negativity). Let F : (0,00) — [0,00) satisfy the
RCL:

Fay) + F(x/y) = 2F(2)F(y) + 2F(x) + 2F(y) ~ (z,y > 0).
Then F(1) = 0.

Proof Substitute z = y = 1 into the RCL. The left side is
F(1-1)+ F(1/1) = F(1) + F(1) = 2F(1).
The right side is
2F(1)- F(1) + 2F(1) + 2F(1) = 2F(1)® + 4F(1).
Equating:
2F(1) = 2F(1)% + 4F(1).

Rearranging:

0=2F(1)% + 2F(1),
which factors as

0=2F1)(F(1)+1).
This gives F'(1) =0 or F(1) = —1. But F maps into [0,00), so F(1) > 0. This eliminates F'(1) = —1, leaving
F@1)=0. O

2.3 Theorem T5: Cost Uniqueness

Theorem T5 shows that the Recognition Composition Law, together with the normalization and
calibration conditions, selects a unique element from the complete family of continuous solutions to
the d’Alembert functional equation classified by Aczél[31]. A detailed proof and analysis of the cost
function (1), and description of what happens when any one of the cost axioms is not enforced, is
given in [32], and a machine checked proof is in the Lean database [13]. However, we sketch the proof
here to make this manuscript self-contained.

Theorem (T5: Uniqueness of the calibrated cost). Let J : (0,00) — R be continuous, satisfy
the Recognition Composition Law (2), and obey J(1) = 0. Assume moreover that J(u) := J(e) is
twice differentiable at v = 0 with J” (0) = 1. Then the cost function is uniquely determined on Rxg
as the form in (1) J(z) = 3 (z+ 1) - 1.



Proof Define K by K(x) := 1+ J(z). Expanding the right-hand side of (2) shows that (2) is equivalent to
the generalized d’Alembert equation for groups [33, 34]

K(zy)+ K(ey ') =2K@)K(y)  (z,y>0), (8)

here the group in question is the positive reals under multiplication. Now define f by f(u) := K(e").
Continuity of J implies continuity of f, and substituting z = e" and y = €¥ into (8) yields the standard
d’Alembert equation [31]

fluto)+ flu—v)=2f(w)f(v)  (u,v€R), )
with f(0) = K (1) = 1 from normalization and f”(0) = J”(0) = 1 from calibration. The classical classification
of continuous solutions to (9) admits f =1, f =0, f(u) = cos(au), or f(u) = cosh(au) for some a > 0 [35].
Notice that f(0) = 1 excludes f = 0 and f”(0) = 1 excludes f(u) = 1 (because then f”(0) would be 0) and
f(u) = cos(au) (because then f”(0) would be —a? cos(0) = —a? < 0 for real a). Hence f(u) = cosh(au) for
some a > 0, so

K(x) = cosh(alogz) and J(z) = cosh(alogz)—1= %(wa +a %) —1. (10)

Finally, J(u) = J(e") = cosh(au) — 1 has J”(0) = a?, so the calibration J”(0) = 1 forces a = 1. Thus
J(z) = cosh(logz) — 1 = %(az + 271 =1, as claimed.
]

Alternatively, it is possible to construct the solution as an ODE initial value problem once we
have obtained (9). Setting u = 0 gives f(v) + f(—v) = 2f(0)f(v). Because of the normalization
f(0) =1, we obtain f(v)+ f(—v) = 2f(v), which means f is even. Even functions differentiable at 0
must have f/(0) = 0, and the calibration axiom implies f is at least twice differentiable at 0; in fact,
a theorem from [31] gives that solutions to (9) with f(0) = 1 are C*°. Taking partial derivatives of
(9) with respect to v gives

2

0?
oSt v)+ flu—v)) = 25 2f(u)f(v)) (11)

f'utv) + f(u—v) =2f(u)f"(v) (12)
Setting v = 0 and recalling the curvature condition f”(0) =1 from Aj gives
2f"(u) = 2f(u) (13)

From which the initial conditions of f/(0) = 0 (evenness) and f(0) = 1 (consequence of normalization)
gives f(u) = cosh(u), after which we can recover K (z) and J(z).

2.4 A connection to the Itakura-Saito and general Bregman divergences

It is interesting that J(x) is related to the Itakura-Saito divergence[36], which is influential in signal
processing [37]. The Itakura-Saito divergence is defined in general as

d(xly) = g - 10g<§> -1 (14)
Then

(= — log(é) —1+z—log(z) —1) = J(z) (15)

N =
SHE

S (1)) + d(al1)) =

because the logarithmic terms cancel. This connects the cost function to information geometry (see
e.g. [38]).
The Itakura-Saito divergence is a Bregman divergence

Dy(z,y) = ¢(x) — d(y) — (v —y) - Vo(y) (16)

for the function ¢(z) = — log(z) [39]. The cost function in logarithmic coordinates J(u) = cosh(u)—1
has been shown to be the Bregman divergence of ¢(u) = coshu evaluated at v = 0 in [32],

Deosn(u, v) = cosh(u) — cosh(v) — sinh(v)(u — v) (17)



Deosn(u,0) = cosh(u) — 1. (18)

However, J and J can also be shown to be an appropriately defined Bregman divergence with respect
to themselves. We need the following lemma:

Lemma 2.2. If a convez function of a single scalar variable G(z) has a local minimum at y such

that G(y) = G'(y) =0, then Dg(z,y) = G(x)

Proof By the definition of Bregman divergence (16), Dg(x,y) = G(z) — G(y) — (x —y)G’ (y). Substituting in

the given conditions associated with the local minimum G(y) = 0 and G’(y) = 0 gives Dg(z,y) = G(z). O
The associated theorems are:

Theorem 2.3 (J is its own Bregman divergence at 1).

Dy(z,1) = J(x) (19)

Proof From the normalization axiom, J(1) = 0 and since J'(2) = %(1 - 2—12), we get J'(1) =0. J"(z) = ;13 is
positive over the domain x € Ry so J is convex. Straightforward application of lemma 2.2 gives D j(z,1) =

J(x).

O

Theorem 2.4 (J is its own Bregman divergence at 0).

D3(u,0) = J(u) (20)

Proof Recall J(u) = cosh(u) — 1. By direct evaluation,J(0) = cosh(0) — 1 = 0 and J’(0) = sinh(0) = 0. J
is convex over u € R because J(u) = cosh(u) > 0. We can again apply lemma 2.2 to obtain D 5(u,0)
J(u). O

This information-geometric interpretation motivates treating J not merely as an algebraic solution
of the RCL but as a convex divergence measuring reciprocal mismatch.

3 Zero Cost, Recognizer Equivalence Classes, and Identity
Conditions (TO0)

We begin with a statement and proof of TO.
(TO: Cost of Identity). The global minimum of the cost function (1) over its domain is
J(x) = 0 and occurs uniquely at z = 1.

Proof By direct evaluation,

J(1) = %(1 +1)—1=0. (21)
Further,
’ 1 1
J(1) = 50— —5)lem1 =0 (22)
and
1
11 - | =
J'(1) = 3 le=1 =1 (23)

so x = 1 is a local minimum. Recall that J is defined over the domain x € (0,00). The second derivative is
positive over the domain

1

11

J (:c):ﬁ>0Vm€(0,oo) (24)
so J is convex over its domain. It is a standard real analysis fact that a strictly convex function with a critical

point has that critical point as its unique global minimum, so the local minimum J = 0 at x = 1 is a unique
global minimum. O



A machine checked proof of TO is in the Lean database [13].

In this framework, the state x = 1 represents perfect ratio match and is “free”: It is the ground
state. This is effectively a consequence of the normalization axiom, or alternatively from Lemma 2.1.
However, TO goes further because it shows that J(z) = 0,2 = 1 is the unique minimum over the
domain.

3.1 Cost and identity in state and event spaces

What does TO imply for configurations and events? In standard formulations of logic, the Law of
Identity (A = A) is posited as an axiom. In a recognition-first setting, identity at the observable
level is supplied operationally: in Recognition Geometry [10], a recognizer induces an equivalence
relation of observational indistinguishability and an observable quotient, where identity is equality
of equivalence classes.

For concreteness, consider configurations a, b, c... in the state space C, and a family of recognizers
Ry, Ro, ... mapping the state space to the event spaces E1, Fs, .... For certain types of state spaces,
there may only be a finite number of independent recognizers. One physical example is electron states
in atoms, which are determined by energy, squared angular momentum, z component of angular
momentum, and spin. Another physical example is stationary isolated black hole spacetimes, which
are classically fully determined by mass, charge, and angular momentum according to the no hair
theorem. In these cases, a meaningful “all properties” composite recognizer[10] R,y = R1 ® R ®
.. R0z €xists.

As previously mentioned, event spaces could consist of a variety of sorts of elements, such as
tuples of real numbers (for instance, if the recognizer corresponds to Cartesian coordinates), integers
(for instance, if the recognizer corresponds to electric charge), Boolean values (indicating presence
or absence of an attribute) etc. However, the canonical cost function J(z) (1) is defined for = € R<.
As such, we need to define positive scale functions ¢, to map the results from F,, = R,(a) to Rsq
such that the ratio

Ty = in(Rn(a))
tn(Rn(b))

is valid as an input to J. This is similar to the state maps ¢, ¢, from [40], but here we are comparing
two items from the same event space rather than an “object” and a “symbol”.

(25)

3.1.1 From zero cost to identity

Formally, we have
J(Znap) =06 Tpap =1 1p(Ru(a)) = tn (R (D). (26)

where the first < is because J has a unique minimum at 1 and the second is from (25). Define two
structural assumptions:

1. S1: . injectivity. The scale function for the recognizer in this process is injective
2. S2: All Properties recognizer For this system, IR,; that returns all independent properties
of a state.

If S1 holds, we can state
R,(a) = Ry(b) & ar~,b (27)
for the definition of the ~ equivalence class from [10]. Note also that from our labeling of the event

space, (27) gives equality of the events E,, = Eyp.
If additionally we have S2 and that a ~g; b, then it is meaningful to say

a=>o, (28)

in the configuration space itself because every possible property of a and b is the same (Leibniz’s law).
Notice that knowing a ~,, b for all m in a proper subset of M C [R;..Rnqz], does not necessarily

mean that a = b because some R, € [Ri..Rmas| with R, ¢ M may be able to distinguish them.

Further, if ¢ is not injective for some k € [1,2,...n], then zy., = 1 does not require that a ~ b.



In summary, we can label the following as the “Event space and equivalence class” reasoning
pipeline

(J(Znap) =0 Tpap = 1) AS1 = Rp(a)=R,(b) © Epng =Enp S ar~pb (29)

so zero cost plus injective ¢,, implies an equivalence class on the states and equality in the event
space. A stronger “state space equivalence” reasoning pipeline is

S2 A (J(-Tall,ab) =0< Tall,ab = 1) NSl =
Ray(a) = Ray(b) © Egjio = Equp S a~aubesa=0 (30)

which requires the usage of an all properties recognizer, in addition to an injective t4;; and zero cost.

3.1.2 From identity to zero cost

Suppose instead we start with @ = b. Then it is obvious that R,(a) = R, (b) for any recognizer
(because Ry, is a function) and that ¢, (Ry(a)) = tn (R (b)) (because ¢y, is a function) from which we
can apply (26) and get that the cost of the comparison is zero.

Formally, this can be written

ln (Rn (a))

a=b = a~p,be E,u=Eu < Ry(a) =R,(b)) = ——————=
’ L (R (b))

=Tpap = 1 & J(xna(,) =0

(31)
Notice that the reasoning in this direction does not require the S1 property that ¢, is injective,
and it also requires only the usage of any single recognizer rather than the composite all properties
recognizer, so S2 is not necessary for this direction either.

3.2 The Cost of Deviation

Consider a state of inconsistency, represented by any deviation x # 1. Recall that TO showed that
J(1) = 0 is the unique global minimum of J over the domain Rsq. Then,

Ve #£1, J(x) > 0. (32)

Any deviation from identity incurs a positive cost penalty. For small deviations x = 1 + €, the cost
rises quadratically (J(z) =~ €2/2). For large deviations the cost grows linearly (z >> 1) or as O(z~1)
for (0 < 2 << 1). In logarithmic coordinates v = In(z), the divergence as u — +oo in J(u) is
exponential for |u| >> 1, and still quadratic under small deviations u = 0+ 0, J(u) ~ §2/2.

Therefore, within this model, identity-consistent recognition corresponds to the unique zero-cost
equilibrium of the cost landscape.

3.3 RS ontological predicates and induced Boolean Operations

The reasoning pipelines (29), (30), (31) provide bridges between the standard logic notion of identity
A = A and the cost condition J = 0. In this subsection, we examine some additional predicates
involving the J = 0 cost condition used in the Lean database and their connection to standard logic.
Properties of the predicates are examined in the examples of Section 5.

The predicates used in the database are labeled “RSExists”, “RSTrue”, and “RSReal”. These
should not be confused with the English words “exists”, “true” and “real”; they have very specific
definitions. In this paper, any time we are using the specific Recognition Science predicate, we will
specify by using the “RS” prefix. Standard language uses (e.g. “true” referring to the classical Boolean
notion or “exists” referring to existential quantification of some mathematical entity such as a limit)
are written without the “RS” prefix.

Define

RSExists(z) <= (0 < z) A (J(z) =0), (33)

where J is defined in (1) and is proven to be unique under appropriate axioms in T5.
Note that this is more restrictive than the definition in [11], where an “Exists” condition is
defined only requiring J(x) < oo, and the condition that J(z) = 0 or # = 1 is referred to as



“Balance” (the definition used here is from the Lean database[13]). Based on the definition of (1),
RSExists(z) = z = 1. However, the variable z is typically a ratio (for instance as in [40]), so it is
helpful to extend the idea directly to configurations.

Let C be a configuration space, R : C — &£ an observable map, ¢ : £ — Ry a scale map, and
crof € C a reference configuration. Define the cost bridge

_ _UR())
XRo,ere (€) 1= Rlo)) R>o. (34)

Then define configuration-level RSExistence by
RSExistsc(c) <= RSExists(X e, (€))- (35)

It is an important distinction that at the level of the scalar cost function input, only =z = 1
RSExists. However, there may be multiple RSExistent configurations mapping to 1 through (34).

The condition “RSTrue” requires a few more steps to define. Suppose there is a map between
configurations B : C — C and a map between configurations and classical Booleans P : C —
{true,false}; P may therefore be thought of as a recognizer where the event space is the classical
Booleans. We say a configuration sequence ¢; = B'(c) stabilizes ? under P if, for n, N € N,

Stab(B, P,cp,cx) <= IN € NVn > N, P(B"(cp)) = P(cs). (36)

Further, P is RS-decidable at (c., B, co) if:
1. RSExistsc¢(cx ), and
2. Stab(B, P, cg, c.).

With B, XR.i,c.or» and cg fixed, define

RSTrues, y oo (Pic.) <= RSExistsc(c.) A Plc) A <3N eNVn > N, P(B"(co)) = P(c*)>. (37)

Therefore, the RSTrue condition requires configuration level RSExistence (35) of ¢, Boolean truth
of the P map acting on the state c., and stabilization of the sequence B™(cy). Alternatively,
RSTrue applies when we have RS-decidability and P(c,.). Notice that we will sometimes suppress
the subscripts B, x, cg to reduce clutter.

Finally, “RSReal” requires a discrete skeleton D. Formally,

RSRealp(x) <= RSExists(x) A (x € D). (38)
One example of a discrete skeleton is the “¢ ladder”
Dy ={¢",neZ} (39)

where ¢ = (1 + v/5)/2. Note the discrete skeleton is not restrictive where x is treated as its own
scalar entity and the skeleton is the ¢ ladder: 1 = ¢ € D,. However, a more general process could
apply a discrete skeleton Dy C U to a component space U, then define & through a synthesis map
F :U — Ryg. In this case,

RSRealp p, () < (Hu €EDy: xz= F(u)) A RSExists(x). (40)

One concrete example of this would be a configuration space U = R?, such that u = (y, 2), the
discrete skeleton Dy : y,z € Z, and F(u) = |z 4+ y| + 1. In this example, RSExists(z) < 2z = —y and
membership u € Dy are independent, so the RSRealp p,, (z) could fail for either reason.

The definition of RSTrue can be written as

RSTruep,y ¢, (P;cv) <= RSExistsc(ci) A P(es) =1 A Stab(B, P, co, cx) . (41)
—_— ——— [ ———
(4) (B) (©)

2The RS notion of stability is similar to the criterion from language identification in the limit [41] that a “learner” eventually
settles on a correct “guess”.



3.3.1 Negation

Proposition 3.1. Given state map B, cost bridge x, and reference cq, for all P, c,:

RSTrue(—P; ¢.) = —RSTrue(P; c,).

Proof If RSTrue(—P; cx), then P(cx) = 0. But RSTrue(P; c«) requires P(c«) = 1, a contradiction. O
Theorem 3.2 (Conditional negation law). If P is RS-decidable at (¢, B,co), then

RSTrue(—P; c¢,) <= —RSTrue(P;c.).

Proof (=) is Proposition 3.1.

(<) Assume —RSTrue(P; cx) and RS-decidability. By RS-decidability, (A) and (C) from (41) hold. Since
RSTrue(P; cx) is false but (A) and (C) hold, it must be (B) that fails: P(c«) # 1, hence P(cx) = 0 (the
only other Boolean value). Then all three conjuncts of RSTrue(—P; c«) hold: (A) by assumption, P(c«) =0
gives (—B), and from condition (C) of RS-decidability, there exists N such that P(B"(cg)) = P(c«) for all
n > N. Since we have established P(cs) = 0, this gives P(B"(cp)) = 0 or equivalently, (-P)(B"(¢cp)) = 1
for all n > N, establishing Stab(B, —P, cg, cx). O

3.3.2 Conjunction

Theorem 3.3 (RSTrue distributes over conjunction).

RSTrue(P A Q; ¢.) <= RSTrue(P; c.) A RSTrue(Q; c.).

Proof (=) RSExistence (A) is based on c« so it is shared. P(c«) A Q(cx) = 1 implies both P(c+) = 1 and
Q(cx) = 1. Stabilization of PAQ to the value at c. implies stabilization of each component (since aAb = a’ Ab’
with @’ = b' =1 forces a = 1 and b = 1).

(<) Take N = max(Np,Ng). For n > N, both P(B"(cg)) = P(c«) and Q(B"(cg)) = Q(c«), hence
(P AQ)(B"(c0)) = (P A Q)(cx). 0

3.3.3 Disjunction

Proposition 3.4. Given state map B, cost bridge x, reference cg, state c«, and predicates P and Q

RSTrue(P; c.) V RSTrue(Q; c.) = RSTrue(P V Q; c.).

Proof Suppose RSTrue(P; c«) holds. Then RSExistsc(c«) holds, P(cx) = 1, and P(B"(¢p)) =1 for n > N.
RSExistsc(c«) is condition (A) of RSTrue(P V Q; ¢«). P(cx) = 1 requires (P V Q)(c«) = 1, i.e. condition (B)
of RSTrue(P V Q; c¢x), and P(B"(cp)) = 1 for n > N requires (P V Q)(B™(cp)) = 1, i.e. condition (C) of
RSTrue(P V Q; cx). Since all three conjuncts apply, then RSTrue(P V @Q; ¢x) must hold.

If RSTrue(P; c«) does not hold, then RSTrue(Q); c«) must hold, and the previous reasoning applies with
P replaced by @ in the relevant locations. O

Theorem 3.5 (Conditional disjunction law). If P and Q are both RS-decidable at (c., B,cy), then

RSTrue(P; ci) VRSTrue(Q; c.) < RSTrue(P V Q; cy).

Proof (=) is Proposition 3.4.
(<) If P and @ are RS-decidable, then conditions (A) and (C) of RSTrue(P; cx), RSTrue(Q; c«) are
satisfied, and RSTrue(P; c«) V RSTrue(Q; cx) becomes

(IAPex) =1)ADV(AA(Q(ex) =1) A1) & (Plex) =1) V (Q(ex) = 1) (42)
Condition (B) of RSTrue(P V Q; cx), which we are assuming to be true, is (P V Q)(cx) = 1, from which
(P(cx) = 1) V (Q(cx) = 1). However, this is exactly the required condition from (42). O



4 The Boundary(T1)

The formal definition of T1 is as follows:
(T1: Cost of the zero limit). lim,_,y+ J(z) = 00

Proof The proof is constructive: for any bound M > 0, choose € = 1/(2(M + 2)). For 0 < = < €, we have
71> 2(M +2), so

-1 -1
T+ _12.7)2 _1>2(M+2)

J(z) = ~1=M+1> M.

This proves J(z) — +oo as x — 0. O

4.1 Simplistic models of cost minimizing dynamics

If starting near the £ = 0 boundary and moving towards it has an unbounded increase in cost, then
we would expect any sort of dynamics for which J cost is the objective to be repelled from the
boundary. In the following, we define some examples that we label “weak” and “strong” versions
of cost minimization and examine the implications of the boundary divergence. It is important to
keep in mind that these are illustrative classes, meant to demonstrate general trends rather than
realistically model any specific system.

A dynamical process can be minimally modeled as a discrete or continuous sequence of distinct
states labeled by a monotonic parameter, for instance

c=c(t). (43)

Suppose there is some equilibrium configuration with zero cost c.q, with respect to some recognizer
Rayn and scale map tqyn, such that

tayn(Rayn (Ceq))
A weak formalization of “cost minimizing” is
lims oo (2(8)) = Joos Joo < J(x(t)) V. (45)

This allows temporary increases in cost due to, for instance, inertial or stochastic effects, so local
maxima and minima in J may occur at intermediate times. However, any finite amplitude oscillations
must dampen, because they would prevent a well defined distant future limit J,,. Further, the limit
Joo must be less than or equal to any local minimum that occur in intermediate times, because (45)
holds for ALL t, including hypothetical intermediate time local minima.
A stronger version of cost minimizing dynamics would be
J(x(t)) =0, Jx(t+At))=0 VAt>0 (46)
J(z(t)) >0, J(x(t+ At)) < J(x(t)) VAt>0'

In this case, the cost at any future time must be less than the cost at present time, unless the cost
at present time is already zero, which fixes the future cost at zero. Temporary increase in cost, or
local extrema, are forbidden here. A deterministic continuous time version of (46) could be a one
dimensional first order differential equation % = —h(%) where h is some injective function.

Suppose at some ty we have x(tg). Then under (45)

1
z(to)

whereas under (46), we can replace the infinite limit with any finite future time #; > tg

)712 (I’(too)+x7

N |

Ta(to)) = 5(a(to) +

1
z(t1)

)= 1> (a(tr) +

(Gat0)) = 5 atio) + :

1
) )= 1= J((t)) v ((a(to) = J(a(tr)) = 0).
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X(tx)

X(to)

Fig. 1 The allowed (white) and forbidden (red) regions for x(tx) given x(tg) where X = 1 under (46) and X = oo
under (45). The boundary curves z(tg) and 1/z(tg) are shown in black and blue respectively. Continuous dynamics
satisfying (46) cannot cross the equilibrium (shown in green). Plot made in Wolfram Mathematica 14.3[42].

The allowed region for x(t~) under (45) and z(t1) under (46), given x(tg), are shown in white in
Figure 1 and the forbidden region is in red. The boundary curves x(ty) and 1/(z(to)) are shown as the
black and blue curves. Under (45), (¢ ) may lie on a boundary curve, but under (46) x(¢;) may not,
except at the intersection of both boundary curves at x(tp) = z(tx) = 1. Continuous time dynamics
(e.g. differential equations) obeying (46) cannot cross equilibrium, but discrete time dynamics (e.g.
iterative maps) can. Under (45), x(too) € [x(t0)™, z(to) ~™] where w = sign(1l — z(to)) so the z — 0
boundary is not approached in the long run if z(tg) < 1. Under (46), x(t1) € (z(t0)", z(to) ™) so we
are strictly repelled away from the z — 0 boundary any time x(to) < 1.

4.2 The boundary divergence vanishing scale limits

Remark 4.1. The historic Meta-Principle of Recognition Science— “Nothing cannot recognize itself”
was originally developed through linguistic reasoning. The item “nothing” cannot have proper-
ties. However, “nothing” recognizing itself would give it properties (being a recognizer and being
recognized). Therefore, “nothing” cannot recognize itself.

A previously presented mathematical interpretation of the Meta Principle from [11] involved the
empty set. A recognition event is an ordered pair of a “recognizer” a from set A and a “recognized” b
from set B. The total set of recognition events is Recognition(A, B) = A x B. If either A or B is the
empty set (), then the Recognition(A, B) set is also the empty set. In particular, Recognition((, #) = .

Another heuristic version of the Meta-Principle, is to consider the cost function J and identify
x = 0 with “nothing”. Therefore, under this heuristic, “nothing” has undefined cost (it is formally
outside of the domain of J), and the approach to “nothing” has infinite cost.

While this is reasonable as a heuristic or philosophical point, it is prudent to examine what z = 0
and x — 0 actually mean in terms of states. Looking at the definition (25), and the fact that the ¢
functions are positive scale maps, we can determine that z = 0 exactly implies a domain problem
for the ¢ functions which are meant to be positive. Examining 0 as the limit is more interesting,

Tnap = 0 = (tn(Rn(a)) = 0) V (tn(Rn (b)) = o0). (49)

The ratio « approaching 0 (or oo, as reciprocals have the same cost) corresponds to an infinitely bad
match between the a and b states. There are a few ways with which this could occur:

1. Keep a, b, and R,, constant, but re-parameterize the scale map ¢,,.
2. Keep a and b, but allow the recognizer to change R,, — R,,. Notice that if the recognizer changes,
the scale map must also change to ¢,,, because ¢,, is defined to map from E,, to Rs¢, not from F,,.

11



3. Keep R, and ¢, but vary the state a such that ¢,(R,(a)) = 0
4. Keep R, and ¢y, but vary the state b such that ¢, (R, (b)) = oo
5. A more complicated process where multiple variations occur simultaneously.

Option 1 has the advantage that it would allow for a well defined continuous limit, but it involves
neither the state space nor the event space. Option 2 could conceivably be interpreted as an approach
to a configuration in event space, but it would involve the requirement on the ¢ functions that for
event space configurations, one of these occurs:

(FBna = Ep = 1y(Ena) = 0) (50)
(Emp = By = tn(Epp) — 00). (51)

We can think of (50) and (51) as “boundary event compatibility constraints on ¢,,”. It is important
to distinguish that Fj is a limit of a sequence in event space® and need not correspond to an element
actually present in the event space. Options 3 and 4 would involve a or b approaching specific
configurations in the state space itself*. This would require that

a — C@ — Rn(a) =FE,,— E@ (52)

and (50) or

b— C@ — Rn(b) =F,p — E@ (53)
and (51). The conditions (52) and (53) are effectively “boundary state compatibility constraints on
R,,”. Similarly to Ey, Cy is the limit of a sequence in state space and need not be actually present
in the state space.

To summarize, a meaningful identification of the infinite cost, z — 07 limit with the limit of a
sequence in event space involves an approach to Ey and a scale map compatibility criterion ((50)
or (51)). Extending this to the limit of a sequence in state space requires an approach to Cy and a
compatibility criterion on the recognizer ((52) or (53)).

5 Deriving Structure (T2 & T3)

Having established the global minimum of the cost (x = 1), and the divergence of the x — 0
boundary, we now discuss the fundamental structural properties of Discreteness and Conservation.

5.1 Discreteness (T2)

In this framework, discreteness is an operational consequence of recognition, not a claim about an
underlying continuum. Discreteness (T2) is not a consequence of the cost axioms alone. It requires the
additional postulate of finite local resolution in the recognition quotient (as formalized in Recognition
Geometry).

The Recognition Geometry[10] introduces locality via neighborhoods and postulates finite local

resolution: any recognizer can distinguish only finitely many outcomes within a local region. The
formal statement of this, as given in [10], was
Finite local resolution: For every configuration c € C and recognizer R, there exists a neighborhood
U = N (c) such that the image R(U) is a finite set, i.e. |R(U)| < .
A consequence of finite local resolution as stated above is that recognizers are not injective if the
underlying state space C is continuous: a neighborhood U = N(c) in state space has infinitely
many elements, but the event space R(U) = £ has finitely many elements. The event space for a
neighborhood is always therefore countable.

Observable space is therefore partitioned into finitely many resolution cells at any fixed local
scale, such that every point in the state neighborhood is in the fiber {¢ € C|R(c) = e} of one of a
finite number of events e.

The cost landscape J then governs stability across these cells. In particular, the calibrated
curvature

J'(1) =1 (54)

3The scale map ensures that the sequence ¢y, (Enq) for n = 0,1,2,... consists of positive numbers, so approaching 0 or
oo is a standard notion. However, event spaces can have a variety of structures or element types, under which the notion of
approach may have to be defined in a context specific way.

4Like event spaces, state spaces are quite general so the notion of approach may be context specific
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Fig. 2 Graph for examples 1 and 2 made in Inkscape.

sets the local stiffness of the mismatch penalty near perfect match, so that transitions between
distinct resolution cells away from equilibrium incur positive cost while variations within a cell are
observationally invisible.

J(z) is a continuous function over R+, but z, when treated as x,, 4(;)q is not typically continuous.
This could be due to fundamental discreteness in the underlying state space C, induced by the finite
resolution of the recognizers R,,, or both.

It is easiest to illustrate this behavior with some examples. These examples will also allow us to
examine the RS ontological states. It should be kept in mind that the purpose of these examples is
pedagogy rather than realistic modeling.

5.1.1 Example 1: Fundamental state space discreteness

Consider a configuration space as the graph isomorphic to the vertices of a cube in Figure 2. Suppose
the evolution in state space is

A(tg) = node b, A(t1) = node a, A(t2) = node h, A(t3) = node g, A(t4) = node f. (55)

Further, suppose the recognizer R; gives the letter of the node, and

lLLw=a
8, w=1»b
2,w=c
T,w=d
nw)=9, (56)
6,w=f
S,w=g
4,w=nh

allowing our reference configuration to be node a makes it so that

L1 R1 A
sran = SIS = (A (A(), 57)

we get the evolution described by Table 1.

This example also allows us to examine the ontological states of RSExists and RSReal. Given the
definition in (57), RSExists(z14,) = A = a, so the only configuration ¢* such that RSExistsc(c*)
is satisfied is ¢* = a. Because of the underlying discreteness of the graph in Figure 2, a discrete
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t | Ri(A(1) | c1(Ri(A(1) = T1at)a | J(Z1a(t)a)
to b 8 49/16
tl a 1 0

ta h 4 9/8

t3 g 5 8/5

ta f 6 25/12

Table 1 Evolution for example 1. Notice that the ¢
parameter, configuration space, event space, and cost all
move in discrete jumps

t | Ra(A(@1) | t2(R2(A(H)) = z2at)a | J(@24()a)
1/4

to False 2

t1 True 1 0
to False 2 1/4
ts False 2 1/4
ta False 2 1/4

Table 2 Evolution for example 2. In this case, a change
in the state space occurs as to — t3 and t3 — t4, but
neither have observational consequences under Ra

skeleton Dy (the graph itself) naturally exists, and the composite synthesis map F(u) = ¢1(Ry(uw))
is in (57). Then RSRealr p, (214(+)o) again requires A = a.

5.1.2 Example 2: Fundamental and Induced Discreteness

In this example, we still consider the same state space (the nodes from Figure 2) and the same state
evolution (55), but the recognizer is coarser: Ry returns the classical Booleans “true” if the node
label is a vowel and “false” if the node label is a consonant. The scale map is now

1a(w) = {1,w = true (58)

2, w = false,

which is bijective, and hence injective. Keeping a as our reference configuration and the same state
sequence (55), the evolution in this case is shown in Table 2, which has an important difference that
there is no observed change between t5 and t3 for Rs.

Because R5 returns classical Booleans, we can use this example to illustrate some of the properties
of the RSTrue condition. Define these three state to state maps

B_ : If at node a, stay at node a,

Else, go to node with the letter that precedes the current node’s letter (59)
B : If at node h, stay at node h,
Else, go to node with the letter that succeeds the current node’s letter (60)
B, : If at node a, go to node h,
Else, go to node with the letter that precedes the current node’s letter. (61)
Further define (Ra(a))
Lali2(gq
X2p(q) LQ(RQ (p)) ( )
Consider RSTrueg ¢, (R2,¢). The conditions for this to be satisfied are
RSExists(X2p(q)) € X2p(q) = 1 & 12(Ra(q)) = t2(Ra(p)) < Ra(q) = Ra(p) (63)
Ry(q) =1 (64)
AN e NVYn > N, Ra(B"(cp)) = R2(q) (65)

where we have used the injectivity of ¢5 in the final implication of (63). The condition (63) is satisfied
if p and ¢ are the same type of node, i.e. both labeled by vowels or both labeled by consonants. From
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t R3(c(t)) | t3(Ra(c(t))) = x3c0 | J(x3c0)

0<t<0.121 0 1 0
0.121 < t < 0.791 1 3/2 1/12
0.791 <t <1 0 1 0
1<t< 1.209 -1 1/2 1/4
1.209 < t < 1.879 -2 0.295 0.842
1.879 <t <2 -1 1/2 1/4

Table 3 Evolution for example 3. While the state space
undergoes continuous evolution, the finite resolution of the
recognizer induces discrete “jumps” in the event space, which
extend to the recognition ratio and cost. Numbers without a
simple rational form are rounded to 3 decimal places

the definition of Ry, we have that Rs(q) being true (64) implies ¢ is a vowel node; node a or node
e. The condition (65) also requires ¢ to be a vowel node because B” (¢g) = node a for all ¢y on the
graph and n > 7. Taken together, RSTruep_ y, ¢, (R2,q) is satisfied when ¢ and p are both vowel
nodes and is not satisfied otherwise.

The conditions for the modified version RSTruep, y, c,(R2,q) to be satisfied are still (63) and
(64), with the modification to the third condition

AN € NVn > N, Ry(B"(co)) = Ra(q) (66)

Because B (co) = node h for all ¢y on the graph and n > 7, (66) is now only satisfied if ¢ is a
consonant node. This is potentially compatible with the RSExistence (63) if p is also a consonant
node, but it is not compatible with (64), so RSTruep, v, ¢, (R2,¢) fails. However, an altered condition
RSTrues, v, ¢, (—R2,q) would be satisfied if p and ¢ are consonant nodes.

Finally, RSTruep, y,,c, (R2, q) cannot be satisfied because Ry (B (co)) never stabilizes. We likewise
cannot satisfy RSTruep, y,,c,(—R2,q) for the same reason.

5.1.3 Example 3: Purely induced Discreteness with piecewise evolution

In this case, we allow for a continuous state space ¢ € R and continuous trajectory parameter
0 <t < 2. This particular example will show the emergence of an observable piecewise continuous
evolution.

The state evolution obeys

e(t) = 5t(t — 1)(t — 2) (67)

Further define a recognizer R3 as the “floor function”

which is compatible with the finite resolution. Further, let the scale map be
2
t3(w) = — arctan(w) + 1 (69)
T

which is positive ( specifically, ¢35 € (0,2) for w € R), and let the reference configuration be 0 such
that

_ M = 13(Rs(0)). (70)

For comparison, we can also define an unphysical infinite resolution recognizer and cost bridge

Loo (Roo(c))

Tooc) = too (R (0)) = loo(Roo(c)) (71)

ROO(C) =¢ |l (w) = Ls(w)a

Plots of the configuration in state space ¢, event space Rg, recognition ratio x3.9, and cost J for
this example are shown in Figure 3, with a table giving specific values and the relevant intervals of
t in Table 3.
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Fig. 3 Graphs of c(t), R3(c(t)), z3co = t3(R3(c(t))), and J(x3c0). Notice that, even though the state space C = R
is continuous, the event space, x, and J cost all evolve through discrete jumps. The vertical lines on the plot of ¢(¢)
show when the resolution cell changes. Plots made in Wolfram Mathematica 14.3[42].

Dynamics in this case proceeds as a sequence of cell-to-cell updates (discrete observable evolution)
even if the underlying configuration space admits continuous representatives. The associated cost
difference for a cell to cell jump is finite (rather than infinitesimal). This is in contrast with the
behavior of the unphysical infinite resolution recognition process (71), where the event space is
continuous and the cost barrier to migrate to a different event is infinitesimal. The existence of finite
rather than infinitesimal cost barriers separating observable states has been considered as motivation
for considering discrete states in previously published work [14] and in the Lean database [13].

Notice that ¢3(R3(c)) naturally lies on a discrete skeleton isomorphic to the integers Z, so the
RSExistent configurations ¢ such that z3.0 = 1, i.e. ¢ € [0,1), are also RSReal with respect to the
induced skeleton. However, the unphysical recognizer Ro.(c) can result in RSExistent configurations
that aren’t RSreal due to the lack of natural discrete skeleton.

5.1.4 Example 4: Purely induced discreteness with irregular evolution

The finite resolution axiom alone does not guarantee piecewise continuous event space evolution.
Consider a state space [0, 1] and state evolution ¢ = t where ¢ is a continuous parameter, with the
recognizer

true ceQ

Ro(c) = (72)
false c¢Q

that test whether the number is rational. There are only two possible elements in the event space,

so the finite resolution axiom holds, but the resolution cells and hence the evolution are nowhere

continuous.

5.2 The Ledger (T3)

The primary exposition of the ledger, including proof-bearing discrete-dynamics, development

of atomic ticks, balance-preserving ledger updates on graphs, and the 2%-tick hypercube period

(including the 8-tick d = 3 case) is presented in [11]. Here, we summarize some important results.
The reciprocal symmetry

J(z) = J(1/z) (73)

implies that a deviation by a ratio x carries the same mismatch penalty as its inverse. To connect this
reciprocity to conservation, we make explicit the balance invariant of a closed recognition network.
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Let a ledger state be a vector of ratios X = (z1,...,2n5) € (Rso)V and define the balance
functional

N
)= Hz (74)

It is also helpful to examine ledger balance in terms of logarithmic coordinates u = log(x)

N
U)=> u (75)
=1

A closed system is balanced when B(X) = 1 or B(U) = 0. It is a “structural assumption” that
the balance B(X) and B(U) are invariant under updates, and it is derived from the Ledger Axioms
L1 (deterministic updates) and L2 (no metadata) that updates occur in atomic ticks[11]. A local
interaction of strength r > 0 between two entries i # j updates

Ti > X, xj v ai/T, (76)
u; — u; + log(r), uj — u; — log(r) (77)
leaving all other coordinates fixed. In this sense every “debit” by dx; = r, du; = log(r) is accompanied
by a “credit” by dxz; = 1/r, du; = —log(r), yielding a double-entry ledger form; conservation-like

constraints can be represented as invariants of balance-preserving updates. The RCL encodes how the
associated recognition costs compose under the paired multiplicative operations (z,y) — (xy,z/y).

5.2.1 A balanced ledger treatment of electric charge

Consider a 1D chain of N atoms, a neutral reference state cp, a recognizer R, that gives the net
charge ¢ on the atom, and scale map ¢,(g) = e?. Then

_ tq(Ry(cn)) el
T L Re(e) T T (7%)

and
un, = log(x,) = gn, (79)

so then U is a vector of the ionization state of each atom in the chain, U € Z". Updates of the form

x; > et Tj e xje” B (80)
u; — u; + Aqg, uj = uj; — Ag (81)

would preserve the value of balance B(X) and of logarithmic balance B(u), which in this example is
literally the total charge in atomic units.

5.2.2 Ledger Laplacian limit

Suppose we have a ledger as an N dimensional hypercube lattice where individual elements are
specified by X € Z". Let there be a nonnegative function defined on the elements ¥(X), and a
corresponding real function £(X) = log(1)(X)). The total cost of nearest neighbor comparison on the
lattice will be

Iy =3 Z (X)X + ) + J(X) oK — ), (82)

where 7 ranges over the unit vectors. Notice this can be rewritten as

INN fZZJ — E(X +19)) + J(E(X) = €(X —1)). (83)
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Recall that

u? ot

j(u):cosh()—1~?+ﬂ+0( 0) (84)

Therefore, if the difference in the field value ¢ between adjacent elements is much less than 1,

> Z SOCE D) (600 6K - )

Taking the functional derivative with respect to £(X) gives

6J 3 s
Sy ~ 22 126(X0) = £(Xo +1) — (X0 — )] (86)

)

Notice however that > ;[2¢(Xo) — &(Xo + 1) — §(X0 —1)] is the negative of the Lattice Laplacian
operator. If the lattice size is a, then scahng times the Lattice Laplacian gives the continuum
Laplacian in the a — 0 limit. This means that under more general variational problems, the sta-
tionarity of the nearest neighbor comparison cost gg&l\’) = 0 gives a Laplacian equation V2¢ = 0,
under the restrictions that the nearest neighbor variation and lattice spacing are small. This result
has been formalized in the Lean database [13].

A more elaborate objective, involving both nearest neighbor comparison and other sorts of terms,

would result in additional terms in the equation of motion. For instance, consider now a time
dependent (T, X), £(T, X), where T € Z, with an objective

S = Y (e 1, X) (T~ 1, X)) Z JOT,X) (T, X +1)) + T (T, X) /9T, X =)
X

(87)

The first term Jyog = >y 45 J(¥(T, X)/¥(T — 1, X)) involves comparison of the value of the field

at some location to its previous value at that location. Recasting this in terms of £ and applying
(E(T.X)—¢(T-1,X))*
2

the same small difference condition gives Jj,q ~ % >ox
derivative of Jj,4 with respect to {(T, Xo) now gives

. Taking the functional

8 J1ag NAf(T,Xo) —&(T -1, Xo)
66(T, Xo) At ’

(88)

Notice that in the continuum A¢ — 0 limit, this becomes the standard time derivative, so the net
equation of motion 5 ”
Jtot 2

5§(T,X0)_O:> Aat_ZBV§ (89)
is structurally a heat equation if —2B/A is positive or an antidiffusion equation if —2B/A is negative.
Modification of the objective with different terms would lead to different partial differential equations
in the restriction to small difference and continuum approximations. Deviations of the underlying J
cost/ ledger system and the emergent PDEs could be observable at small physical scales or under
rapid site to site variation.

6 Conclusion

The primary purpose of this paper was to present and formalize some results from the Recognition
Science reasoning chain.

1. The Primitive: The Recognition Composition Law (RCL) is the functional equation governing
interaction.

2. The Terrain: Imposing normalization and calibration on the RCL uniquely forces the cost
potential J(z) = (z +z7') — 1.

3. Identity (T0): The ground state J(1) = 0 defines identity as the lowest cost state.
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4. Existence (T1): The singularity J — oo creates an infinite cost barrier to event or configuration
sequences that result in the argument x going to 0

5. Structure (T2-T3): Finite local resolution in recognition quotients yields discreteness at the
observable level; reciprocity together with a balance-preserving update rule yields a double-entry
ledger form. The curvature of J sets the stability scale near perfect match.

6.1 Outlook

The results presented in this paper do not represent a complete physical theory that has been machine
checked, or necessarily reduced to the simplest possible form. However, the publicly available Lean
database [13] currently uses 12 basic axioms and compiles with zero “sorry”s. It contains modules
with preliminary theorems that will be formally analyzed in future publications. In addition to
mathematics and physical sciences, there is ongoing research examining applications of the cost
function J and the ledger formalism to a variety of other fields, such as artificial intelligence.
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